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Part I.
Interaction of Atoms with Light
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1. Coherent Interaction
1.1. Atom-Light Hamiltonian
The system we are going to learn about consists of two distinct parts: an atom and a
radiation eld, for example a laser eld or blackbody radiation. They interact with each
other electromagnetically. We are following the usual approach for a closed system where
energy is conserved, that is nding the Hamiltonian which governs the time evolution rst the classical one, whereafter we will quantize those parts that are treated quantum
mechanically. Most of the time we will use a semiclassical description where the atom
is treated quantum mechanically, but the radiation eld is described by classical elds,
possibly the potentials φ(r, t) and A(r, t) or the actual electromagnetic elds E(r, t) and
B(r, t).
Well known from classical mechanics is that the electromagnetic eld, which couples
to charged particles, appears in the Hamiltonian via its potentials. After introducing our
notation we can therefore write down the classical Hamiltonian H . The atom consists
of a nucleus of charge Ze0 at position R and Z electrons of charge qelectron = −e0 with
the relative coordinates rα . The electrons kinetic momenta are
mα vα = pα −

qα
A(rα , t),
c

(1.1)

where pα is the momentum conjugate to rα . The so called minimal coupling Hamiltonian
then reads
2 1 Z
X 1 
qα
pα − A(rα , t) +
d3 rρ(r)φ(r, t)
H=
2m
c
2
α
α
Z

ε0
d3 r E(r, t)2 + c2 B(r, t)2 , (1.2)
+
2
R 3 0 0
−1
where the scalar
d r ρ(r )/|r−r0 | is due to the charge density
P potential φ(r) = (4πε0 )
ρ(r) = −e0 α δ(r − rα ) + Ze0 δ(r − R). The rst term of H is the kinetic energy of

the electrons, the second one is the electrostatic energy including the self-energy of
the charges and is often abbreviated with VCoul and the third one is the energy of
the electromagnetic eld. We have neglected the kinetic energy of the nucleus as its
motion is much slower than the electrons and can therefore be decoupled. A signicant
simplication is to employ the socalled "long-wavelength approximation", which uses the
fact that the electromagnetic elds and thus the potentials do not change over atomic
dimensions, because their wavelength λ ≈ 500 nm  a0 ≈ 0.05 nm. Then one can
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replace A(r, t) → A(R, t) and the resulting Hamiltonian suggests to translate each
momentum operator by qcα A(R, t), which is done by means of the unitary operator
!
iX
qα
T (t) = exp
rα · A(R, t)
~ α
c


i
= exp
d · A(R, t) ,
c~

(1.3)

where d = α rα qα is the electric dipole moment of the atomic charge distribution
with respect to R to lowest order in a0 (dipole approximation). As this unitary operator depends on time, the temporal evolution of the transformed state vector |ψ 0 (t)i =
T † (t)|ψ(t)i is governed by the Hamiltonian 1
P

0

†

†



H = T (t)HT (t) − i~T (t)

dT (t)
dt


.

(1.4)

This is analog to the transformation into a rotating system where non-inertial forces
appear. This non-inertial term gives
†



i~T (t)

dT (t)
dt



1
= − d · Ȧ(R, t)
c
= d · E(R, t),

(1.5)

which describes the energy of an electric dipole moment d in an external eld E(R, t)
in Coulomb gauge (∇ · A = 0).
The coupling between the atom and an external radiation eld is thus given by the
electric dipole Hamiltonian if we use a classical description of the external radiation eld
combined with the long-wavelength approximation. If the external eld is a single-mode
laser eld with frequency ωL , amplitude E0 and polarization ε the dipole term becomes
HED = −d · ε E0 cos(ωL t + φ).

(1.6)

As d connects only states with dierent parity, its diagonal elements vanish.
So far, our Hamiltonian reads H = HA + HED + HR , with HA being the time independent Hamiltonian of the atomar structure. We denote the eigenstates and eigenenergies
of HA by HA |φn i = ~ωn |φn i. As usual they form a complete set of basis states, where n
1

|ψ 0 (t)i = T † |ψ(t)i and i~

∂
|ψi = H|ψi
∂t

∂
T T † |ψi = T † HT T † |ψi
∂t


∂ 0
∂
†
†
⇔ i~ |ψ i = T HT − i~ T
T
|ψ 0 i
∂t
∂t
⇒ i~T †

8
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can denote a composite index as n, l, ml in the case of hydrogen-like problems. It may be
useful to think of the eigenfunctions of the hydrogen atom, which are given analytically,
as in many cases one deals with alkali atoms having a single valence electron. HED , the
time dependent electric dipole Hamiltonian, has been explained above and HR represents the energy of the electromagnetic eld, which just means a constant energy oset,
as we consider E and B as classical elds: Thus we can drop HR .
A more advanced approach is to quantize the electromagnetic eld as well: We can
write HInt = HED + HQD + HM D with
HED =

X

qα rα E(0) = d · E(0)

(1.7)

α

being the electric dipole Hamiltonian,
HQD =

1X
qα r2α ∇ · E(0)
2 α

(1.8)

being the electric quadrupole Hamiltonian and
1
HM B = M · B(0),
2

(1.9)

being P
the magnetic dipole Hamiltonian (neglecting spin) with the angular momentum
M = α lα .
~ E(0)
Assuming as typical values rα ≈ a0 , ∇E(0) ≈ kE(0) = ωc E(0) ≈ 34 2ma
, M ≈ ~,
2
c
0
3 e~
e~
we get: HED ≈ ea0 E(0), HQD ≈ 16 mc E(0) and HM D ≈ mc E(0). So we see that our
assumption of classical elds (i.e. the dipole approximation) is justied, as HQD and
2
1
lower than HED .
HM D are by a factor of α = 4πεe 0 ~c = 137

1.2. Rabi Oscillations of a Two-Level System

1.2.1. The two-level-system
As described in the section above, the dynamics of an atom in a radiation eld is described by Schroedinger's equation
∂
|ψi = (HA + HED ) |ψi .
(1.10)
∂t
It is convenient to expand the state vector |ψi in the base states |φn i of the Hamiltonian
HA :
X
|ψ(t)i =
cn (t)e−iωn t |φn i.
(1.11)
i~

n

So the cn only evolve due to the interaction part of the Hamiltonian (cn (t) = const. if HED ≡
0) described by
i~c˙n =

X

hφn |HED |φm icm e−i(ωm −ωn )t

m

=−

X

hφn |d|φm i · E(R, t)cm e−iωmn t ,

m6=n

9

(1.12)

1. Coherent Interaction

which is obtained by projecting the Schroedinger equation onto the hφn |. Above we
introduced a shorthand notation for the transition frequencies ωmn = ωm − ωn .
In the following, we will just consider a socalled two-level-system with the ground state
|gi and the excited state |ei, which are seperated by an energy dierence of E0 = ~ω0 .
From equation 1.12 we thus get:
i~c˙g = hg|HED |cg (t)gi + hg|HED |ce (t)eie−iω0 t
i~c˙e = he|HED |cg (t)gi + he|HED |ce (t)eieiω0 t

(1.13a)
(1.13b)

Because of parity reasons, hg|HED |gi = he|HED |ei = 0. With HED from 1.6, we
introduce the Rabi frequency Ω as
Ω=

−εE0 iφ
e hg|d|ei.
~

(1.14)

With this notation, we can write equations 1.13 as
i~c˙g = ce ~Ωe−iφ cos(ωL t + φ)e−iω0 t
i~c˙e = cg ~Ω∗ eiφ cos(ωL t + φ)eiω0 t .

(1.15a)
(1.15b)

Writing cos x = (eix − e−ix )/2, we see that we get a slow oscillating term ei(ωL −ω0 )t and a
fast oscillating ei(ωL +ω0 +2φ)t . Using the socalled "rotating wave approximation", we can
neglect the second one. With the denition of the detuning δ = ωL − ω0 , we nally get:
1
i~c˙g = ce ~Ωeiδt
2
1
i~c˙e = cg ~Ω∗ e−iδt ,
2

(1.16a)
(1.16b)

1.2.2. Dynamical picture
By dierentiating the second of these equations with respect to t and inserting the rst
one, we get:

|Ω|2
ce = 0
(1.17)
4
which is solved for the initial condition ce (t = 0) = 0 by


|Ω| −iδt/2
Ωef f
ce (t) = −i
e
sin
t ,
(1.18)
Ωef f
2
p
with the eective Rabi frequency Ωef f = |Ω|2 + δ 2 . The state of the atom oscillates
between |gi ↔ |ei with Ωef f /2: The three various regimes
c¨e + iδ c˙e +

1. On-resonance: δ = 0, Ωef f = |Ω|, |ce |2max = 1
√

2. Close to resonance: δ = |Ω|, Ωef f = 2|Ω|, |ce |2max = 1/2
10
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1

δ = 0,Ω = 1

Pe (t)

δ = 1,Ω = 1

0.8
0.6

δ = 10,Ω = 1

0.4
0.2
0
0

2.5

5

7.5

10
Time

12.5

15

17.5

Figure 1.1.: Rabi oscillations for dierent detunings δ .
3. Far-o resonance: |δ|  |Ω|, Ωef f ≈ |δ|, |ce |2max ≈ |Ω|2 /δ 2
are shown in gure 1.1.
An interesting thing to have a look at is the average excitation: For δ = 0, we get
2
.
< |ce |2 >t = 21 , while for δ  |Ω| < |ce |2 >t = 21 |Ω|
δ2
In experiment, the laser eld is often only applied for a certain time (laser pulse of
e.g. rectangular shape) in order to transfer an atom into a specic state. There are some
special pulse lengths τ we will investigate more closely. In the following we take δ = 0.
π/2-pulse:
π
2|Ω|

1
|gi −→ √ |gi + e−iφ |ei
2

1
|ei −→ √ −eiφ |gi + |ei
2
τ=

where the light eld phase φ can be adjusted externally.
π -pulse:
π
|Ω|
|gi −→ e−iφ |ei
τ=

|ei −→ eiφ |gi

11
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It is important to note that the relative phase between ground and excited state is crucial
to what another pulse produces as nal state; e.g. for φ = 0 we get:
1
π/2
√ (|gi + |ei) −→ |ei
2
1
π/2
√ (|gi − |ei) −→ |gi.
2

1.2.3. Static Picture, the Dressed States
The dynamical description was useful in determining the probability amplitudes of the
unperturbed states, but did not provide us with the new time independent energy eigenstates (stationary states). The picture giving insight into the energies and the eigestates
of the perturbed system as a function of the detuning and the interaction strength described by the Rabi frequency is the "dressed state picture". Our rst step is to make a
unitary transformation that corresponds to going from the interaction picture - a frame
that rotates with frequency ω0 - to a frame that rotates with the laser frequency ωL .
This is done by
c0g (t) = cg (t)
c0e (t) = ce (t)eiδt .

(1.19a)
(1.19b)

Then the Hamiltonian 1.16a becomes time-independent
∂
i~
∂t

 0
 0 
cg
cg
0
~Ω/2
.
=
∗
0
~Ω /2 −~δ
c0e
ce

(1.20)

and solving for the zeroes of the characteristic polynomial one nds
E± =

~
(−δ ± Ωef f ) ,
2

(1.21)

It is important to remember that for δ = 0 the separation of the energies is given by the
interaction strength ~|Ω| whereas the shift of the energies for large detunings |δ|  |Ω| is
given by ∆Eg/e = ±~|Ω|2 /4δ . Since the light intensity is proportional to |Ω|2 (compare
equation 1.14), ∆Eg/e as given above is appropriately called the light shift. Because of its
intensity dependence it is obvious that forces appear whenever there are inhomogeneous
elds present as e.g. in the case of a Gaussian laser beam. The eigenstates are given by
φ

φ

φ

φ

|+i = e−i 2 sin θ|gi + ei 2 cos θ|ei
|−i = e−i 2 cos θ|gi − ei 2 sin θ|ei ,

(1.22)

with cos 2θ = − Ωefδ f , sin 2θ = Ω|Ω|
(⇒ tan 2θ = − |Ω|
). The corresponding energies have
δ
ef f
been given in equation 1.21 yet. For the special case of zero detuning and φ = 0, the

12
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dressed states are an equal superposition of the unperturbed ground and excited states:
1
|+i = √ (|gi + |ei)
2
1
|−i = √ (|gi − |ei) .
2

(1.23)

The Rabi oscillations between |gi ↔ |ei emerge in this description
in a neat way. At
√
t = 0 the system is in the ground state |gi = (|+i + |−i) / 2. The time evolution of
the dressed states in the laser eld (|Ω|, δ = 0) is determined by their energies E± . Thus
the probability that the atom is in the excited state is given by the projection
Pe (t) = |he|ψ(t)i|2

1
= he| e−iE+ t/~ |+i + e−iE− t/~ |−i
2
2
1 1
i(E+ −E− )t/~
√ 1−e
=
2
2
1
|Ω|
= (1 − cos(|Ω|t)) = sin2 ( t).
2
2

2

(1.24)

The dressed state picture is visualized in an intelligent and compact form in gure 1.2.

Figure 1.2.: Dressed state picture with |Ω| = 1, ~/2 = 1; the dotted line shows the
asymptotic behaviour for |δ|  1.
Let us take a closer look at this gure which is divided into three regions:

13
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Red detuned: δ < 0

The light shift for |δ|  |Ω| is
~|Ω|2
~|Ω|2
for |+i ≈ |ei and −
for|−i ≈ |gi.
4|δ|
4|δ|

It can be visualized by the spacing between the solid and dotted lines in gure 1.2.
On resonance: δ = 0

Avoided crossing of the perturbed levels with a separation of ∆E = ~|Ω|. At this
point the dressed states are an equal superposition of the unperturbed ground and
excited states.
Blue detuned: δ > 0

The light shift for δ  |Ω| is
~|Ω|2
~|Ω|2
for |+i ≈ |gi and −
for|−i ≈ |ei.
4|δ|
4|δ|

1.2.4. Experimental Methods
Ramsey Spectroscopy
In many cases a frequency has to be determined as precise as possible, for example the
hyperne transition frequency of 133 Cs between the state with F = 3 and
= 4, which
 F
2
Ω f
t for small
sin2 ef
denes the SI-unit 'second'. By a taylor series of |ce |2 = Ω|Ω|
2
ef f
δ , we can easily see that the width Γ of the central peak is inversely proportional to the
square root of the pulse duration τf ; that can also be seen in gure 1.3 a).

π
5π
Figure 1.3.: a) |ce |2 as a function of delta for τf = |Ω|
(slow oscillation) and τf = |Ω|
(fast
oscillation). b) Schematical experimental setup for doing Ramsey spectroscopy.

Thus we need a long interaction time τf for a good resolution, which means slow atoms
and a large interaction region. However, the size of a coherent light eld, which is in the
14
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case of the hyperne transition a radiofrequency rf-eld of O(GHz), is experimentally
limited. Ramsey's idea (see gure 1.3 b)) is to split the π -pulse making the transition
|gi → |ei into two π/2-pulses separated by a long time of free propagation τf  τπ of
both the eld and the atom. During that time the two phases evolve independently and
build up a phase dierence for nonzero detuning until a second π/2-pulse is applied.
The state of the atom is measured using a state selective detection plate. Let us look at
this scheme in more detail (for a better understanding, have a look at the formulas at
the end of chapter 1.2.2). In the following, ωrf is the frequency of the applied eld, ω0
the frequency of the atomar transition and δ = ωrf − ω0 the detuning.
First pulse:

1
π/2
|gi −→ √ (|gi + |ei) , with φrf = 0.
2

(1.25)


1
1
√ (|gi + |ei) −→ √ |gi + e−iω0 τ |ei
2
2
φrf −→ ωrf τf

(1.26)

Free evolution:
f

(1.27)

Second π/2-pulse:

• Generally: |ψf inal i =

1
2


(1 − eiδτf )|gi + e−iωrf τf (1 + eiδτf )|ei

• If δ = 0, i.e. ωrf = ω0 :
• If δ =

π
τf

|ψf inal i = |ei

(1.28)

|ψf inal i = |gi

(1.29)

:

Symbolically, π/2 ⊕ π/2 = π for δ = 0 and π/2 ⊕ π/2 = 0 for δ = τπf . The resolution of
the excitation spectrum is thus as narrow as if the rf-eld would interact with the atom
for the whole time.

Adiabatic Passage
The above described Ramsey-method fails if the atoms have dierent velocities v , which
results in a dierent time τf for each individual atom. So after passing the apparature
not every atom is in the excited state |ei or |gi, respectively. An experimental situation
where we can avoid this problem is the socalled "adiabatic passage". The schematical
experimental setup is to be seen in gure 1.4. In the beginning, the atom with velocity
v is in its ground state and sees the laser beam because of the dopplershift far red
detuned, so that its dressed state |−i ≈ |gi. When ying through the focussed beam,
the detuning changes from red through zero up to far blue with the intensity staying
constant (∝ |Ω|2 ). If this change occurs slowly enough (see 1.31), the atom remains
in the dressed state |−i, which is separated by an energy gap from |+i. The atom
adiabatically follows the change of the dressed state basis. But in the far blue detuned
15
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Figure 1.4.: Schematical experimental setup for the adiabatic passage.
light eld the dressed state |−i ≈ |ei and so the atom leaving the light eld is left in
its excited state. We can estimate the probability to excite the atom into the |+i-state
thereby nding a quantitative measure of the adiabaticity of the process. From quantum
mechanics, we know that
(
P|−i→|+i ≤ sup

|t h+| dtd |−it |2
t 2
)
( ∆E
~

)
.

(1.30)

As expected the greater the energy gap the smaller the excitation probability P|−i→|+i .
The usual time-energy complementarity provides a rule of thumb: The atom will stay
in |−i (that means the adiabatic passage is possible) if
tchange  ~/(∆E±,min ).

(1.31)

1.3. Center-of-Mass Dynamics in Light Shift
Potentials
We saw that the energy of an atom in a light eld depends on its internal state as well
as on the electric eld parameters, in particular the detuning δ and the Rabi frequency
Ω. Therefore, a spatially dependent Ω(r, t) = ω(r, t)eiϕ(r,t) leads to a force F = −∇V (r)
with the light shift potential V (r). In the following, we will see that there are two types
of forces: a conservative dipole force due to an intensity gradient ∇ω(r) and a dissipative
scattering force due to a spatially changing light eld phase ∇ϕ(r). To proceed we use
Ehrenfest's theorem, which states
1
∂
d
hAi = h[A, H]i + h Ai ,
dt
i~
∂t

(1.32)

for an operator A in the Schroedinger picture with hAi = hψ|A|ψi. We are interested in
the change of the atom's center-of-mass (CMS) momentum P:


1
P2
1
d
hPi = h P,
+ V (R) i = h[P, V (R)]i
dt
i~
2M
i~
= h−∇V (R)i = hF(R)i.

16
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Again we employ the long wavelength approximation (also called dipole approximation)
to reason h−∇V (R)i = −∇hV (R)i. However, at this point we do not want to calculate
this expectation value for a general atomic state and postpone it until chapter 2. The
reason is that generally the excited state has a natural lifetime and can decay spontaneously. As such an event destroys coherence, it must be treated using the statistical
density matrix formalism, which we will introduce in chapter 2. Instead we will focus
here on the special case of a large detuning to nd out whether ground state atoms,
which do not suer spontaneous decay, are dragged into regions of high or low electric
eld intensity.
For large detuning we found, that
∆Eg =

~|Ω|2
,
4δ

(1.34)

so for δ < 0 ground-state atoms are pulled into regions of high intensity (high eld
seekers) whereas for δ > 0 ground-state atoms are low eld seekers.
With our result from equation 1.33, we get another proof for that: If we have a
2
Gaussian laser beam, i.e. |Ω|2 ∝ I(x) ∝ e−x , we get for the ground state energy
2
V (x) = ~4 |Ω|δ and thus a force
2

d
xe−x
F = − V (x) ∝
.
dx
δ

(1.35)

We see that for δ < 0 the force is directed to x = 0 and so the atom in the red detuned
Gaussian laser beam is a high eld seeker.
The classical picture of the atom as an externally driven harmonic oscillator with
the induced electric dipole moment d = −e0 r coupling to the external eld E leads to
the same result, because for δ < 0 the eld frequency ωL is smaller than the system's
resonance frequency ω0 letting the induced dipole moment oscillate in phase with the
external force F = −e0 E . Thus it follows that the interaction energy Eint = −hdEitime <
0 and thus atoms are dragged into high-intensity regions. This classical picture becomes
wrong if we have a detuning δ = 0. The result Eint = −hdEitime = 0 is quantum
mechanically not valid any more, as we will see later in section 1.4.3.

1.4. Atom Optics: Some Optical Elements
As remarked above, a more complete description of the atom-light interaction has to
include the spontaneous decay of the excited state, which induces randomness and dissipation into the system thereby destroying coherence. Dissipation is necesseary for any
cooling mechanism, because energy has to be transferred out of the atom-laser eld system. However, on timescales much smaller than the excited state lifetime, ranging from
seconds for long-lived metastable states down to nanoseconds or even lower for a typical
dipole allowed atomic decay, we can use the coherent description developed so far to
determine the eect of the light eld on the atomic motion.
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Depending on the localization of the atomic wave packet, its CMS-motion can either
be treated classically or quantum-mechanically. We saw that the expectation values
hRi, hPi obey the classical equations of motion (Ehrenfest's theorem) and if the higher
order moments like hR2 i − hRi2 can be neglected, the atom can be regarded as a point
particle whose motion is described by Newton's laws. The potential V (R) nevertheless
depends on the internal state (Newtonian atomic optics). Certainly, there is no interference present in this picture. If however the size of the wave packet is suciently
large, the wave character matters and requires a quantum mechanical treatment of the
atomic motion with R, P being non-commutative operators. Now interference eects
occur between these matter waves (de Broglie wave optics).

1.4.1. Atom Mirror
We have seen that far detuned light can be used to realize conservative potentials and
in particular we showed that ground state atoms are low-eld seekers for blue detuned
light. This is used in the following experiment [1]:

Figure 1.5.: a) Experimental setup. Atoms from a MOT are released above a curved
mirror formed by an evanescent light wave (from [1]). b) Scheme of the
potential near the mirror surface. The units on the axes are arbitrary.
An exponentially decreasing blue detuned light eld is produced by a laser beam (see
gure 1.5 a): the Ti:Sapphire Laser Beam), which is totally reected at a glass-vacuum
transition. This socalled evanescent light wave leaks into the vakuum and so forms a
potential, which is exponentially increasing for Cs atoms, which are trapped and released
over this atom mirror: They feel a repelling force and so reected atoms can bounce
several times at such a mirror if they are accelerated e.g. in the gravitational eld.
Let us estimate which kinetic energies are reected in the case of Cesium atoms (mCs =
2.2 · 10−25 kg ), which are dropped from a certain height h. The potential strength right
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above the glass surface is

~|Ω|2
4δ
and with typical values for |Ω| ≈ 3 GHz and δ ≈ 10 GHz one nds:
V =

mCs v 2
10−34 1019
10−25
= Vmax ≈
J
J
=
2
4 · 1010
4
⇒ v ≈ 0.5 m/s,

(1.36)

(1.37)

which corresponds to dropping the atoms from a height of h = 1.2 cm.
But in the experiment, bouncing is only observed for h < 3 mm. The explanation is
that the atoms do not only see the potential formed by the light, but also the van-derWaals potential from the glass surface. A scheme of the resulting potential is given in
gure 1.5 b) to give a qualitative reason for the dierence between theory and experiment.

1.4.2. Dipole Traps
In a focused Gaussian laser beam the maximal intensity occurs in the center of the beam
and for red detuning atoms can therefore be trapped in those regions. Similarly, if two
blue detuned laser beams are separated so that they enclose a minimum of intensity,
atoms can also be trapped there. Of course they rst have to overcome the potential
hill of high intensity to get there. The interested reader may have a look at the article
"Long Atomic Coherence Times in an Optical Dipole Trap" ([2]).
The light shift potential is conservative, because only stimulated emission and absorption processes are considered, which conserve the energy of the laser + atom system.
Therefore one would expect the atoms to oscillate around the minima forever, but as we
will learn later, spontaneous emission is a dissipative process that leads to a damping
force and atoms are really trapped in these potential minima.

1.4.3. Optical Lattices, the Various Regimes
Interference of two counterpropagating laser beams create a standing light wave of intensity I = I0 sin2 (k · x). In the same way one can construct two and three dimensional
light intensity lattices with possibly dierent lattice vectors in each direction using more
light beams. But it is far from trivial to construct a stable three dimensional optical
lattice because of phase uctuations (due to vibration of the laser source for example)
that lead to lattice defects. We now want to discuss what happens, when an atomic
beam traverses such an optical lattice in perpendicular direction. This certainly depends on the transverse size of the matter wave packet compared to the length of the
lattice vector, on the thickness of the standing light wave, i.e. the interaction time and
the photon momentum distribution, the Rabi frequency Ω and the detuning δ . We will
investigate dierent regimes in the following.
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Figure 1.6.: a) Schematic diagram of the experimental setup as viewed from above. Inset:
View along the atomic beam axis of the optical standing wave (from [3]).
b) Schematic picture to show the size of order of the atom in the standing
light wave.

Optical Stern-Gerlach Eect
The aim of this experiment [3] is to show the splitting of an atomic beam by a standing
wave (the socalled optical Stern-Gerlach eect). As illustrated in gures 1.6 a) and
b), the atomic beam width (≈ 2 µm) is much smaller than the lattice vector of the
standing light wave (a ≈ 15 µm). Experimentally one achieves such large lattice vectors
for optical frequencies (λ ≈ 500 nm) by reecting the laser beam at a glancing angle
θ < π/2, as depicted in the inset of gure 1.6 a). The reciprocal lattice vector is
then G = 2π sin θ/λ. The atoms, which are treated again as two-level systems, do not
encounter the periodicity of the lattice but instead only see the local intensity where
they pass the light eld. This intensity is zero at the nodes and reaches its maximum
I0 at the anti-nodes. Suppose that the atomic beam passes the lattice at a position of a
non-zero intensity gradient as shown in gure 1.6 b). Otherwise the force on the atom
is zero. Employing the dressed state picture it is straightforward to see what happens
if one remembers that |Ω|2 ∝ I and F = −∇E : We will investigate now how this works
exactly.

i) Far blue detuned

Then δ  |Ω|, δ > 0, |gi ∼ |+i. The energies are
E+ =

~|Ω|2
4δ

E− = −~δ −
F = −∇E+

(1.38a)
~|Ω|2
4δ

(1.38b)
(1.38c)

In gure 1.7 a) the atom in the ground state |gi ∼ |+i feels a force towards the nodes
so that the beam is simply deected to the (−Ox)-direction.
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ii) Far red detuned

Then |δ|  |Ω|, δ < 0, |gi ∼ |−i. The energies are
E+ = −~δ −

~|Ω|2
4δ

~|Ω|2
4δ
F = −∇E−

E− =

(1.39a)
(1.39b)
(1.39c)

Here we have just the opposite case; the atom feels a force towards the antinodes so that
the beam encounters a deection to the +Ox-direction.

Figure 1.7.: a) Energies of and force on the atomic beam for δ > 0 and δ < 0. b) Energies
of and force on the atomic beam for δ = 0.

iii) On resonance

√

Then δ = 0, |gi = (|+i + |−i)/ 2 and the energies are
E± = ±

~|Ω|
~
∝ | sin kx|
2
2

(1.40a)

On resonance the atom is in an equal superposition of the two dressed states |+i and
|−i. Now the beam splits into two beams with equal intensities (so the force is not
F = 0 as one could classically expect!), as sketched in gure 1.7 b). So that splitting
is coherent and of quantum mechanical nature. In principle it is possible to recombine
the beams with the same method and measure interference (matter wave interferometer
of the Michelson type). However, spontaneous decay of the excited state occurs, which
destroys the phase coherence between the separated beams. This happens as both
dressed states have a nonzero amplitude of being in the excited state. To build an
interferometer it is thus neccessary to recombine the beams after a time interval short
compared to the excited state lifetime.
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Atom Lithography
One can also use the interaction between a standing wave and a (two level) atom to do
lithography. The schematical representation of the experiment is shown in gure 1.8 a):
The standing wave can be approximated by a harmonic potential near its nodes. So it
acts as a cylindrical lens and focusses the Sodium atoms into a grating on the substrate.
In the experiment [4], a laser with a wavelength λ = 589 nm was used, which produced
a pattern with periodicity (294.3 ± 0.3) nm. The peaks on the grating should ideally
have the shape of a δ -distribution, but in the experiment we are limited to a FWHM of
(20 − 40) nm.

Figure 1.8.: a) A schematic representation of the experiment. An optical standing wave
is interposed between an atomic beam and a substrate to deect atoms
during deposition (from [4]). b) Schematic diagram of the Michelson-Morley
experiment (from [5]).

Coherence Length
Before we proceed to discuss the other diraction regimes we will explain in more detail
what we mean by the size of the matter wave. A quantitative measure for the transversal
size is the transversal coherence length l⊥ , which will be explained in this section. Comparing l⊥ to the lattice vector d of the diracting structure allows to discriminate the
regime where the center-of-mass motion is treated classically from the quantum regime:
• Classical CMS motion occurs for l⊥  λ/2; the phase of the wave packet is coherent
over a distance smaller than the lattice vector d
• Quantum mechanical CMS motion, i.e. diraction occurs for l⊥  λ/2; we get

coherent motion of the wave packet in e.g. a periodic potential.
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Let us dwell a little bit on the nature and origin of the coherence length. Using a
Michelson interferometer (gure 1.8 b)) one can determine this length by increasing
the path length in the arm BC (Michelson and Morley wanted to proof the existence
of the aether this way: They expected that by rotating their apparature, the length
of the arm BC would be increased and so the diraction pattern would disappear).
It is obvious that interference only occurs as long as the recombined beams are phase
coherent. Otherwise their relative phase is randomly distributed and it is just their mean
intensities that add up. This coherence length is of longitudinal kind and values for a
87
Rb beam are given in table 1.1.
√
T
300 K
3 µK

v̄
270 ms
27 mm
s

v¯2
165 ms
16.5 mm
s

l⊥
27 pm
278 nm

Table 1.1.: Coherence length of 87 Rb for dierent temperatures.
Another common experiment exploring the transveral coherence length of a wave, is
the double slit experiment as shown in gure 1.9 a). If the beam traverses the double slit

Figure 1.9.: a) Double slit experiment (from [5]). b) Schematic setup of a collimation
apparature.
in a direction diering slightly from π/2 by an angle θc = v⊥ /v (here and in the follwing
we use θ ≈ sin θ ≈ tan θ for small θ), the interference pattern in a far distance L is shifted
by D = Lθc . Here, v⊥ is the transverse velocity width of the beam and v = h/(mλdB )
is the longitudinal velocity. If the zeroeth maximum of the shifted pattern falls onto
the rst diraction maximum of the v⊥ = 0 component of the beam, the transverse
coherence length equals the separation of the slits
l⊥ = d .
(1.41)
In this case no interference pattern is observed just as it is expected for a beam that
does not maintain phase coherence between the two slits. The rst diraction maximum
occurs at
D = L θD = L
=L

λdb
,
l⊥
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and the center of the shifted pattern lies at
v⊥
,
v

(1.43)

h
h
=
.
mv⊥
∆p⊥

(1.44)

D = L θc = L

so that altogether,
l⊥ =

It is interesting to see how this equation corresponds to Heisenbergs uncertainty principle
∆p∆x ≈ ~. Thus a narrow transverse momentum distribution corresponds to a long
transverse coherence length. Experimentally, long transverse coherence lengths can be
achieved using a collimation apparature by two separated slits as shown in gure 1.9
b): If we choose e = 1 m and d = 10 µm for both slits, we get an opening angle of the
beams θ = 10−5 rad.
Another interpretation of l⊥ can be given with the help of the photon recoil momentum
vR = ~k/m, the momentum an atom of mass m picks up if it absorbs or emits a photon of
frequency ω = ck. Typical recoil momenta are vR (133 Cs) = 3 mm/s, vR (87 Rb) = 6 mm/s
and vR (6 Li) = 8 cm/s. Using the relations above, we get for the classical regime:
l⊥  λ/2 ⇔ v⊥  2vR .

(1.45)

In this case the process of stimulated absorption followed by stimulated emission - which
is rst order diraction - does not change the transverse velocity of the beam noticeably.
For later use, we dene the recoil energy ER as
ER =

~2 k 2
= ~ωR
2m

(1.46)

with ωR being the recoil frequency.

Channeling Experiment
The next experiment [6] we are going to discuss takes place in the classical regime where
l⊥ < λ/2, so that the atoms can be regarded as point particles moving in a conservative
potential V . In the experiment, one uses a beam of Cesium atoms and for the potential a
standing light wave made by a blue detuned laser: Thus, low intensity regions correspond
to valleys and so for small enough transverse velocities v⊥ < vmax , the atoms will be
forced to channel into the valleys while traversing the optical lattice. It is obvious, that
the atom beam should ideally cross the standing wave under an angle of θ = π2 (the
experiment shows, that for |θ| < ( π2 − 5 · 10−3 ) rad, the velocity v⊥ > vmax , which
means that channeling can not be observed any more). What is meant by channeling is
illustrated in gure 1.10 a). We will investigate the channeling process now in detail. In
gure 1.10 b), we see the schematical setup of the experiment: The (blue detuned) ring
dye laser produces the standing wave and the probe laser is used to do spectroscopy.
When the frequency of the probe laser ωP is sweeped around the frequency of the atomar
transition ω0 , it is absorbed twice (see gure 1.11 b)): If ωP = ω0 , the probe laser excites
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Figure 1.10.: a) Atomic potential energy in a Gaussian standing wave aligned along Oz ,
for a blue detuning. Valleys correspond to nodes, and ridges correspond to
antinodes (from [6]). b) Experimental setup (from [6]).
the atoms at the nodes of the standing wave. At the antinodes, i.e. where I 6= 0, the
energy states of the atoms are shifted according to E± = ~2 (−δ ± Ωef f ). So from gure
1.11 a), we can see that δ + ω0 = ωa + Ωef f , which means that the probe beam should
also be absorbed for ωP = ωa = ω0 + δ − Ωef f < ω0 . If channeling is not observed, the
absorption peaks in the probe beam spectrum have about the same size, otherwise the
probe beam is absorbed mainly by atoms at the nodes.

Figure 1.11.: a) Energy levels of a system of an atom and N photons. b) Calulated
absorption spectra of atoms in a strong standing wave. 'A' stands for
antinodes, 'N' for nodes. Channeling is observed in ii) (from [6]).

Raman-Nath Diraction Regime
The next two experiments ([7], [8]) we are going to discuss take place in the quantum
regime where the recoil momentum is larger than the initial transverse velocity uncertainty: vR > v⊥ . The experimental setup is similar to the previous experiments (we have
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again a standing wave with d = λ/2), but now the atomic beam sees the full periodicity
of the lattice potential. It traverses the light eld at a velocity v so that interaction
takes place during a time interval tint = ∆z/v , where ∆z is the thickness of the optical
lattice. For the observation of the Dirac-Kapitza scattering we need a very small ∆z
(thin wave), but to see Bragg scattering ∆z has to be large (thick wave).
As a rst step we decompose the initial matter wave packet into its plane wave components whose diraction behaviour is easier to determine:
Z
ψ(x) =

(1.47)

dkψ(k)eikx .

Knowing the temporal evolution of the plane waves allows to calculate the evolution of
an arbitrary wave packet using this superposition principle.
Because the time the atoms spend inside a thin light grating tint is small and also their
incident transverse momenta v⊥ are small, we can neglect their transverse motion during
the interaction completely (Raman-Nath approximation). The transverse Hamiltonian
thus reads,



H=

V0
p2⊥
+ V (x) =
2m
2

1 + sin

2πx
λ/2

.

(1.48)

It is straightforward to solve the Schroedinger equation to obtain
ψ(x, t) = e−iV (x)t/~ ψ(x, 0).

(1.49)

The incoming wave is taken as a plane wave ψ(x, 0) = exp(ikz z) so that using the
2π
we get
denition G = λ/2
ψ(x, t) = e−i(V0 t/(2~)+V0 t sin(Gx)/(2~)) eikz z


∞
X
V0 t
−iV0 t/(2~)
ikz z inGx n
=e
.
e e
i Jn
2~
n=−∞

(1.50)

The global phase e−iV0 t/(2~) can be neglected and we see that the plane waves experience
diraction as they obtain a non-zero x-component:
k = (nG, 0, kz )0 .

(1.51)

The amplitude of the n-th order scattered wave is given by the Bessel function Jn (x),
which is plotted for n = 0, 1, 2 in gure 1.12 a). Each scattering order corresponds to the
process of coherent absorption and emission of a laser photon with kL = 2π/λ = G/2.
This scattering process illustrated in gure 1.12 b). The Raman-Nath approximation is
2 2
no longer valid if the transverse kinetic energy E⊥ = ~2mk⊥ ∝ n2 ωR becomes comparable
to the interaction energy V0 . It is a property of the Bessel functions that nmax ∝ V0 tint
and thus the thin light wave condition can be expressed as
r
tint 
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Figure 1.12.: a) Bessel functions J0 , J1 and J2 . b) Scheme of the scattering process.
Finally, let us take a look at the diraction angle θD . From simple geometrical diraction
theory we expect that θD = λdB /d and indeed we nd
θD =

2kL
4π/λ
λdB
λdB
|G|
=
=
=
=
.
kz
kz
2π/λdB
λ/2
d

(1.53)

The high potential limit corresponds to classical rainbow scattering. Here, the maximal
deection is given by
V0
∆p
= −∇V = − · 2kL cos(2kL x)
∆t
2
⇒ ∆pmax = −V0 kL tint

(1.54a)
(1.54b)

which again shows that E⊥ ∝ V02 t2int ωR . So we saw that the photons account for conservation of momentum but what about energy conservation? The atom's dispersion
2 2
relation is quadratic (E = ~2mk ) whereas photons have linear dispersion (E = ~kc). In
the discussion so far the energy was not conserved, as we simply neglected the transverse
kinetic energy. So what are the additional restrictions of energy conservation and under
which circumstances is it plausible to use the Raman-Nath approximation? A tightly,
focused waist (gure 1.13, left) has due to Heisenberg a large angular uncertainty in the
direction of its photons, thus allowing energy conservation for many nal momentum
states pf lying on the Ewald-sphere - this is called the Kapitza-Dirac regime. The observation of Bragg scattering requires a much larger waist for the light where the photons
are highly collimated. In this case, the only process which can conserve energy and
momentum is Bragg scattering (gure 1.13, right). For the diraction angle θB , we nd
(compare with 1.53) θB = λλd b .
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Figure 1.13.: Comparison of Kapitza-Dirac and Bragg scattering (from [8]).
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2.1. Coupling to the Vacuum Causes Decay
In all our discussion so far we have only considered coherent processes - that of absorption
and stimulated emission. In these processes the energy of the composite laser + atom
system (dressed state picture) is conserved. But it is well known that also spontaneous
emission events occur which result in natural lifetimes τ for excited states. The atom goes
to a lower energy state by emitting a photon into one of the empty modes S = (k, ε) not
occupied by the laser eld (kL , εL ). Typical natural lifetimes are τ ≈ 30 ns, which result
in natural linewidths of γ = 1/τ ≈ 108 Hz . Formally, spontaneous emission arises due
to the coupling of the system to the innite empty vacuum modes of the electromagnetic
eld. These act as a reservoir and it is a general phenomenon that a system coupled to
a reservoir - which has by denition many more degrees of freedom that are not kept
track of - leads to dissipation. Averaging over the reservoir's degrees of freedom (partial
trace) destroys coherence in the system as information is lost. Energy is transferred out
of the system by the spontaneously emitted photon and we do not keep track of these
photons, i.e. we do not care which vacuum mode they occupy. The decay is induced by
vacuum uctuations of the quantized EM-eld. In the quantized description of the eld
each mode is equivalent to a one-dimensional quantum mechanical harmonic oscillator,
thus having a non-zero vacuum energy of ~ωS /2. With a†S being the photon creation
operator and aS the photon destruction operator (for details see [9]), the Hamiltonian
of the free eld reads
X
1
(2.1)
~ωS (a†S aS + )
H=
2

S

and one can show that although the mean electric eld vanishes hEi = 0, its uctuations
are non-zero h|E|2 i =
6 0. Depending on the geometrical shape of the vacuum, which is
often determined by the boundary conditions, the amplitude of the uctuations can
become quite large. With ε0 ES2 being the energy density of the eld, we get:
~ωS
= Vcav ε0 ES2
2
r
~ωS
⇒ ES =
,
2ε0 Vcav

(2.2)

where Vcav is the volume of the cavity. Thus in small cavities for example the eld can
be as large as several volts per meter.
To see how the vacuum eld uctuations lead to a decay of the excited state, let us
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assume the atom is initially in its excited state with no photons around
|ψ(0)i = |e; 0i.

(2.3)

As it may reach its lower state by spontaneous emission, the general state is after dividing
by global phase e−iωe t :
|ψ(t)i = ce (t)|e, 0i +

X

cg,1S (t)e−iδt |g; 1S i ,

(2.4)

S

with S = (k, ε) and δ = ωS − ω0 . Note, that the excited state is coupled to innitely
many other states via the vacuum Rabi frequency ΩS = −d · ES /~, so that the time
evolution is given by
i
i

dce (t) X
=
cg,1S (t)ΩS e−iδt
dt
S

dcg,1S (t)
= ce (t)Ω∗S eiδt .
dt

(2.5a)
(2.5b)

In contrast to |ei, the states |g; 1S i are only coupled to a single state. Thus a spontaneous decay can occur, but spontaneous absorption is (in agreement with Einstein's
derivation) not possible. Formal integration of equations 2.5 yields an exponential decay
of the excited state
γ
(2.6)
ċe = − ce ,
with a decay rate of

2

ω 3 d2
γ=
3πε0 ~c3

(2.7)

(for an exact derivation, see e.g. [10]). The scaling with the frequency γ ∼ ω 3 is worth
to remember, because it shows why UV-transitions are usually very broad. Moreover,
one can see that because of τ = 1/γ ∝ 1/ω 3 Rydberg states are very stable.

2.2. Wavefunction Monte-Carlo Approach
Next, we are going to combine the incoherent and the coherent temporal evolution
of states. An intuitive way was developed some years ago ([11]) using probabilistic
methods and is called "Wave function Monte-Carlo method". In a simulation, the twolevel system follows one possible time evolution - one path in the huge space of possible
state evolutions -, changes its state due to Rabi oscillations and randomly falls from the
excited to the ground state with a probability per time interval ∆t of
Psp = |ce (t)|2 γ ∆t.

The steps of the simulation are as follows:
i) Atom is initially in the ground state: cg (t0 ) = 1
30
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ii) Calculate ce (t0 + ∆t) using coherent evolution c¨e = −|ΩS |2 ce
iii) In each step of step size ∆t the probability that spontaneous emission occurs is
Psp = |ce |2 γ ∆t

iv) Compare Psp with the result of a random number generator r ∈ [0, 1];
if r < Psp a photon was emitted ⇒ ce = 0 and cg = 1. Then continue with step i)
if r > Psp continue with step i)
Of course, this simulation only describes a single realization of all the possible temporal
evolutions of the system, that could possibly look like gure 2.1 a). In order to compare
this to what actually happens in a physical system like an atomic cloud an average over
many realizations has to be performed. This is shown in gure 2.1 b) (we chose ΩS = 4
and γ = 0.5).

Figure 2.1.: a) Single simulation of the time evolution of |ce |2 in a two-level system. b)
Time evolution of |ce |2 in a two-level system averaged over 10000 realisations.
The result is that the Rabi oscillations are damped and after a while the excited
state probability becomes stationary. In the strong driving limit of ΩS  γ one nds
that Pe (t  1/γ) = 1/2. However,
√ the system is now in a mixed state and not in the
coherent state ψ = (|gi + |ei)/ 2, that also gives Pe = 1/2. This is no surprise as
we performed an ensemble average over many realizations of the system which are not
coherent. An easy proof√for that is to apply a π/2-pulse on the state: For the coherent
state |ψi = (|gi + |ei)/ 2, we get after applying the pulse |ψi = |ei, while for a mixed
state consisting of 50% atoms in |gi and 50% in |ei we have to apply the pulse to each
atom seperately.
Next, we want to introduce the statistical density operator ρ which is a useful instrument to describe spontaneous emission and the resulting mixed states.
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2.3. Density Matrix Formalism and Optical Bloch
Equations
Let us review shortly the denitions and properties of the density operator ρ that we
are going to use in the following.
If the system is in state |ψi i with the probability pi 6= 0 for i = 1, . . . , N the density
operator reads
ρ=

N
X

pi |ψi ihψi |.

(2.9)

i=1

As probabilities add up to one, it holds that T r(ρ) = 1. 1 For N = 1 the system is in a
pure state whereas for N > 1 the system's state is mixed. There is a simple criterion to
determine whether the state is mixed or pure, namely,
T r(ρ2 ) = 1 only for pure states.

(2.10)

So in a pure state, one of the eigenvalues of the density matrix is unity and all the others
are zero. In the case of a statistical mixture there are several eigenvalues between 0 and
1, which are the probabilities for the system to be in a particular eigenstate. If a specic
basis {|Φi i} is chosen (e.g. the eigenvectors of H P
or of any other observable), ρ is often
written as a matrix with entries ρij . With |Ψi = ni=1 ci |Φi i, we get
ρij = hΦi |ΨihΨ|Φj i = ci c∗j

and it follows that
ρ=

X

ρij |Φi ihΦj |.

(2.11)
(2.12)

i,j

As an instructive example we examine two dierent states of a two-level system. The
rst state is
1
|ψ1 i = √ (|gi + |ei)
2


1/2 1/2
⇒ρ=
in {|gi, |ei} basis and
1/2 1/2


1 0
ρ=
in {|+i, |−i} basis.
0 0

(2.13a)
(2.13b)
(2.13c)

The system is in a pure state, namely the dressed state |+i. The second state we will
look at is that the system is with probability pg = 1/2 in the ground state and with the
same probability in the excited state. The density matrix reads



1/2 0
ρ=
in {|gi, |ei} basis and
0 1/2


1/2 0
ρ=
in {|+i, |−i} basis.
0 1/2
1 T r(A)

=

P

i

aii (trace)
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There does not exist a basis such that only one diagonal element is non-zero. Also we
can easily compute that T r(ρ2 ) 6= 1, so that the system is in a mixed state.
The diagonal elements ρii (populations) are the probabilities to be in state |ii and
the o-diagonal elements ρij = ρ∗ji , (i 6= j) (coherences) describe the phase, the coherence between the states |ii and |ji. The coherent part of the temporal evolution of
ρ is governed by the von-Neumann equation, which is simply a matrix version of the
Schroedinger equation:
1
(2.15)
ρ̇ = [H, ρ] .
i~

With


H=

and the associated

0
~Ω∗
2


ρ=

~Ω
2



−~δ

ρgg ρge
ρeg ρee



(2.16)
(2.17)

one nds the following set of equations
iΩ∗
iΩ
ρge − ρeg
2
2
ρ̇ee = −ρ̇gg
i
ρ̇ge = −iδρge + Ω(ρgg − ρee )
2
∗
ρ̇eg = ρ̇ge .

ρ̇gg =

(2.18a)
(2.18b)
(2.18c)
(2.18d)

Spontaneous emission can be added by recognizing that we found ċe = −γ/2 · ce ,
so that using 2.11 we can see that the population ρee decays with rate γ : ρee (t) =
ρee (0) exp(−γt), whereas the coherences decay with rate γ/2: ρeg (t) = ρeg (0) exp(−γt/2).
For long times t  γ the o-diagonal elements have already decayed to zero leaving the
system in a mixed state.
The resulting equations are the main results of this section and are called Optical
Bloch Equations (OBE):

i
Ω∗ ρge − Ωρ∗ge
2

i
ρ̇ee = −γρee +
Ωρ∗ge − Ω∗ ρge
2

i
γ
ρ̇ge = − + iδ ρge + Ω(ρgg − ρee )
2
2

ρ̇gg = γρee +

(2.19a)
(2.19b)
(2.19c)

The form of the equations slightly dier from the ones derived in e.g. [10], but that is a
consequence of the dierent denitions of the Rabi frequency Ω.

2.3.1. Stationary Solutions of the Optical Bloch Equations
We already learned in section 2.2 that the Rabi oscillations are damped due to spontaneous emission and that the solution of Pe = ρee becomes stationary for t  1/γ . The
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stationary solutions of the OBE can be found by setting the time derivatives to zero:
ρ̇ee = ρ̇eg = ρ̇gg = 0. The solution for the excited state probability then reads
ρee =

s0 /2
,
1 + s0 + (2δ/γ)2

(2.20)

with the on-resonance (δ = 0) saturation parameter
s0 =

2|Ω|2
I
,
=
2
γ
IS

(2.21)

where the saturation intensity IS = πhc/(3λ3 τ ) has been introduced. Typical values
are IS = (1 − 5) mW
. The solution for the coherences is most easily written with the
cm2
saturation parameter
s=

s0
|Ω|2 /2
=
.
2
2
δ + γ /4
1 + (2δ/γ)2

(2.22)

−iΩ∗
=
2(γ/2 − iδ)(1 + s)

(2.23)

Then,
ρeg

and
ρee =

s
.
2(1 + s)

(2.24)

For low intensities s  1 the population stays mostly in the ground state: ρgg = 1−ρee ≈
1. Contrarily, for high intensities s  1 the populations become equal
ρgg , ρee −−→
s1

1
.
2

(2.25)

Of course, inversion (ρee > ρgg ) is for a stationary solution not possible because of the
process of stimulated emission. On resonance and for s0 = 1 we nd ρee = 1/4.
We are now able to calculate how many photons are scattered out of a laser beam per
second, which is the socalled "pumping rate" γP . If an atom absorbs a photon from the
beam and decays thereafter spontaneously, a photon is emitted into a non-laser mode.
Under steady state conditions the excitation rate γP equals the total decay rate, hence
(2.26)

γP = γρee .

We will now look at some important special cases:
High intensity limit s0  1: Here ρee = 1/2 ⇒ γP = γ/2. This is the maximal
rate at which photons can be emitted spontaneously. To investigate this more
accurately, we rewrite equation 2.26 as


γP =

s0
1 + s0



√

γ/2
1 + (2δ/γ 0 )2


,

(2.27)

where γ 0 = γ 1 + s0 is called the power-broadened linewidth of the transition.
Because of saturation, the linewidth of the transition as observed in an experiment,
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Figure 2.2.: γP as a function of the detuning δ for several values of the saturation parameter s0 . For large values of s0 there is a signicant power broadening of the
spectral prole, which is a direct consequence of the fact that for large s0 ,
the absorption continues to increase with increasing intensity in the wings,
whereas in the center half of the atoms are already in the excited state. The
absorption in the center of the prole is therefore saturated, whereas in the
wings it is not.
where the absorption of light is detected while scanning its frequency, is broadened
from its natural linewidth γ to its power-broadened value γ 0 , which is depicted in
gure 2.2. The fact that γP saturates for high intensities will be important later
because it limits the magnitude of the dissipative force acting on an atom.
Large detuning |δ|  |Ω|  γ ⇒ |δ|/γ  s0  1

Then,

ρee =

|Ω|2
s0 /2
=
,
(2δ/γ)2
4δ 2

(2.28)

so that

|Ω|2
·γ.
(2.29)
4δ 2
The crucial point is the 1/δ 2 dependence of ρee respectively γP . Remember that
γP =

the far o-resonant light shift scales like

V =~

|Ω|2
,
4δ

(2.30)

so that conservative potentials can be made arbitrarily deep by increasing the laser
intensity I ∝ |Ω|2 together with the detuning δ . Doubling both |Ω| and δ increases
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the potential height by a factor of 2, but does not change γP , which describes
the loss of coherence due to spontaneous emission. Moving further away from
resonance reduces the excited state probability faster than the light shift potential
(1/δ 2 compared to 1/δ ).

2.4. Light Forces

2.4.1. Two Types of Forces
We are now in the position to determine the force that a given light eld with spatially
varying amplitude Ω(x) and detuning δ exerts on a two-level atom. Using the density
matrix formalism allows the atom to be in an arbitrary state. Let us recall the two
processes that lead to a change in the atom's momentum:
1. Coherent exchange of photons with possibly a redistribution between dierent laser
beams if more than one is present (absorption and stimulated emission cycle)
2. Spontaneous emission; scattering of photons out of the laser beam (absorption and
spontaneous emission cycle)
The two processes are fundamentally dierent in that the rst one is non-dissipative
(energy is conserved in the atom + laser system), so it leads to a conservative force
which does not saturate for high intensities (arbitrarily deep potentials). Contrarily,
the second one is dissipative as it transfers energy from the atom + laser system to
the reservoir of vacuum modes and leads to a damping force that saturates at high
intensities due to a xed spontaneous emission rate γ . To simplify notation, we will
restrict ourselves to one dimension in the following. We will also assume that the atomic
wave packet is well localized in position
∆R  λL

(2.31)

as well as in momentum space

(2.32)
so that it can be regarded as a classical particle and the expectation value of the position
operator R̂ can always be replaced by the center-of-mass position hR̂i = R. Combining
equations 2.31 and 2.32 with Heisenberg's uncertainty relation ∆p∆R ≈ h shows that
k∆v  γ ,

~2 k 2
 ~γ ,
2m

(2.33)

has to be fullled. This can be interpreted that the internal timescale, which is given
by γ −1 ≈ 10−8 s is much shorter than the external timescale ωR−1 = (~k2 /2m)−1 ≈
(10−4 − 10−5 ) s, where ωR is the recoil frequency of the atom. Note that we did not
assume that v itself is small, so non-adiabatic eects are possible (see section 1.2.4) and
in fact they will be neccessary to derive a velocity dependent dipole force that can be
used to cool later (Sisyphus cooling).
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Again we employ Ehrenfest's theorem to calculate the expectation value of the force
operator which is dened as the time derivative of the momentum operator
hF i =

1
∂
d
hpi = h[p, H]i + h pi
dt
i~
∂t
∂
= −h Hi.
∂x

(2.34)

For the last equation, we applied the momentum operator in coordinate space p =
Inserting the two-level Hamiltonian 2.16, we get


∂
~
0
− ∂x
Ω(x)
i.
hF i = h
∂
Ω∗ (x)
0
2 − ∂x

~ d
i dx

.

(2.35)

The density matrix formalism then yields,
hF i = T r(ρF ) = −


~ ∂ ∗
∂
Ω (x(t))ρge (x(t)) +
Ω(x(t))ρeg (x(t)) ,
2 ∂x
∂x

(2.36)

with Ω(x) = ω1 exp(iφ(x)) (and ω1 real). Applying the chain rule and generalizing to
three dimensions results in the two force terms already mentioned

 ~
~
hFi = − ∇ω1 e−iφ ρ∗eg + eiφ ρeg + i∇φ ω1 e−iφ ρ∗eg − ω1 eiφ ρeg
2
2
iφ
= −~∇ω1 Re(ρeg e ) + ~∇φIm(ρeg ω1 eiφ ).

(2.37)

The rst term is the dipole force term and the second one the scattering force term.
Note, that ρ(x(t)) is the steady-state solution of the OBE which requires equation 2.33
as well as kv/γ  1 (slow velocities) to hold. The time dependence emerges from the
fact that the atom can move in the light eld thus experiencing dierent laser intensities
and a velocity dependent detuning
δv = δ − k · v

(2.38)

due to the Doppler shift, which will be treated in section 3.

2.4.2. Pure Scattering Force
The scattering force - also called light pressure force - is a dissipative force due to
spontaneous emission. Let us look at a situation where the dipole force term vanishes and
a pure scattering force occurs. This happens in the special case of an atom interacting
with a running plane wave eikx so that, according to the denition of the Rabi frequency,
Ω = ω1 e−ikx (remember that for our denition of the Rabi frequency Ω, the phase φ
was included in the time development of the electric eld with positive sign and thus
φ = −kx for the running wave eikx ). The intensity is constant and hence the dipole
force is zero (∇ω1 = 0). The gradient of the phase is simply
∇φ = ∇(−k · x) = −k.
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Inserting the stationary solution of ρeg (2.23) yields

hFi = ~∇φIm ρeg ω1 e−ikx = ~k

|Ω|2 γ
4(γ 2 /4 + δ 2 )(1 + s)

sγ
= ~k
= ~k · ρee γ .
2(1 + s)

(2.40)

The nal formula has a nice and clear meaning, in that
(2.41)

hFi = ~kγP

is the momentum change per absorbed photon times the pumping rate at which the absorption occurs. Because spontaneously emitted photons are emitted isotropically, they
do not contribute to a net momentum change. We also understand why this dissipative
force saturates at high intensities: It involves the constant γ , which is a property of
the system. We also understand why the dipole force vanishes here, as the momentum
change due to a stimulated emitted photon cancels with the momentum change due to
the absorbed photon. This changes if two runnning waves are present.
It is interesting to estimate the maximal acceleration of an atom:
(2.42)

Fmax = ~kγ/2

and with γ = 30 M Hz , ~k = mvR , vR = 1

cm
s

one calculates

amax = Fmax /m = vγ/2 = 15000 g.

(2.43)

2.4.3. Pure Dipole Force
A pure dipole force requires ∇φ = 0, i.e. a real Rabi frequency Ω = ω1 , where we have
set φ = 0 for convenience. The Rabi frequency is real in the case of a standing light
wave due to the interference of two counterpropagating running waves
Ω(x) = ω̃1 cos k · x = ω1 .

(2.44)

∇ω1 = −ω̃1 k sin k · x,

(2.45)

The intensity gradient is then

so the force reads
hFi = −~ ∇ω1 Re(ρeg ) = −

~δω1 ∇ω1
.
+ δ 2 )(1 + s)

2(γ 2 /4

(2.46)

This force is conservative and arises from the potential
Udip =

~δ
γ 2 /2 + 2δ 2 + ω12 
log
,
2
γ 2 /2 + 2δ 2
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Figure 2.3.: Potential Udip due to a standing wave for dierent γ .
which has smaller maxima than the purely coherent potential (set γ = 0) because of
spontaneous emission. The potential depth rst increases linearly with the detuning
until for (δ/γ)2  s0 the logarithmic term tends to zero, which is also illustrated in
gure 2.3.
Finally, we want to establish a connection to the light shift we found at the end of
section 1.2.3:
~|Ω|2
.
(2.48)
U =±
4δ

There we did not consider spontaneous emission which seems reasonable if |Ω|2 /δ 2  1
and |δ|  γ , so that most of the atoms stay in the ground state (see formula 2.20 for
ρee ). Under these circumstances we can expand the logarithm to obtain

ω2
~δ
log 1 + 2 1 2
2
γ /2 + 2δ
2
~ω1
≈
,
4δ

Udip =

which is exactly what we found for the light shift.
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Part II.
Laser Cooling

41

42

3. Doppler Cooling
Suppose that there are two laser beams (traveling light waves) with opposite k-vectors
and the same Rabi frequencies Ω and detunings δ . Furthermore they are not coherent
and thus do not interfere to a standing wave - which would produce a periodic potential.
Later we will learn a dierent cooling mechanism that yields even lower temperatures
(but needs samples which were Doppler-precooled) using periodic potentials, but for now
the beams are two independent running waves exerting a pure scattering force on the
atoms.
For an atom moving with velocity v parallel to one of the beams, the detuning seen
by the atom is shifted due to the Doppler eect to the eective detuning
δv = δ − k · v.

(3.1)

In our case of motion parallel to the beam this results in
δv = δ ± |k||v|,

(3.2)

Thus for red detuning (δ < 0) of the laser beam with respect to an atom at rest, the
atom will absorb more photons coming from direction where it moves and consequently
slow down. The cooling works most eectively if the detuning is chosen such that
δ = −|k||v| with |v| being the average velocity in the atomic cloud. For the moving
atom the opposite laser beam seems to be on resonance as the Doppler shift exactly
compensates for the detuning. Such velocity selection certainly requires the Doppler
broadening of the line
r

8kB T ln2
(3.3)
m
to be smaller than the natural linewidth. For 23 N a atoms with γ = 63 · 106 1s and
ω0 = 2.9 · 1015 1s this condition γ ≈ γD corresponds to a temperature of T ∗ = 20 mK .
γD =

ω0
c

Now, we will investigate the doppler cooling mechanism in detail: For deniteness, we
say that k1 = k = −k2 (that means beam 1 and beam 2 are counterpropagating), so
the force becomes
hFi = F(k1 ) + F(k2 )
= ~kγP 1 − ~kγP 2 = ~k (ρee (δ − k · v)γ − ρee (δ + k · v)γ)


~kγs0
1
1
=
−
.
2
1 + s0 + (2(δ − k · v)/γ)2 1 + s0 + (2(δ + k · v)/γ)2

(3.4)

Here, γP 1 is the pumping rate due to beam 1 with δv = δ − k · v and γP 2 respectively
for beam 2 with δv = δ + k · v. As we will make use of it several times in this section,
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we want to recall the result for γP , which was derived in section 2.3.1:
γP = γρee =

s0
γ
.
2 1 + s0 + (2δ/γ)2

(3.5)

The force as a function of the velocity v is the sum of two separated Lorentzians with
opposite signs and to good approximation linear around v = 0 in the capture range
[−δ/k, δ/k]:
hFi =

8~k 2 δs0
kv 4
) = −βR v,
v
+
O(
γ(1 + s0 + (2δ/γ)2 )2
γ

(3.6)

with a positive damping coecient βR (the index R stands for "random walk") for red
detuning. The force is plotted in gure 3.1 a). The force in equation 3.6 would lead to
v = 0 and thus T = 0, which certainly can not be true. What we have neglected so
far are the uctuations, which arise due to absorption and emission being a statistical
process. It can be modelled by a (one dimensional) random walk: For the diusion
coecient DR in momentum space, we get
DR = 2

(∆p)2
= 2(~k)2 2γP ,
∆t

(3.7)

as the momentum dierence is ∆p = ~k for one emission or absorption process and
the time between two such processes ∆t = 1/(2γP ) (the factor 2 is due to the two
counterpropagating beams). Inserting 3.6 and 3.7 into the formula known from Brownian
motion theory
DR
,
(3.8)
kB T =
βR

we nally get in the limit s0  1
kB T = ~

γ 2 /4 + δ 2
,
−δ

(3.9)

which is depicted in gure 3.1 b).
What is the optimal choice of the detuning for low temperatures? Clearly we must
choose δ ≈ γ as for δ  γ there are too few scattering events whereas for δ = 0 the atom
scatters photons with the same rate from both beams. One easily nds from equation 3
that the optimal choice is
δ = −γ/2 ,
(3.10)
which results in Tmin = ~γ/kB . The way we took to derive this result is just one
possibility. In section 3.2 we will investigate another one leading to similar results.

3.1. Mean Damping Force and Fluctuations
What temperatures can be reached with Doppler cooling and how is the temperature
dened in a case where the system is isolated very well from the environment in order to
reach such low temperatures? If the dilute atomic gas would be in thermal equilibrium
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Figure 3.1.: a) Doppler force in dependence of velocity v . b) Doppler temperature in
dependence of detuning δ .
it would certainly form a solid at such low temperatures and this is what happens if
there are too many three-body scattering events, that allow molecules to be formed. So
the usual textbook denition using the contact and the ow of heat between the system
and a reservoir does not make sense here. We will derive in the next section though
that the stationary velocity distribution of the cold particles is of Gaussian shape like
a Boltzmann distribution. We can therefore set the exponent, containing the damping
coecient β as well as a coecient describing uctuations D, equal to mv 2 /(2kB T ) and
dene the temperature in this way. Then the temperature is a measure of the width of
the velocity distribution ∆v and a small width corresponds to a low temperature. So if
we take the damping force literally, the temperature would go to zero for long times:

v −−−→ 0
t→∞

∆v −−−→ 0

⇒ T → 0.

(3.11)

t→∞

Obviously this does not happen if our denition of the temperature was sensible. The
reason for a non-zero temperature is that we used a mean force description so far, but
the force actually uctuates around its mean value, which causes heating. The force
uctuates for dierent reasons. First, emitting a photon spontaneously the atom gets
a recoil momentum of −~k in a random direction. This can be described by a random
walk in momentum space with step frequency 2γP - two because there are two beams
- leading to diusion described by a diusion coecient DR . Second, the number of
spontaneous emission events in a certain time interval is not constant which also leads
to force uctuations. These two contributions are due to uctuations in the light pressure
force, but the dipole force is also uctuating. This happens as the atom can change its
dressed state and the light shifts of the dressed states have opposite signs. We will look
at the uctuating processes more closely in the following because they set a lower bound
on the temperature that can be reached by a specic cooling process.
First, we want to derive some general results and show how random forces are treated
mathematically. The uctuating force is described mathematically by a stochastic func45
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tion Fs (x, v, t) with

(3.12)

hFs it = 0, but hFs2 it 6= 0 .

A common assumption is that the process is memoryless, one calls the stochastic function
then of Markov type:
hFs (x, v, t)Fs (x, v, t + τ )it = 2D0 (v)δ(τ ) ,

(3.13)

with D0 being a measure of the uctuations and δ(τ ) being the delta distribution. Such a
description can be easily implemented into a simulation. Then the change of the velocity
per step size ∆t is given by
mv(t + ∆t) = mv(t) − βv∆t + r

p

6D0 ∆t,

(3.14)

where r is a random number in [−1, 1]. The result is a velocity distribution with nite
width for t → ∞ because of two counteracting eects:
1. Dissipation due to hF i = −βv ,
2. Heating due to stochastic uctuations hFs2 i =
6 0.
One nds a lower temperature limit of
TD =

~γ
< 1mK.
2kB

(3.15)

This temperature is called Doppler temperature and we will derive the above result later.
In Table 3.1 we state the Doppler temperatures for various elements.
atom
TD

23

Na
240 µK

85

Rb
143 µK

133

Cs
124 µK

Table 3.1.: Doppler temperature TD for various alkali elements.

3.2. Fokker-Planck Equation
In this section we will learn a technique commonly applied to situations in statistical
physics where uctuations are present. Instead of generalizing the equations of motion
for the relevant variable like x and v, which result in socalled Langevin equations, a
probability density distribution W (x, v, t) is dened describing the classical probability
to nd at a certain time t a particle of the ensemble between position [x, x + dx] with
velocity [v, v + dv]. The goal is to nd an equation governing the temporal evolution
of W (x, v, t). Such an equation is called Master Equation and with some assumptions
that are all fullled here this equation transforms to a socalled Fokker-Planck Equation.
On our way we will make several simplications. As a rst and crucial one, we consider
the situation in one dimension only. Therefore, if the atom absorbs a photon from some
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direction (either +kz or −kz ) it can later either emit the photon into the same direction,
which results in no velocity change or into the opposite direction, which changes the
velocity by ±2vR . The rate equation for W thus reads
W (v, t + ∆t) = W (v, t) P (no momentum change)
+ W (v − 2vR , t) P (abs. from left and emiss. to left)
+ W (v + 2vR , t) P (abs. from right and emiss. to right).

(3.16)

We have assumed that the probability distribution W only depends on v and t, which
is true for a homogeneous light eld. In order to proceed we have to determine the
scattering probability P . But we know it already, because the probability that an atom
with velocity v scatters a photon from the ±kz -wave within the time interval dt is
dP± = γP± dt =

γs0 /2
dt.
1 + s0 + (2(δ ∓ kz v)/γ)2

(3.17)

We are interested in the case of low intensities s0  1 and small velocities kv/γ  1.
Then,
8δkv 
γs0
1± 2
dt ,
(3.18)
dP± ≈
2
2

γ + 4δ

so that
P (no mom. change) = 1 −

dP+ (v) + dP− (v) 
2

(3.19)

with a factor of 1/2 as only half of the spontaneous emission events lead to a momentum
change. This is only true in one dimension. Also,
P (absorp.left, emiss.left) =

dP+ (v − 2vR )
2

(3.20)

and altogether
dP+ (v) + dP− (v)
dP+ (v − 2vR )
W (v, t) +
W (v − 2vR , t)
2
2
dP− (v + 2vR )
W (v + 2vR , t).
2

W (v, t + ∆t) − W (v, t) = −

(3.21)

We now want to take the continuum limit to transform this dierence equation into a
dierential equation. This requires that
vR  v ,

(3.22)

i.e. the step size is very small compared to the occuring velocities. Consequently,
the solutions of the resulting dierential equation are only meaningful as long as this
relation is valid (self-consistency). It follows that only temperatures far above the recoil
limit are consistent with the continuum limit. For Doppler Cooling one nds that v ≈
10vR , . . . , 20vR .
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With this in mind, we proceed and Taylor expand the last two terms for vR /v  1 to
get
1
∂ dP+ W
1
dP+ (v − 2vR )W (v − 2vR ) = dP+ (v)W (v) − 2vR (
)
2
2
∂v
2
v
(3.23)
2
1
∂
v
dP
W
R
+
2
3
+ 4vR
) + O( ) .
(
2 ∂v 2
2
v
v
and with some signs reversed for dP− W . Inserting equation 3.23 into equation 3.21
shows that the rst terms cancel and (neglecting terms O( vvR )3 ) one is left with
2
∂
2 ∂
W (v, t + ∆t) − W (v, t) = −vR (dP+ W − dP− W ) + vR 2 (dP+ W + dP− W )
∂v
∂v
v

v

(3.24a)
⇒

∂ 2 dP+ W + dP− W 
∂ dP+ W − dP− W 
∂W (v, t)
= −vR
+ vR2 2
.
∂t
∂v
dt
∂v
dt
v
v

(3.24b)

Applying equation 3.18, we get
vR

dP+ − dP−
8γs0 δk v
= vR 2
= −βF v
dt
γ + 4δ 2

(3.25)

dP+ + dP−
= vR2 γs0 = DF .
dt

(3.26)

and
vR2

This results in the Fokker-Planck Equation

∂
∂2
∂
W (v, t) = βF (vW (v, t)) + DF 2 W (v, t).
∂t
∂v
∂v

The stationary solution

∂
W
∂t

(3.27)

= 0 is simply obtained via integration:
βF vW + DF

∂
W = C.
∂v

(3.28)

Normalization of W requires C = 0, so the stationary solution is of the familiar form
−

W (v, t) = N e

βF v 2
2DF

,

(3.29)

which is a Boltzmann distribution with temperature
kB T =

mDF
.
βF

(3.30)

Inserting equations 3.25 and 3.26 yields
mvR2 γs0
(γ 2 + 4δ 2 )
(−8vR γs0 δk)
~ δ 2 + γ 2 /4
= ·
,
2
(−δ)

kB T =
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where mvR = ~k has been used.
It is interesting to see that we get the same result (except for a factor of 12 ) as in
the beginning of the section using the random walk theory. Let us state here again the
important formula for the lowest temperature which can be reached by doppler cooling:
kB T =

~
γ.
2

(3.32)

It is also important to know how the damping parameter β and the diusion parameter
D scale with the relevant parameters, especially δ : For large |δ|, βF scales like 1/δ , while
DF is independent of δ resulting in a linear growth of the temperature TD for large |δ|.
Using the random walk theory, we had a slightly dierent βR ∝ 1/δ 3 and DR ∝ 1/δ 2
resulting in the same δ -dependency of TD .
When measurements were made to prove the theoretical derived formula 3.31, the data
did not t the theoretical predictions at all: Instead of increasing linear with the detunig,
the temperature decreased for large δ (see gure 3.2 b)). In the next sections we will
learn, how these 'accidentally' reached low temperatures can be explained theoretically.
The main additional feature that is employed is the multilevel structure of a real atomic
system (J 6= 0) with magnetic sublevels mJ = −J, . . . , J .

Figure 3.2.: a) TOF (time-of-ight) data and calculations (from [12]). b) Theoretically
predicted (dotted line) and measured (solid line) temperature (from [12]).
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As described at the end of the last section, in the early laser cooling experiments people
reached temperatures below the Doppler limit and were quite surprised. The reason for
their success was that they used real atoms instead of simple two-level systems in their
experiments. The crucial dierence as was later found out is that real atoms possess
magnetic sublevels of the two main levels for J 6= 0 as for example in a J = 1 →
J 0 = 2 transition. These magnetic sublevels are selectively pumped with a polarized
light eld. Also, the electric dipole moment and thus the Rabi frequency depend on
the magnetic quantum numbers mj , mj 0 of the levels involved via a Clebsch-Gordan
coecient Cmj ,mj0 . The cooling force arises then from a non-adiabatic following of the
ground state populations ρgg . The atom loses kinetic energy by running up a dipole
potential hill (which is a conservative force as derived in section 2.4.2) and the potential
energy it gained is then radiated away in a spontaneous emission event. On average
the atom runs up the hill more often than down and is thus decelerated, which will be
described in detail now: There are basically two sub-Doppler cooling schemes, the lin ⊥
lin- and the σ + − σ − -scheme which use dierent light eld congurations.

4.1. Lin ⊥ Lin Polarization Gradient Scheme

4.1.1. Light eld conguration
We take two counterpropagating light waves with the same k and linear polarizations
ex and ey orthogonal to each other; thus we get

E(x, t) = E0


eikz
e−iωL t + c.c.
e−ikz

(4.1)

(c.c. stands for "complex conjugate"). It is easy to see that the polarization of the
resulting standing wave changes with position according to gure 4.1 a). For z = 0 the
wave is linearly polarized along e1 = ex + ey , for z = λ/8 the polarization is σ − , for
z = λ/4 it is again linear but this time orthogonal to e1 , for z = 3λ/8 it is σ + and for
z = λ/2 it is again linearly −e1 and so forth. This is a strong polarization gradient on
the length scale of the optical wavelength.

4.1.2. Mean Damping Force (Sisyphus Mechanism)
For deniteness we look at a J = 1/2 → J 0 = 3/2 transition. To determine the
strength of the coupling between two magnetic sublevels |gmj i and |em0j0 i the electric
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dipole moment between these states must be calculated. This is greatly simplied by
the Wigner-Eckart theorem stating
hem0j0 |d|gmj i = he|d|gi Cmj m0j0 ,

(4.2)

where Cmj m0j0 is a Clebsch-Gordon coecient that can be looked up in a table. Consequently, we can immediately determine the relative strengths of the various transitions
and thus the dierent light shifts ∆Eg(mj ) by simply looking at these coecients. As already said in the introduction, the cooling mechanism relies on the fact that the ground
state populations follow the path of the atom non-adiabatically. Depending on the position in the light eld (and thus on the polarization) the atoms are pumped into dierent
magnetic sublevels. While the atom moves, the groundstate populations have to adjust and as this does not happen instantaneously the atom cannot be regarded to be in
steady state all the time. Note that this cooling mechanism works at low laser power
|Ω|  γ and large detuning |δ|  γ . The non-adiabatic eects occur solely between the
magnetic sublevels of the ground state, so we want the excited state population to be
small. Then the pumping rate is much smaller than the decay rate:
γP  γ,

(4.3)

which will prove to be essential.

Figure 4.1.: a) polarization scheme in the lin ⊥ lin conguration (from [13]). b) Atomic
level scheme and Clebsch-Gordan coecients for a Jg = 1/2 ↔ Je = 3/2
transition (from [13]).
Let us explain why the ground state populations depend on the polarization of the
light eld. In gure 4.1 b), the level scheme for a Jg = 1/2 ↔ Je = 3/2 transition
is pictured. In the case of σ + -light the ground state population is rst pumped in the
excited state: mg = −1/2 → me = 1/2 and mg = 1/2 → me = 3/2. As the excited
state with me = 1/2 decays with a probability of 2/3 into mg = 1/2, the ground state
population is after a few cycles almost completely in the mg = +1/2 level whereas the
situation is reversed for σ − -light: In this situation, the atoms are in the m = −1/2
ground state sublevel. For π -light the population is equally distributed between both
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sublevels. An atom moving in a polarization gradient has to adjust its ground state
population very rapidly on a timescale of t ≈ λ/v . This is done by pumping: Because
of the low laser intensities I ∝ |Ω|2 the pumping time τP = 1/γP = 1/(ρee γ) is much
longer than the decay time 1/γ and so the actual ground state populations always lag
behind their steady state values (non-adiabatic following). By contrast, the excited state
populations follow adiabatically the change in position as their internal timescale 1/γ is
much shorter.
As we need red detuned light and - as mentioned above - |δ|  |Ω|, in the dressed
state picture |−i ≈ |gi and thus we get for the energy Eg = −~δ − ~|Ω0 |2 /(4|δ|). Using
2
Ω0 = ΩCmj mj0 (see equation 4.2), we get a light shift Eg ∝ |Ω|2 Cm
/|δ|. A more
j mj 0
detailed calculation ([13]) yields
∆Eg (mj , m0j 0 ) =

2
~δs0 Cm
0
jm 0
j

1 + (2δ/γ)2

,

(4.4)

which is for |δ|  γ identical to the result above. The value of Cmj mj0 depends on the
position of the atom and thus the polarization of the light; in gure 4.2 a), the shifted
energy levels of the ground state are depicted.

Figure 4.2.: a) Light-shifted energies and steady-state populations (represented by lled
circles) for a Jg = 1/2 ground state in the lin ⊥ lin conguration for negative
detuning (from [13]). b) Atomic sisyphus eect in the lin ⊥ lin conguration
(from [13]).
Suppose that an atom starts at z = λ/8 (σ − ) in steady state, i.e. with all the
population in m = −1/2. It travels up the potential hill, which is a conservative process
mediated by the stimulated absorption and emission processes, thereby losing kinetic
energy. It has to adjust its steady state population and is likely to be pumped into the
excited state close to the top of some hill, e.g. at z = 3λ/8. With a 50% probability
it spontaneously falls back to the m = +1/2 level radiating away the energy dierence
between excited and ground state and additionally ∆Eg in a photon. This happens
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almost immediately as γ  γP and is pictured in gure 4.2 b). Consequently, on average
the atom runs uphill more often than downhill so that it loses kinetic energy and slows
down. Note the intricate combination of the conservative dipole force (kinetic energy
is transformed into potential energy) and the dissipative spontaneous emission process
(photon carries away surplus potential energy into the reservoir of vacuum modes).
We now want to ask when this Sisyphys mechanism (the name originates from an
ancient Greek myth) is most eective and what velocities can be cooled (capture range).
Certainly, it is best if the atom gets pumped into the other ground state on every hilltop
which is the case for
vτP ≈ λ ⇒ γP ≈ kv .
(4.5)
Remember that we found kv ≈ γ for Doppler cooling, so this cooling can be called
sub-Doppler since γP  γ . Both require a red detuning so they are both present at
the same time: Atoms can be Doppler-precooled until their velocity is small enough to
fall into the capture range of the sub-Doppler process, which cools them down further.
This is exactly what happened in the early cooling experiments where the polarization
gradient existed without intention and temperatures below TD were reached.
Let us estimate the scaling of the coecients for the linear damping β and the uctuations D to nally obtain a new temperature limit. Our localisation assumptions
(equations 2.31 and 2.32) always require v > vR , but is it possible to reach the recoil
temperature limit
kB TR =

~2 k 2
2m

(4.6)

using Sisyphus cooling? We have already seen that the dissipated energy becomes maximal for kv ≈ γP . Then roughly one pumping event per climbed hill occurs and the
dissipated energy per pumping time τP is

On the other hand,
so that

∆Eg
dE
|Ω|2
≈
γP .
=~
dt
τP
δ

(4.7)

 γ 2
dE
P
= −F v = β⊥ v 2 ≈ β⊥
,
dt
k

(4.8)

β⊥ =

~k 2 |Ω|2
~k 2 δ
≈−
.
|δ|γP
γ

(4.9)

The fact that β⊥ ∝ δ , i.e. that the damping increases with the detuning, may seem
strange at rst sight, but it comes from the fact that long pumping times correspond
to slow velocities. In the case of Doppler cooling we found βF ∝ 1/δ . Nevertheless, one
must not forget that the velocity capture range, i.e. the velocities for which the force
F is to a good approximation a linear damping force, decreases with the detuning. It is
always much smaller compared to the Doppler cooling range. A more precise calculation
which solves the OBE (see [13]) yields
F (v) =

−β⊥0 v
1 + (v/vc )2
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Figure 4.3.: The dotted curve shows the force from Doppler cooling with two independently couterpropagating waves. The solid curve shows the force due to
polarization gradients in the lin ⊥ lin conguration (from [13]).
where β⊥0 = 3β⊥ and kvc = γP /2. The forces arising from Doppler and Sisyhus cooling
complement each other as to be seen in gure 4.3.

4.1.3. Fluctuations and Temperature Limit
In order to calculate the new temperature limit we have to estimate the value of the
diusion coecient D. Again, there are three contributions:
(i) There are uctuations of the momentum carried away by uorescence photons.
(ii) There are uctuations in the dierence among the number of photons absorbed in
each of the two laser waves.
(iii) There are uctuations of the instantaneous dipole force oscillating back and forth
between f1/2 and f−1/2 at a rate τP .
The uctuations in the radiation pressure force (i+ii) can be calculated to
Dsp =

7 2 2
~ k γs .
10

(4.11)

The contribution of the uctuating dipole force (iii) can be calculated using an idealized
force model. There the force is given either by
f1/2 = −∇Eg(1/2)

(4.12a)

f−1/2 = −∇Eg(−1/2) = −f1/2 ,

(4.12b)

or by
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respectively. The correlation function is then
∞

Z


dτ hf (t + τ )f (t)i − hf (t)2 i

Ddip =
Z0
=

dτ

X

X

fi fj P (i, t; j, t + τ ) ,

(4.13)

i=±1/2 j=±1/2

where P (i, t; j, t + τ ) is the probability that the atom is in state j at time t + τ and in
state i at time t. In steady state situations, which we will assume initially (like an atom
at rest starting to move), this does not depend on t, so that
P (i, t; j, t + τ ) = P (i)P (j, τ |i, 0) ,

(4.14)

with P (i) = ρstii just being the steady state population of state i. P (j, τ |i, 0) is the
conditional probability to be in j at the time t = τ under the condition to have been in
i at t = 0.
Knowing that the populations reach their steady state in a characteristic time of γ −1 ,
we can write
st −γt
P (i, τ |i, 0) = ρst
(4.15a)
ii + ρjj e
and
P (j, τ |i, 0) = 1 − P (i, τ |i, 0).
(4.15b)
A detailed and rather tedious calculation then yields
(z) τp
Ddip = 4f 12 (z)ρst1 1 (z)ρst
−1−1
2

2 2

2

2

2~2 k 2 δ 2 s 4
=
sin (2kz).
γ

(4.16)

The atoms generally move over many potential hills before changing their internal state
within an average pumping time τp . This is consistent with our description of the atom's
external degrees of freedom as classcial variables. Remember, that we replaced the CMSoperators by their expectation values. So the diusion coecient has to be averaged over
the periodicity of the energy diagram which results in
3 2 2 δ2
hDdip i = ~ k s.
4
γ

(4.17)

For a large detuning |δ|  γ  |Ω| (remember that sub-Doppler cooling works in the
low-intensity limit), one nds
Dsp ∼ 1/δ 2 , Ddip ∼ const.

(4.18)

so that the dipole force uctuations prevail for large δ 's and the contribution due to
uctuations in the radiation pressure force are negligible.
The nal temperature for the lin ⊥ lin conguration is thus
kB T =

Ddip
~|Ω|2
≈
,
β⊥
8|δ|
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so it scales like the light shift potential and can thus be made arbitrarily small by
decreasing the intensity or increasing the detuning. This scaling of the nal temperature
with 1/δ can be compared to the scaling of the Doppler temperature TD which was
(4.20)

kB TD ∝ δ

for large detunings.
So what are the lowest temperatures that can be reached? It seems as if T → 0 for
δ → 0, but the damping force is only linear for all velocities present in the stationary
2
state if vRMS  vc , where vRMS is determined by the temperature as kB T = mvRMS
/2
(RMS stands for "Root Mean Square"). Increasing δ , for instance, reduces vc = γP /2k
and thus the interval of velocities that are damped (see equation 4.10). More precisely,
r

2kB T
γP
|Ω|2 γ
= vRMS  vc =
= 2
m
2k
8δ k
s
~k 2 |δ|3
⇒Ω
,
mγ 2

(4.21)

which sets a lower bound on the intensity I ∝ |Ω|2 that in turn puts a lower bound on
the lowest achievable velocity
vRMS 

~k |δ|
|δ|
·
= vR .
m γ
γ

(4.22)

As |δ|  γ , the connected temperature is above the recoil temperature kB TR = ~2 k2 /(2m).
Experimentally one can reach velocities that are as small as (8 − 10)vR . Note, that this
ensures self-consistency with our classical treatment of the external degrees of freedom:
If the temperature drops below TR the atomic wave packet is no longer localized on the
scale of the laser wavelength and correlations between external and internal quantum
numbers emerge. Some experimental values of recoil temperatures are given in table
4.1.3.
atom
TR

He∗
4.075 µK
4

23

Na
2.399 µK

85

Rb
0.370 µK

133

Cs
0.198 µK

Table 4.1.: Recoil temperatures for several atoms.
Finally, let us note for completeness that there exists a very similar cooling mechanism
for a two-level system using a blue detuned high intensity standing wave (stimulated
molasses) [14]. The energy diagram for a two-level system in such an intense standing
laser wave is spatially periodic with the energies just being the dressed state energies
E± = −~(δ±Ωef f ). These energy levels have in addition a periodicity in the laser photon
number. The atom can cascade down such a dressed energy ladder by spontaneously
emitting photons into non-laser modes. For blue detuning the atom runs on average
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more often uphill than downhill between two spontaneous emission events. The reason
is that the decay occurs preferentially at the top of the hills for the states |±i. For |+i
this corresponds to an antinode, where the admixture of |ei is maximal whereas for |−i
the hilltop is at a node where |−i = |ei. The fact that blue detuned light is used also
gives rise to the major disadvantage of this mechanism, which does not saturate as the
energy loss per spontaneous emission event depends on the intensity, namely that there
is no simple Doppler cooling possible precooling the atoms.

4.2. σ + -σ − Polarization Gradient Scheme

4.2.1. Light Field Conguration
Here, the two counterpropagating light beams forming a standing wave have σ + and
σ − polarization, respectively. Both are right handed, i.e. have positive helicity h =
sp/|s||p|. Remember that the helicity is an intrinsic property of the particle independent
of the coordinate system; but whether the polarization is σ + or σ − depends on the
denition of the quantization axis, i.e. the coordinate system. In our experimental
conguration, we have
σR with k||ez ≡ σ +
σR with k||−ez ≡ σ − .

(4.23)

For the eld of the σ + -lightwave, we can write

E(x, t) = E0


−i i(kz−ωL t)
e
+ c.c. ,
1

(4.24)

whereas the eld of the σ − -lightwave can be described using
 
i i(kz+ωL t)
E(x, t) = E0
e
+ c.c. .
1

(4.25)

Using the addition theorems for trigonometrical functions, we get for the resulting eld
E(x, t) =

E00




sin kz iωL t
e
+ c.c. .
cos kz

(4.26)

The resulting standing wave is linearly polarized everywhere with a polarization that
rotates around Oz (see gure 4.4 a)), where Oz denotes the direction of ez . Again, there
is a polarization gradient in space.

4.2.2. Mean Damping Force (Population Dierence in a
Rotating System)
The simplest transition that can be cooled in the σ -conguration is a J = 1 → J 0 = 2
transition. Because the light is π -polarized everywhere, the dressed state energies do
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Figure 4.4.: a) polarization scheme in the σ + − σ − conguration (from [13]). b) Atomic
level scheme and Clebsch-Gordan coecients for a Jg = 1 ↔ Je = 2 transition (from [13]).
not depend on position (all Clebsch-Gordon coecients are equal). The energy diagram
together with the Clebsch-Gordon coecients are shown in gure 4.4 b).
Again, the polarization gradient will induce a cooling force on a moving atom, but let
us rst determine the stationary ground state populations for an atom at rest (v = 0).
With ρ00 being the population of the m = 0, ρ11 of the m = 1 and ρ−1−1 of the m = −1
groundstate, we get looking at the Clebsch-Gordon coecients in gure 4.4 b) the rate
equation for ρ00 :
1 1
2 1
2ρ00 +
2ρ11
(4.27)
ρ̇00 τP = −
3 6

and combined with the equalities

2 2

ρ11 = ρ−1−1
ρ00 + 2ρ11 = 1

(4.28)

one nds the stationary solutions (ρ˙00 = 0)
ρst
00 =

9
4
and ρst
.
11 =
17
17

(4.29)

Now we proceed to the case of a moving atom z = vt. The atom then encounters
according to equation 4.26 a rotating polarization of

ε(t) =


sin kvt
.
cos kvt

(4.30)

When one moves along Oz , the polarization vector rotates around Oz by an angle
{ϕ = −kz}. The change is again on the scale of an optical wavelength. We now ask
whether this results in a change of the ground state populations and nally gives rise to
a cooling force. The standard way would be to start o with the optical Bloch equations
and extract the steady-state coherences which then determine the force on the atom via
~
hFi = −
2




∂Ω∗
∂Ω
ρge +
ρeg .
∂z
∂z
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As one can expect, this approach involves rather tedious calculations if performed analytically and can also be done numerically. To an analytical calculation we refer to
section 5 in the review article of C. Cohen-Tannoudji and J. Dalibard [13]. Instead, we
are going to treat the problem in a qualitative way that nevertheless will give us the
right orders of magnitude for the friction coecient.
As a rst we step we therefore transform to a slowly rotating frame in which the
polarization vector is constant. The unitary transformation doing this reads
i

T (t) = e ~ kvtJz ,

(4.32)

since it simply corresponds to a rotation by the angle φ = −kvt. Here, Jz is the
z -component of the total angular momentum operator that fullls the well-known commutation relations
[Jz , dx ] = i~dy
[Jz , dy ] = −i~dx .

(4.33)

The interaction part of the Hamiltonian in the lab frame is
HED = −dE = −dx E0 sin kvt − dy E0 cos kvt ,

(4.34)

and using equations 4.33 we get
T † (t)HED T (t) = −dy E0 .

(4.35)

The transformed interaction thus takes place between the atomic dipole moment and a
laser eld with a xed polarization along ey , which we will take as the quantization axis
in the following, denoting this by the subscript y like in |gmj iy . We have already learned
in Chapter 1.1 that a time dependent unitary transformation of the Hamiltonian yields
an additional non-inertial term in the transformed Hamiltonian H 0 . Here, we nd
dT
dt
= −dy E + kvJz .

H 0 = T † HT − i~T †

(4.36)

The additional term can be regarded as a ctious magnetic eld Bze = kv~/µB pointing
to the z -direction, i.e. along the propagation axis, since a magnetic eld occurs in the
Hamiltonian as
µB
V = −µ · B =
L · B = µB mj Bze ,
(4.37)
~

so that comparing equations 4.36 and 4.37 we get Bze = kv~/µB . Note that the magnetic
eld is orthogonal to our present quantization axis Oy . Thus it induces a coupling
between the ground states |g±1 i, |g0 i, which is velocity dependent and leads to a steadystate population dierence between the two eigenstates |g±1 i of Jz . This dierence
depends on the velocity and the ground state light shift; a detailed calculation yields
ρ11 − ρ−1−1 =

40 kv
~|Ω|2
with ∆E− =
.
17 ∆E−
δ
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The calculation is a nice application of perturbation theory and can be read in section
3 B of [13]. Suppose the atom moves along the propagation axis with v > 0 and the
detuning is red. Then the state |g−1 iz is more populated than |g1 iz . Looking at the
Clebsch-Gordon coecients in gure 4.4 b), we see that the state |g−1 iz scatters σ − light six times more eectively than σ + -light. The opposite is true for the state |g1 iz .
To determine the absorption ratio of the two beams, the absorption probabilities are
weighted with the populations. It follows that more σ − -light is scattered in our case,
which is depicted in gure 4.5. Thus, there is an unbalanced radiation pressure pointing
opposite to the atom's direction of movement. Consequently, the atom is slowed down.

Figure 4.5.: Scheme of the induced population dierence (the circles denote the magnitude of the populations, the arrows the magnitude of the absorption rate).
The cooling is quite eective as the faster the atom moves, the higher is the population dierence and hence the probability to absorb a counterpropagating photon.
Obviously, the parameter describing the range and the strength of this cooling mechanism is kv/∆E− compared to kv/γ for Doppler cooling. For low laser power and large
detunings ∆E−  γ , so this cooling works truly in the sub-Doppler region. Again, as
it works with red detuning, Doppler cooling is also present and precools faster atoms,
exactly as in the lin ⊥ lin case.
We can easily nd the friction force F due to the unequal absorptions from the two
beams
~k 2 γP
v.
(4.39)
F = ~k (ρ11 γP − ρ−1−1 γP ) ∝
∆E−

The force opposes the motion for red detuning (δ < 0) when the light shift is negative.
The friction coecient varies as βσ ∝ γP /∆E− ∝ 1/δ , which is for large detunings much
smaller than the friction coecient found in the lin ⊥ lin case β⊥ ∝ ∆E− /γP ∝ δ .
Both βσ and β⊥ do not depend on the laser power. We can therefore conclude that the
cooling occurs faster in the lin ⊥ lin case, which is used e.g. to slow an atomic beam
transversely, which has to be performed fast. In order to get the temperature limit of
the σ + − σ − -conguration, we have to calculate the diusion coecient now.
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4.2.3. Fluctuations and Temperature Limit
Because there is no dipole force present (∇|Ω| = 0), there are only uctuations in the
radiation pressure force. We already learned that they are much smaller than the dipole
contribution in the case of |δ|  γ  |Ω| and to quote the formula again
Dsp =

γ|Ω|2
7 2 2
~ k γs ∝ 2
.
10
δ + (γ/2)2

(4.40)

In an exact calculation [13], we get a slightly dierent result as transitions Jg = 1 →
Je = 2 instead of Jg = 0 → Je = 1 are considered; but the scaling for large |δ| does
not change. So the nal temperature has exactly the same dependence on the relevant
parameters as in the lin ⊥ lin conguration
kB T =

~|Ω|2
Dsp
∝
.
βσ
|δ|

(4.41)

The lowest temperatures that can be reached are determined by a line of reasoning that
is analog to the lin ⊥ lin case. Cooling requires velocities of
kv 

Then,

p
|Ω|2
|∆E− |
=
⇒ |Ω|  kv|δ| .
~
|δ|

2
~|Ω|2
mvrms
= kB T ∝
 ~kvrms ,
2
|δ|

(4.42)
(4.43)

where we have used that the velocities determining the nal temperature are approximately vrms . Finally,
~k
vrms 
= vR ,
(4.44)
m

which is smaller than the lowest temperature in the lin ⊥ lin conguration by a factor
of γ/|δ|  1. Because the force uctuations are smaller, the temperature approaches
the recoil limit more closely albeit the smaller friction coecient (slower damping).
As the scaling of the friction coecient β , the damping coecient D and the temperature T with the detuning δ are interesting and important, we nally show them together
in the following diagrams. For our calculations, we chose ~ = k = γ = 1 , |Ω| = 0.1 . Do
not forget that the graphs might show wrong results for δ → 0 or δ → ∞, as we have
considered above.

4.3. Cooling into a Moving Frame and Atomic
Fountain
We now want to apply an additional real magnetic eld in the z -direction. As a consequence the levels are Zeeman shifted according to
∆E =

µB Bz
(ge me − gg mg ) ,
~
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Figure 4.6.: a) Friction coecient β in dependence of the detuning δ . b) Damping coefcient D in dependence of the detuning δ .

Figure 4.7.: Temperature T in dependence of the detuning δ .
where gg , ge are the Landé factors of the ground and excited state given by
gJ = 1 +

J(J + 1) − L(L + 1) + S(S + 1)
.
2J(J + 1)

(4.46)

This real magnetic eld also induces a dierence in the steady-state ground state populations exactly like the ctious magnetic eld Be = ~kv/µB . But for now we can
even get for the steady state populations ρ11 > ρ−1−1 or ρ11 < ρ−1−1 , depending on the
orientation of the eld, either against or along Oz . Of course this real magnetic eld
induces this population dierence for all velocities and in particular for v = 0. If we for
example choose the magnetic eld such that it opposes the motion induced population
dierence for v > 0 (see gure 4.5), then we get for v = 0
ρ11 > ρ−1−1 .

(4.47)

Hence, the atom is accelerated to the Oz direction due to a stronger absorption of the
σ + -beam that points along Oz . An atom moving to the right will then feel the ctious
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magnetic eld and the population ρ11 will decrease until the forces due to the "two"
magnetic elds will cancel each other:
µB B
kv~
=B ⇒v=
,
µB
~k

which gives
v ≈ 1.4

m
s

(4.48)
(4.49)

for a magnetic eld strength of B = 1 G and a laser wavelength of λ = 1 µm. The atoms
are cooled into a moving frame, so in the lab frame they all have the same velocity v
with a very narrow spread of some recoil velocities, because the real magnetic eld just
shifts the zero of the velocity scale to some non-zero value. In particular, the width
of the velocity distribution is much smaller than that of a thermal Maxwell-Boltzmann
distribution. This experimental setup is in analogy to a water fountain called atomic
fountain: First, the atoms are accelerated until they leave the area of the magnetic eld
and fall down again according to gravity.
Such an atomic sample can be used to do precision measurements, for instance to
establish a time standard based on measuring Rabi oscillations as a function of detuning
very accurately (measuring frequencies is equivalent to measuring time). Atoms are
launched upwards, travel through a microwave cavity where they experience a π/2pulse, return due to gravity and then pass the cavity again. In total, they experienced a
π -pulse. Depending on the launch velocity, long interaction times are possible as atoms
reach large heigths (Ramsey's method of separated elds) and frequency resolutions of
δν/ν ' 1.2 · 10−12 s1/2 /τ 1/2 were measured, where τ is of the order of seconds here [15].
The main limitation is the novel and enhanced scattering behaviour that occurs in the
µK range and below, where
λdB  interaction potential range.

(4.50)

Scattering has to be treated quantum mechanically in this regime; for low enough temperatures only s-wave scattering occurs (low velocities, small angular momenta) which
is described by a single parameter a0 , the scattering length. a0 can be imagined as the
interaction radius of a single atom, but can become much larger than the atomic radius.
On the other hand, low energy scattering properties can be measured very accurately
with these precision experiments.
Actually, many experiments employ a dierent technique to achieve these moving
molasses: A magneto optical trap (MOT) which we will desribe in more detail in the
next chapter consists of three pairs of chounterpropagating laser beams of the same
frequency. If the beams pointing upward are tuned to have a frequency dierence of ∆
compared to the others, the atoms are cooled into an upward moving frame of velocity
kv = ∆/2, since then the Doppler shift compensates the frequency dierence. The
launch velocity is then
∆
(4.51)
v=
2k
which is typically a few m/s for detunings of ∆ ≈ 2π 107 Hz.
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5.1. MOT (Magneto-Optical Trap)
The magneto optical trap (MOT) combines the eects of a magnetic eld and circularly
polarized light: The magnetic sublevels can be Zeeman-shifted and transitions between
certain sublevels mg → m0e can be pumped selectively. Generally, a magnetic quadrupole
eld is used which vanishes in the center of the trap (r = 0) and rises linearly along
the axes. It is produced by two coils in anti-Helmholtz conguration. Additionally,
there are six red detuned laser beams pointing along the axes to the center of the trap.
The beams are polarized in such a way that the counterpropagating beams have σ + and σ − -polarization, respectively. For simplicity we consider only one dimension and a
Jg = 0 → Je = 1 transition. A schematical arrangement is shown in gure 5.1 a). The
generalization to three dimensions is straightforward and the scheme is easily extended
to arbitrary Jg → Je = Jg +1 transitions, because the atoms are pumped to the extremal
transitions mg = ±Jg → me = ±Je .

Figure 5.1.: a) Magnetic eld and laser polarization conguration (from [16]). b) Position
dependent transition scheme in presence of a magnetic eld (from [16]).
Around z = 0, the magnetic eld can be linearized as B(z) = Az (A > 0), thus being
parallel to ez for z > 0 and antiparallel for z < 0. The energy levels me = ±1 of the
excited state are Zeeman shifted with opposite signs
∆E(z) = me µB B(z) = ±µB B(z),
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which leads to transition frequencies that vary linearly with position (see gure 5.1
b)). For the case of arbitrary Jg → Je = Jg + 1 transitions, µB has to be replaced by
µ0 = µB (me ge − mg gg ). The laser is tuned below resonance (δ < 0), so for z < 0 the
me = +1 level is shifted toward resonance wheras the detuning for the me = −1 level
is increased compared to a vanishing magnetic eld. Consequently, more photons are
scattered out of the σ + -beam, which creates a radiation pressure force in the direction
of this beam. For z > 0 the situation is reversed.
A more quantitative approach is to start with the expression of the radiation pressure
force
F = ~kγρ11 − ~kγρ−1−1


1
1
~kγs0
,
+
=
2
1 + s0 + (2δ+ /γ)2 1 + s0 + (2δ− /γ)2

(5.2)

with δ± = δ ∓ kv ± µB B/~. If Doppler and Zeeman shift are both much smaller than
the original detuning δ , the denominator can be expanded as we have done before in
section 3 to obtain a linear restoring force around v = 0 and r = 0:
(5.3)

F = −βv − κr.

The damping constant is the same as before
β=−

m
8~k 2 δs0
= , for s0  1
2
τ
γ (1 + s0 (2δ/γ)2 )

(5.4)

with typical damping times of τ ≈ (10−5 − 10−6 ) s and a spring constant of
κ=

µB ∂Bz
µB
β=
Aβ.
~k ∂z
~k

(5.5)

For a reasonable magnetic eld gradient of A ≈ 10 G/cm one nds that ω = κ/m ≈
2π (100 − 1000) Hz . This spatial oscillation frequency is much smaller than the damping
rate, i.e.
r
p

T =

1
2π

m
m
≈ O(ms)  τ =
≈ O(µs).
κ
β

(5.6)

This means that the oscillations are overdamped.
In addition to this light force there is also a pure magnetic trapping force for a dipole
in an inhomogeneous eld
∂B
Fm = µB
= µB A.
(5.7)
∂z

Comparing this with the light force of equation 5.5, we see that the magnetic force is
~k
smaller by a factor of βz
= vRz τ , so the light forces dominate for
vR τ
 1 ⇔ z  vR τ ≈ 0.16 nm (for
z

65

85

Rb),

(5.8)

5. Slowing and Trapping in Coordinate Space

which means that we can neglect the magnetic force for our purposes. The loading of the
MOT with atoms is usually done using a principle that underlies the so-called Zeeman
slower.

Zeeman Slower

A laser is pointed into the opposite direction of a beam of atoms that, for instance, diuse
through an aperture in front of an oven into the vacuum. The laser has a xed detuning δ
and the atoms encounter a velocity-dependent Doppler shift of ∆D = −k·v. To shift the
atomic resonance such that it matches the laser frequency during the process of slowing,
i.e. for a changing Doppler shift, a spatially varying magnetic eld, e.g. a quadrupole
eld, is applied. The resultant Zeeman shift compensates the varying Doppler shift along
the atoms' paths. Each position corresponds to a certain velocity if the decelaration is
linear and the initial velocity distribution is suciently narrow.

Figure 5.2.: a) Loading rate of a typical MOT. b) Fine structure and hyperne structure
of the 85 Rb D line (from [16]).
The loading curve of a MOT is shown in gure 5.2 a), where the saturation of the
curve is due to a balancing of loading and loss rates. The main loss mechanisms are
• Collisions with background gas ⇒ low pressures are desired
• Light assisted collisions between the particles, i.e. inelastic two-body collisions

between an excited and a ground state atom. Release of the energy of the excited
particle leads to Penning ionization.

A loss mechanism which can be eliminated is explained in the following at the example
of 85 Rb: To trap these atoms in a MOT, the hyperne line F = 3 → F = 4 within the
2
S1/2 ↔ 2 P1/2 ne structure line is used (see gure 5.2 b)). In principle, this is a cycling
transition, i.e. a two-level system, but because of the small hyperne splitting, about
one in a thousand decays ends up in the F = 2 ground state. This atom can not see the
trapping light any more (dark state), but can be pumped back to the F = 3 state of the
2
P1/2 nestructure with the socalled repumper laser. From there, it can enter the cycle
again after decaying into the F = 3 ground state.
66

5. Slowing and Trapping in Coordinate Space

When the density of the gas is increased as is neccessary to achieve Bose-Einstein
condensation, the probability that light, which was emitted by one atom, is reabsorbed
by another, increases until nally the radiation is trapped inside the sample. This results
in a repulsive force between two atoms which limits the density. In a MOT the maximal
density is about 1011 atoms/cm3 .
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6.1. Dark State in a Three-Level System
In this chapter, we extend the two level system that we have analyzed in detail so far
to the next complicated structure, a three level system. This occurs for example in a
Jg = 1 → Je = 1 transition being pumped with circularly polarized light. The three
levels me = ±1 and mg = 0 are not populated in steady state if the system is driven
by two (counterpropagating) laser beams, one being σ + -polarized and the other one
being σ − -polarized: The me = 0 state can because of the selection rules just decay into
mg = ±1, so the mg = 0 state and thus the me = ±1 states are emptied by optical
pumping. Both laser beams should have the same frequency, i.e. the same detuning δ
(the ground state energies are degenerate), but possibly dierent Rabi frequencies Ω− ,
Ω+ . The level scheme is called Λ-system and it is shown together with the relevant
Clebsch-Gordon coecients in gure 6.1. Note that the Clebsch-Gordon coecients are
equal in magnitude, but have opposite signs.

Figure 6.1.: Level scheme of a Λ system.
We will learn in the following that choosing a suitable basis eectively reduces the
problem to that of a two level system with a third basis state that does not interact with
the light eld and is hence completely decoupled. This state is called a dark state.
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6.1.1. Three-Level Hamiltonian and Reduction to a Two-Level
Problem
Let us start with the usual approach to write down the Hamiltonian and to nd its
eigenstates:
H = Hkin + HED
~Ω∗+
~Ω∗−
~Ω+
~Ω−
p2
+
|eihg−1 | +
|g−1 ihe| −
|eihg1 | −
|g1 ihe| .
=
2m
2
2
2
2

(6.1)

The dierent signs in the interaction part are due to the Clebsch-Gordon coecients.
Let us proceed to choose the kets {|g−1 i, |ei, |g1 i} as our rst basis, apply the RWA and
neglect the kinetic part. Then we nd

0
Ω∗+
0
~
H = Ω+ −2δ −Ω−  ,
2
0
0 −Ω∗−


(6.2)

where the states are ordered as written above. Solving for the eigenvalues yields
E1 = 0 and E2 , E3 6= 0 .

(6.3)

The state with the zero energy eigenvalue is special since it does not couple to the light
eld. Otherwise it would feel a light shift, an optical potential, which would result in a
non-zero energy eigenvalue. The eigenket corresponding to E1 = 0 is therefore called a
dark state.
For simplicity, we will take the Rabi frequencies to be real in the following. One can
reduce this three level scheme to a two-level system by choosing the following set of basis
states.
1
(Ω− |g−1 i + Ω+ |g1 i)
Λ
1
|ψC i = (Ω+ |g−1 i − Ω− |g1 i)
Λ
|ei = |ei

|ψN C i =

(6.4)

with Λ = Ω2+ + Ω2− . Note that |ψC i and |ei are not eigenstates of H . Instead, they
form a two level system. This is veried by applying H to |ψN C i, which gives
p

H|ψN C i =

~1
(Ω+ Ω− |eihg−1 |g−1 i − Ω− Ω+ |eihg1 |g1 i) = 0.
2Λ

(6.5)

This state lies in the kernel of the operator H , i.e. is left invariant or in other words
does not couple to the light eld. We denote this by the subscript N C ≡ Non-Coupled.
In particular, it is completely decoupled from the vector space spanned by |ψC i and |ei.
A physical explanation for this phenomenon is that the two excitation amplitudes
due to Ω+ and Ω− interfere destructively. We can now easily construct |ψN C i as each
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excitation amplitude must have the same magnitude but opposite signs. This is ensured
when the probability amplitude of being in |g−1 i is equal to Ω− , the coupling strength
of the other transition. In the same way |g1 i must be weighted by Ω+ . The easiest
realization is to choose one laser eld much more intense than the other one, e.g. |Ω+ | 
|Ω− |. Then the dark state is approximately |g1 i (with only a small admixture of |g−1 i),
which does not couple to σ + -light at all, i.e.
|ψN C i =

√

1 − ε2 |g1 i + ε|g−1 i with ε  1.

(6.6)

This intuitive picture is shown in gure 6.2.

Figure 6.2.: Bringing atoms into the non coupling state |ψN C i ∼ |g1 i.
Let us now turn to the other two basis states |ψC i and |ei. One sees that they are
transformed into each other by H :
~
H|ψC i =
2

and
H|ei =




Ω2+
Ω2−
~
|ei +
|ei = Λ|ei
Λ
Λ
2

~
~
(Ω+ |g−1 i − Ω− |g1 i) = Λ|ψC i .
2
2

(6.7a)
(6.7b)

Thus they form a simple two-level system - coupled via the interaction part of H . The
Hamiltonian induces the well-known Rabi opping between |ψC i and |ei. This is also
recognized by writing the Hamiltonian in the basis {|ψN C i, |ψC i, |ei}, which yields


0 0
0
~
H = 0 0 Λ  .
2
0 Λ −2δ

(6.8)

We already know how to diagonalize the non-singular two dimensional submatrix and
that its eigenstates are the dressed states formed out of |ψC i and |ei. For zero detuning
they are
1
|+i = √ (|ψC i + |ei)
2
1
|−i = √ (|ψC i − |ei) .
2
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Finally, we have determined the eigenstates of the interaction part of the Hamiltonian
to be {|ψN C i, |+i, |−i}. For large blue detuning (δ  |Ω+ |, |Ω− |) we remember that the
dressed states are approximately given by
~Λ2
4δ
~Λ2
.
|−i ≈ |ei with E− = −
4δ
|+i ≈ |ψC i with E+ =

(6.10)

6.1.2. Adiabatic Passage
Again, we are looking at a Λ-system. The laser beams are counterpropagating and on
resonance (δ = 0) and the velocity of the atom is approximately zero. We will therefore
neglect the kinetic part of the Hamiltonian again. The claim is that the population
can be transferred using exactly resonant light from state |g−1 i → |g1 i with the atom
never being in the excited state. The solution lies in the capability to switch the laser
intensities properly and with this the Rabi frequencies Ω+ and Ω− as is shown in gure
6.3.

Figure 6.3.: Time-dependent intensities of the laser beams for the adiabatic passage.
In the beginning, the atom is in state |ψ(t = 0)i = |g−1 i. This is the dark state for
an initial laser conguration with pure σ − -light. Thus the system is prepared initially
in the dark state |ψN C i = |g−1 i. The key point is that we will change the dark state
so slowly that the atom follows this change adiabatically. The atom will always stay in
the dark state and never show a non-zero amplitude of being in the excited state. If we
tune the lasers such that the nal dark state is |ψN C i = |g1 i - the other ground state the population was transferred completely. To write down the steps:
• Initial State: t = 0, Ω+ = 0, Ω− = 1 ⇒ |ψN C i = |g−1 i
√
• t = ε  1, Ω+ = ε̃  1, Ω− = 1 − ε̃ ⇒ |ψN C i = 1 − ε̃2 |g−1 i + ε̃|g1 i
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• Coherent superposition
with equal weights: t = τ /2, Ω+ = Ω− = 1/2 ⇒ |ψN C i =
√
(|g−1 i + |g1 i)/ 2
• Final state: t = τ, Ω+ = 1, Ω− = 0 ⇒ |ψN C i = |g1 i

Of course, arbitrary superpositions of the two ground states can be generated with this
method, since the Rabi frequencies are generally complex numbers. This allows to realize
an arbitrary relative phase between the two ground states so that one can follow every
path on the sphere of normalized ground state superpositions - in particular, closed
paths that enclose an area that is equal to the topological phase or Berry's phase of the
nal state with respect to the initial one |ψnal i = eiΦ |ψinitial i.

6.1.3. Raman Transitions and Velocity Selectivity
Raman transitions require a large detuning |δ|  |Ω|; for blue detuning this means that
(compare equations 6.9, 6.10)
|+i ≈ |ψC i + ε|ei
|−i ≈ ε|ψC i − |ei

(6.11)

Suppose the inital state is |ψ(t = 0)i = |g−1 i. This state can for Ω− = Ω+ according to
equation 6.4 be written as
1
|g−1 i = √ (|ψN C i + |ψC i)
2
1
= √ (|ψN C i + |+i − ε|ei)
2

1
= √ |ψN C i + |+i + ε|−i + O(ε2 ) .
2

(6.12)

Then for t = T one nds

i
i
1 
E+ T
E− T
~
~
|ψ(t = T )i = √ |ψN C i + e
|+i + εe
|−i
2

i
1 
≈ √ |ψN C i + e ~ E+ T |ψC i .
2

(6.13)

Since |ψN C i ∼ (|g−1 i + |g1 i) and |ψC i ∼ (|g−1 i − |g1 i) we see that the system shows Rabi
oscillations between the two ground states |g−1 i ↔ |g1 i. For E+ T /~ = π the system has
changed completely to the |g1 i state and for E+ T /~ = 2π it has gone back again to |g−1 i.
This behaviour relies crucially on the fact that the dark state does not accumulate any
phase shift during the temporal evolution. In particular, this requires that the states
that make up the dark state do not acquire a relative phase, which is only possible if
they are degenerate in energy.

Velocity selectivity

Here we will include the kinetic part of the Hamiltonian which will induce a coupling
between the states |ψN C i ↔ |ψC i for states with non-zero velocities. The reason is
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that the two ground states are in general no longer degenerate in energy if the external
momentum of the atom is included since they can have dierent momenta, for instance,
|g−1 ; 0i and |g1 ; 2~ki. Thus they acquire a relative phase ϕ ≈ ωR t. After a certain
time interval of the order ωR−1 ≈ msec, the dark state has transformed into the coupled
state. Then the atom interacts with the light eld and can get excited. Consequently,
no dark state exists for such superpositions on timescales longer than the inverse recoil
frequency. This line of reasoning can be applied to all states with non-vanishing velocity
expectation value hvi =
6 0. However, there are symmetric situations with the two ground
states having the same kinetic energy, for example
|g−1 ; −~ki and |g1 ; ~ki .

(6.14)

√
These two states can form a dark state |ψN C i = (|g−1 ; −~ki + |g1 ; ~ki)/ 2 that remains

dark in time, since they do not accumulate a relative phase. The velocity expectation
value of this state is zero:
hψN C |v|ψN C i = 0.
(6.15)
Altogether, a dark state only exists for atoms with hvi = 0 providing a velocity selectivity
that can be used to cool below the recoil limit. Atoms accumulate in zero-velocity dark
states where they do not interact with the light eld and are thus not limited by the
recoil temperature. Atoms that happen to jump into a dark state will remain there
forever, since the dark state consists of a superposition of ground states with innite
lifetimes. In the next section we will explain in more detail how these sub-recoil cooling
mechanisms work.

6.2. Sub-recoil Cooling

6.2.1. VSCPT
The principle of Velocity Selective Coherent Population Trapping (VSCPT) has already
been introduced in the last section. If the level structure allows for a closed three level
scheme, a velocity selective dark state exists whose momentum distribution width ∆p
is not limited by the recoil momentum ~k. This width can be regarded as a measure
of the temperature T which then falls below the recoil limit kB TR = ~2 k2 /2m. The
atom reaches the dark state by momentum diusion due to spontaneous emission and
the last photon that is emitted is part of the cooling process that brings the atom into
the non-absorbing state.
Since ∆p  ~k, the de-Broglie wavelength of the atom is quite large on the scale of
an optical wavelength and our usual treatment of the atom as a localized wave packet
is no longer valid. Strong correlations between internal and external quantum numbers
occur and a new theoretical analysis is neccessary that is done in [17]. This article is
very well written and we will therefore focus here on the results and how they can be
interpreted physically.
One interesting feature of VSCPT is that it works for arbitrary detunings δ and in
particular does not - unlike many other cooling mechanisms - depend on the sign of δ .
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This is a result of the fact that the width γ 00 of the dark state |ψNC (p)i, which is coupled
to |ψC (p)i via the kinetic part of the Hamiltonian, is independent of δ :
00

γ =



kp
m



γ
.
Ω2 /2

(6.16)

The width of the nal momentum distribution decreases with the coherent interaction
time θ like
∆p ∼ θ−1/2 .
(6.17)
Thus there is no fundamental temperature limit. As the coupling strength for |ψNC (p)i
depends strongly on the momentum p, only atoms with such a small momentum that
γ 00 θ < 1 is fullled, remain trapped over an interaction time θ. Then,
Ω
M
∆p ≈ √ · √ ,
k γ
θ

(6.18)

which explains the narrowing of the momentum distribution over time. The crucial point
of the cooling mechanism is that spontaneous emission leads to a diusion in momentum
space and atoms accumulate in the non-absorbing state dark state
1
|ψNC (p = 0)i = √ (|g−1 , −~ki + |g1 , ~ki)
2

(6.19)

where they remain trapped. In this state the atoms do not feel any perturbation due
to the light eld. Unfortunately, the cooling scheme can be performed in one and
two dimensions only. In higher dimensions the dark state is a superposition of many
ground states with dierent momenta and it turns out that atoms always get trapped
in less-selective lower dimensional dark states. However, cooling below the recoil limit
in three dimensions is possible using Raman cooling that we are going to explain in the
next section. Experimentally though, sub-recoil cooling is usually achieved by the very
robust method of evaporative cooling which is generally the last step to Bose-Einstein
condensation.

6.2.2. Raman Cooling
There is another sub-recoil cooling scheme that was initially explored by M. Kasevich
and S. Chu [18]. Again, it employs a three level scheme with the lowest levels |1i and
|2i being hyperne sublevels of the ground state with an energy dierence of ~ωhfs . The
third state |ei is further above and can be reached by optical excitation from both |1i
and |2i. The cooling procedure consists of a sequence of velocity selective Raman pulses
with frequencies ω1 and ω2 that eectively connect |1i ↔ |2i to a two-level system. The
detuning for an atom at rest is then
δ = ω1 − ω2 − ωhfs .

(6.20)

Each Raman pulse is followed by an optical pumping process that excites the atom
from |2i to |ei from where it decays spontaneously to |1i. This last step provides the
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dissipative process needed for cooling. Thereby, the atomic momentum in a certain
direction, e.g. pz , changes randomly by an amount between −~k ≤ ∆pz ≤ ~k, where ~k
is the photon momentum.
The two Raman laser waves of frequencies ω1 and ω2 are counterpropagating. For
deniteness we choose k1 to be along Oz . Then for an atom moving along Oz we nd
δ(v) = (ω1 − kv) − (ω2 + kv) − ωhf s
= δ(v = 0) − 2kv .

(6.21)

For red detuning δ(v = 0) < 0 the atoms that moving into the (−Oz)-direction (v < 0)
nd the Raman pulse being shifted toward resonance. The Raman light elds are pulsed
in such a way that atoms of a certain velocity class v feel a π -pulse and are excited
to level |2i whereas the excitation of other velocity classes is minimized. Then the
right conguration of the laser beams (as described above) shifts a certain velocity class
toward v = 0 by a maximal amount 2~k (absorption and spontaneous emission cycle).
Reversing the direction of the laser beams shifts atoms with −v toward zero velocity.
The optimal pulse shape that reduces o-resonant excitations is the Blackman pulse
envelope
f (t, a) = 0.42 + 0.5 cos(πt/a) + 0.08 cos(2πt/a).
(6.22)
In frequency space its sidelobes are maximally suppressed and in gure 6.4 a Blackman
pulse is shown which can be compared to the simple square pulse in gure 6.5 that shows
non-negligible o-resonant excitations.
Blackman Pulse
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Figure 6.4.: Blackman pulse in time and frequency domain. The small insert shows a
detail of the frequency domain.
Because the pulses are such that zero-velocity atoms never get excited, more and more
atoms accumulate in this velocity class. They get there by the spontaneously emitted
photon that transferred them by chance to a state with v ≈ 0. The eciency of this
mechanism is limited by the loss of zero-velocity atoms which can have several reasons:
An atom can get accidentally excited by either the Raman pulse or the optical pulse or
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Square Pulse
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Figure 6.5.: Square pulse in time and frequency domain. The small insert shows a detail
of the frequency domain.
a spontaneously emitted photon. The rst loss mechanism can be reduced by increasing
the detuning from the intermediate level of the two-photon process. The second event
sets the main limitation.
As was noted before, Raman cooling can in contrast to VSCPT be easily generalized
and performed in three dimensions. Experimentally, Chu and co-workers cooled sodium
atoms with this technique to a temperature of 100 nK which is less than 1/10 of the
single photon recoil limit.
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