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Introduction
The present work is devoted to the study of non-linear effects on polariton systems, which lead the
dynamics into a turbulent-chaotic regime. The interest in this topic has grown from a collaboration between the BEC group from the university of Trento, the TQC group from the university
of Antwerpen and the GOSS group from the laboratoire of photonic and nanostructures (Paris),
and it could be seen as an attempt to clarify the interpretation of the results from some recent
(unpublished) experiments.
It is well known that in the polariton non-resonant model a positive non-linear feedback is
present [63], which leads the dynamics into a highly turbulent, non-linear regime, but, for many
years, it was thought as an effect unachievable in the laboratory, or, even worse, an artefact of the
model. Collaborating with the GOSS group in Paris, we started to wonder about the reality of this
unstable regime, in particular looking at the experimental behaviour of the polariton condensate on
a lattice. As we will see, the presence of this turbulent-chaotic dynamics is related to the sign of
the mass, which could be positive or negative, on a lattice. In the experiments there was a strong
difference between the properties of polaritons condensed on a band with positive effective mass,
and polaritons condensed on a band with negative effective mass. In particular condensation on
the negative mass states exhibited better coherence than the positive ones. They also did some
experiments on a nano wire system, that is a continuum system in one dimension, and on a planar
cavity (two dimensional system), in which they saw the condensate fragmented into some localized
coherent islands (looking at the time average density). At first the idea was that these islands were
created by the unstable regime, but, immediately, we found that it couldn’t be, because in the
unstable regime there is spontaneous creation of localized defects (such as coherent islands), but
they are not static, and move around in a chaotic way, and so looking, for example, at the time
average density, it appears like an homogeneous steady state. It became evident that we needed
a more complete comprehension of the unstable regime. So, we tried to answer to the following
questions: is it possible to characterize somehow this regime, in terms of the free parameters of the
theory? There could be a way to relate this regime to some experimentally observable quantities in
a non-ambiguous way?
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We present here a brief summary of the main topics of the thesis:
• Chapter 1: We present a brief review of Bose-Einstein condensate at equilibrium and the
formalism of the Gross-Pitaevskii equation, to study the weakly interacting Bose gas at
zero temperature. Then follows the theoretical construction of the model to study polariton condensates out of equilibrium. In particular we discuss polariton condensation under
non-resonant pumping.
• Chapter 2: The non-resonant model is analysed. In particular it is shown that the system could
reach a homogeneous steady state. We show a range of parameters in which the homogeneous
steady state is not stable, and the system is kept in a turbulent-chaotic regime. We study
the main properties of this regime, we give a physical interpretation, and we derive a general
criterion, which establishes if the system is stable (if it can reach the homogeneous steady
state) or not (if it remains trapped in the turbulent-chaotic dynamics).
• Chapter 3: There is a region in the parameters space of the model in which the dynamics of the
macroscopic wave function can be reduced to only the dynamics of the phase. We discuss how,
in the turbulent-chaotic regime, the phase dynamics exhibits spatio-temporal chaos, and how
its long range properties are well described by the Kardar-Parisi-Zhang stochastic equation.
We discuss the long range coherence of such condensate.
• Chapter 4 and 5: Doing some numerical simulations, we explore two typical experimentally
situations: when the size of the pumping spot is small, and when disorder is present into the
cavity. We discuss how these situations are related to the turbulent-chaotic regime?
• Chapter 6: Changing the sign of the mass, it is possible to pass from the stable to the unstable
regime. Following a recent experiment [3], and having in mind that on a lattice it is possible to
have both negative mass states and positive ones, we study the unstable regime in a polariton
lattice system. We show how the presence of effective negative mass states eliminates the
chaotic dynamics, and the instability criterion becomes a criterion of band selection.
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Chapter 1

Non-equilibrium quantum fluids of light
One of the most exciting achievements, in the field of low-energy physics of the last 20 years is
the experimental realization of Bose-Einstein condensation, accomplished first using a cloud of
Rubidium atoms. A Bose-Einstein condensate is a phase of matter, in which atoms behave like
a single coherent macroscopic wave, showing the quantum mechanical nature of matter at the
macroscopic scales. A key concept in this phenomenon is the so called indistinguishable principle
of quantum mechanics, by which in a quantum many body system, particles of the same species
are identical, and it is not possible to follow the dynamics of only one single particle. This divides
all the particles in the universe in two classes: bosons and fermions. Bosons can all occupy the
same state while fermions cannot. This is crucial in order to have Bose-Einstein condensate, which
is a macroscopic occupation of a single particle state. So, because this intimate relation between
bosons and condensation, one could ask whether is possible to have condensation in a photonic
system, after all, aren’t they bosons? But photons are strange particles, and, because of their zero
mass, and their zero interaction, it is impossible to have a gas of photons in the same sense as of
a gas of atoms. A photon propagates the space, running on straight lines at the speed of light,
without interacting with any other photon (at the energy scale at which we are interested in!),
until it reaches matter and it can be absorbed. Differently from atoms, photons do not have a rest
state, which is the state at lowest energy. In the limit of zero temperature, the equilibrium state
is the vacuum, with no photons anymore, while for atoms it is a perfect crystal. Take as example
a black body, when we change the temperature we also change the number of photons, which are
absorbed or emitted by the walls of the cavity. So for a true thermalized ensemble of photons it
is impossible to condense, because when we decrease the temperature, they simply disappear, and
quantum degeneracy becomes impossible. We have to say that also a true ensemble of atoms cannot
condense, without any tricks. In fact, lowering the temperature, at a certain point an atomic gas
becomes solid. To prevent the solidification, the atomic cloud must be kept at very low density. So
it is more appropriate to say that, the atomic cloud used to make BEC, is not in a stable thermal
6

state, but in a metastable thermal state.
Since BEC is a purely statistical effect, as we will see in the next section, it can be reformulated
in terms of the statistical properties of the system. Indeed another definition of BEC is in terms of
long-range order [8]-[65] - [12] - [50] , which involves a statement on the correlation properties of the
many-body system. So, we can think that, maybe, we can reach BEC also without thermalization,
but only inducing in some way some special correlations in the system. From this perspective, it
is possible to move to out-equilibrium systems, where it is easier to control the number of photons,
continuously injecting them into the system. But a crucial point now is: how to induce correlations
in a photon system? Photons do not interact each other, so, how can they exchange informations
in order to become correlated?
Quantum mechanics allows to have particles which are mixed states between photons and matter.
Such particles may be present in semiconductor structures, in which is possible to mix photons with
some low energy excitations of matter, called excitons. The new particle that arises from this
mixing, is called a polariton. [6] Because of the matter component, polaritons can interact among
themselves, even at low energy. This method allows us to have a photon-like system, in which
photons can interact. We will show that polaritons could behave as a Bose-Einstein condensate,
but the system doesn’t have all the properties of a thermalized cloud of atoms, and so condensation
manifests some interesting new features.

1.1

Brief review of Bose-Einstein condensation in thermalized systems

A crucial concept, always present in all parts of this work, is Bose-Einstein condensation. In this
section we present a brief introduction to Bose-Einstein condensation for a non-interacting gas at
thermal equilibrium, and the concept of macroscopic wavef unction, or orderparameter will be
explained, and the equation to describe its dynamics will be derived.
Consider a thermalized system of non-interacting bosonic particles, in which the number of
particles can fluctuate. This system is properly described by a grand canonical ensemble. In order
to describe the system, we introduce the grand canonical hamiltonian, for the manybody quantum
system:
ĤGC :=

∞
X

(k − µ) a†k ak

(1.1)

k=0

in which  :=

~2 k2
2m ,

is the standard single-particle dispersion and µ is the chemical potential. The

ground state of the theory is well defined only if the chemical potential is negative, otherwise one
could have modes, for which the grand canonical hamiltonian is unbound from below. Note that
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this is so only in the bosonic case, in which one can have more than one particle in a single mode.
All the information about the system is contained in the partition f unction:
h
i X
e−β(k −µ)nk
Z := Tr e−β ĤGC =

(1.2)

{nk }

where β = 1/kb T , nk is the occupation number, parametrized by the wavenumber k, and the sum
is on all the possible nk (we did the trace on the number state basis). It is possible to rearrange
the above expression in the following form:
Z=

∞ X
∞
Y

e−β(k −µ)nk

(1.3)

k=0 nk =0

note that in this passage the assumption of bosonic particles is crucial, to extend the sum over the
occupation number for each k, from 0 to ∞. Using the summation of the geometrical series, we
have the well known result:
Z=

∞
Y
k=0

1

.

(1.4)

kb T log[1 − e−β(k −µ) ].

(1.5)

1−

e−β(k −µ)

The free energy of the system is:
Ω = −kb T log[Z] =

∞
X
k=0

Using standard thermodynamic relations, we can find the average number of particles:

N =−

∂Ω
∂µ


=
T,V

X
z
1
+
−1
β
1−z
z e k −1

(1.6)

k6=0

where z := eβµ is called f ugacity, and, since µ ≤ 0, it is defined in the interval [0 : 1]. In a box of
volume V , the equation which defines the density is
n=

1 X
1
1 z
+
.
−1
β
V 1−z V
z e k −1

(1.7)

k6=0

In the thermodynamic limit the spacing between modes is nearly zero, so we can replace the sum in
(1.7) with an integral, on the appropriate density of modes (we skip all the mathematical details,
which are present in all the standard textbooks):
√
Z ∞
1 X
1
2
x
7−→ √ 3
dx −1 x
,
−1
β
k
V
z e −1
z e −1
πλT 0
k6=0
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(1.8)

λT :=



2π~2
mkb T

1/2

. The above expression defines the function:
2
g3/2 (z) := √
π

Z

√

∞

dx
0

x
.
z −1 ex − 1

(1.9)

So the equation for the density becomes:
n=

g3/2 (z)
1 z
.
+
V 1−z
λ3T

(1.10)

• The function g3/2 (z) represents the mean density of the excited modes, it is limited, when
z ∈ [0 : 1], and reaches the maximum value on z = 1, g3/2 (1) = ζ(3/2).
• The LHS of equation (1.10) is the total density of the system, and it is not bound. So, when
n > ζ(3/2)/λ3T , the only way to be consistent is to compensate using the term
•

z
1−z

1 z
V 1−z .

represents the average occupation number of the ground state. In the thermodynamic

limit, in which V −→ ∞, when n > ζ(3/2)/λ3T , the occupation of the ground state diverges,
which means macroscopic occupation of the ground state. This is what we call Bose −
Einstein condensation.
It is a purely statistical effect, a consequence of the minimization of the free energy in a system with
fixed average number of particles and fixed average energy, in which particles satisfy Bose-Einstein
statistics. Note that interactions between particles is not required, the only need is the assumption
that the system is thermalized. The value for the density
n = ζ(3/2)/λ3T := nc

(1.11)

defines the critical density, nc , above which Bose-Einstein condensation takes place. Of course we
can reverse the argument, and define a critical temperature Tc below which condensation takes
place.
We close this brief review with the thermal ensemble of photons, i.e. the black body distribution.
To compute the mean number of photons we introduce an artif icial chemical potential, which later
we will fix to zero. The partition function is:
Z=

∞
Y

1
.
−β(k −µ)
1
−
e
k=1

(1.12)

where k = ~ck, is the energy of a photon. Note that the state k = 0 is not present in the product,
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because in a photon system the state k = 0 is the vacuum, with zero energy and zero photons. So

N=

∂Ω
∂µ


=
µ=0

1

X
k6=0

eβ~ck

(1.13)

−1

As we can see, the number of particles decreases as β increases, and there are no divergences at all.

1.1.1

Weakly interacting Bose gas, definition of the order parameter

The non-interacting Bose gas is a very simple model system for the illustration of the concept of
condensation, but its over-simplicity makes it unphysical [50]. The simplest physical system, in
which it is possible to study condensation, is the weakly interacting Bose gas. Assume a gas of
particles, for the sake of simplicity, without any internal degrees of freedom. They interact with a
two body potential, so the system will be described by the hamiltonian:
Z
Ĥ :=


 2 2

Z
~ ∇
1
†
3 0 †
†
0
0
0
d r Ψ̂ (t, ~r) −
Ψ̂(t, ~r) +
d r Ψ̂ (t, ~r)Ψ̂ (t, ~r )V (~r, ~r )Ψ̂(t, ~r )Ψ̂(t, ~r)
2m
2
3

(1.14)

Assuming the gas sufficiently dilute, and cold enough to have only low energy scattering processes,
we can avoid from the description of the whole interaction process between particles, and make an
impact approximation, in which we replace the two body potential V (~r, ~r0 ), with a contact potential
gδ 3 (~r − ~r0 ). This approximation is better understood treating the interaction in momentum space:
 Z

Z
1
1 X
3
3 0 †
†
0
0
0
F
d r d r Ψ̂ (t, ~r)Ψ̂ (t, ~r )V (~r, ~r )Ψ̂(t, ~r )Ψ̂(t, ~r) =
Vq~a†k a†k0 +q ak0 ak+q
2
2

(1.15)

~k,k~0 ,~
q

where F[·] is the F ourier transf orm operator. Replacing the two body potential with a contact
potential is equivalent to set Vq~ = g = constant, which means that the amplitude of the interaction
does not depend on the exchanged momentum ~q. This is a good approximation when we want to
describe a system in which the average exchanged momentum between particles is close to zero, so
when we deal with a cold, dilute gas. Consider now the decomposition of the field operator
Ψ̂ =

X

ψα aα ,

(1.16)

α

ψα is the single particle wave function, and it is a c − number, while aα is the annihilation operator
of that state. In terms of single particle number states:
√
aα |n0 , n1 · · · nα · · · i = nα |n0 , n1 · · · nα − 1 · · · i
√
a†α |n0 , n1 · · · nα · · · i = nα + 1 |n0 , n1 · · · nα + 1 · · · i

10

(1.17)

From the formalism of second quantization, states with different number of particles in the α − th
single particle state are orthogonal. When there is condensation, the ground state is macroscopically
occupied, so the two following states are both a good description of the system:
|n0 − 1, n1 · · · nα · · · i

(1.18)

|n0 + 1, n1 · · · nα · · · i
The above assumption implies that, in a certain sense, we consider the two states as the same state,
which legitimate in the thermodynamic limit. But this means that the two above states are no more
orthogonal. From canonical quantization we have the operatorial identity
h
i
a0 , a†0 = 1,

(1.19)

if we take the expectation value of this identity on the state in which the ground state is macroscopically occupied, for which it is valid that
a0 |n0 , n1 · · · nα · · · i =
'

√
√

n0 |n0 − 1, n1 · · · nα · · · i
n0 + 1 |n0 + 1, n1 · · · nα · · · i '

√

(1.20)
n0 |n0 , n1 · · · nα · · · i

we will find
0 = 1.

(1.21)

To solve the contradiction, we downgrade the creation/annihilation operators of the single particle
ground state to c − numbers. This is called the Bogoliubov prescription [12]. But this means that
the field operator acquires an expectation value on the ground state of the theory different from
zero, which allows us to rewrite it as
Ψ̂ = ψ + Ψ̂0 ,

(1.22)

where hΨi = ψ.
ψ defines the order parameter, it is a c − number, and, often, we will refer to it as the
macroscopic wave f unction of the condensate. We can describe its dynamics using the so called
Gross P itaevskii equation (GPE). The GPE is the standard Heisenberg equation of motion for the
quantum field Ψ


i  ~2 ∇2
ih
†
∂t Ψ̂ =
H, Ψ̂ = −
+ g Ψ̂ Ψ̂ Ψ̂,
~
2m

(1.23)

where only the c-field component of the field is retained
 2 2

~ ∇
2
i~∂t ψ = −
+ g|ψ| ψ.
2m
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(1.24)

The idea of the macroscopic wave function is very useful in describing manybody systems in
which it is possible to distinguish a collective dynamics. It underlines a symmetry breaking mechanism, but a complete discussion is far away from the scopes of this work. Without entering too
much in the details of the huge world behind this equation, we have to mention some of its very
important properties, in particular the possibility to describe condensation in lower dimensions. To
a complete discussion see [12]-[50]. The GPE admits a homogeneous solution, when g > 0, which
means repulsive interaction:
ψ=

√

n0 e−µ/~

t

(1.25)

where µ = gn0 is the chemical potential of the system. When g < 0 the homogeneous solution is
no more stable and the system could collapses. The typical length scale for density modulation is
fixed by the so-called healing length:
ξ := p

~
2m|µ|

.

(1.26)

Using an external trapping potential, it is possible to confine the condensate in a cigar-shape trap,
with cylindrical geometry. When the radial size of the trap is lower than the healing length of the
system, the radial dynamics is frozen, and the dynamics of the condensate is active only in the z
direction. Such a system realizes a one dimensional system.

1.2

Cavity photon, quantum well exciton and the concept of polariton

We said just above that a condensate of thermal photons is not possible. The idea is to change the
setting and to consider a system in which photons are not thermalized. To form a condensate they
have to be correlated with each other, so the new photons must have the possibility to exchange
information with the other photons. Which means that we need a system of photons in which
photons can interact. So the quest now is: we need a system in which we can pump photons from
outside, to create an ensemble which is not thermal, and we need that photons can interact, to
create a correlated ensemble. We will build the system, and the model to describe it, step by step,
starting from the ideal conservative system, without dissipation and without any external pumping,
then adding the dissipation, and, only in the end introducing the external pumping. Note that the
dissipation and the pumping should be introduced at the same time, because it makes no sense to
speak about the dynamics of the out-equilibrium condensate without both of them. But we think
it is more ordered to discuss every feature separately.
We consider a planar geometry in which to confine photons, for example, two parallel plane
mirrors at the distance d (like a Fabri-Pèrot interferometer). The photon inside the cavity acquires
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an ef f ective mass. In fact, looking at the dispersion of a photon confined in a planar cavity, at
low energy, we can recover the dispersion of a two dimensional massive particle:
q
ω(k) = c kx2 + ky2 + kz2
q
2
= c kx2 + ky2 + 2πn
d
∼

2πnc
d

+

~k2
2mc

where k 2 := kx2 + ky2 is the planar wavenumber, kz =
mc :=

(1.27)

2πn
d

is n-th normal mode of the cavity, and

2πn~
cd

(1.28)

is the cavity photon effective mass. We restrict our dissertation only to the case n=1. Due to the
presence to the effective mass, the state k = 0 becomes an accessible physical state for the cavity
photons, while, without the confinement, the state k = 0 is the vacuum state in which there are no
photons at all. Now it remains only to give to photons the possibility to interact with each other.
The only way to do it, is to couple the cavity photons with some interacting matter fields. At this
point we introduce the exciton. An exciton is a bound state between an electron and an hole in
a semiconductor. At low density we can consider it as a bosonic particle, with mass of the order
of the electron mass; when their density is sufficiently dilute, they interaction is well approximated
by a contact interaction, as a weakly interacting bose gas. [30]-[48] Using a sandwich of layers of
semiconductors is possible to create a planar confinement for the excitons: when the valence band
of the central layer is at higher energy with respect to the other two, and, when its conduction
band is lower in energy with respect to the other two, electrons and holes of the central layer are
trapped into it. When the size of the central layer is of the order of the mean size of the exciton, this
system becomes equivalent to a system in which excitons are two dimensional particles. The system
in which we want to describe condensation of light, is right here: a planar cavity, made of two
parallel mirrors, in which we put a quantum well for excitons. The quantum well is placed at the
antinodal position, of the parallel photon normal mode. We describe the coupling between photons
and excitons using a Rabi-like coupling, by which a photon can be absorbed by the semiconductor
to form an exciton, and an exciton can decay, because of recombination of electron and hole, to
emit a photon. The hamiltonian of the system becomes:
H = Hc + Hx + HRabi
Z
Hc =

d2 k~ωc (k)a†c (k)ac (k)

13

(1.29)
(1.30)

Figure 1.1: Polariton dispersion. Picture taken from the website of Prof. Francesca Maria Marchetti,
Universidad autonoma de Madrid

Z
Hx =

2

d k




Z
gexc
2 0 2
†
† 0
0
+
d k d q ax (k)ax (k + q)ax (k )ax (k + q)
2
Z
h
i
HRabi = dk ~Ω ac a†x + a†c ax

~ωx (k)a†x (k)ax (k)

(1.31)
(1.32)

Considering the linear system, with gexc = 0,

Z
H=





d2 k a†c a†x 



~ωc (k)

~Ω

ac


(1.33)

 
~ωx (k)
ax

~Ω

we are interested in the eigenmodes of the above dynamical matrix, which consist in the elementary
excitations of this system, and are the most natural basis in which to describe the dynamics. We
call these eigenmodes polaritons. They are mixed states, between cavity photons and excitons. [6]
The eigenvalues give us the dispersion relation for polaritons, which consists in two branches:
ωc (k) + ωx (k)
±
ωU P/LP (k) =
2

(ωc (k) − ωx (k))2
Ω +
2

!1/2

2

(1.34)

where the subscripts U P/LP , stay for upper polariton branch and lower polariton branch, see
figure 1.1. The old creation/annihilation operators are expressed in the new basis as:
ac

UP
= uLP
c aLP + uc aU P

UP
ax = uLP
x aLP + ux aU P
U P/LP

ux/c

(1.35)

are called Hopef ield coef f icient, [30] . They are complex functions of k, and they are

very important, because determine how much the state is composed by the exciton and how much
by the photon. This is crucial when we will consider their interactions, because the amplitude of
P
LP ' 0, which means
the interaction depends on the excitonic component. At high k uU
x ' 0 and uc
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that at high momentum lower polaritons are indistinguishable from excitons, and upper polaritons
are indistinguishable from cavity photons. When we consider the interaction term, and so gexc 6= 0,
in the polariton basis, it becomes a sum of many contributions, which are all the possible coupling
between the two branches, plus the interaction between states on the same branch. We will focus
only on the dynamics on the lower polariton branch, so we can discard all the interactions terms
between different branches, and the term of interaction of the upper branch. In the end the only
interaction term we will keep is:
4 gexc
|uLP
x |

Z

2

d2 k d2 k 0 d2 q a†LP (k)a†LP (k 0 + q)aLP (k 0 )aLP (k + q),

(1.36)

from which we define the lower polariton coupling constant
4
gLP := |uLP
x | gexc .

(1.37)

δx/c := ωc (k = 0) − ωx (k = 0)

(1.38)

The quantity

is called exciton − photon detuning. When δx/c  Ω excitons and photons are strongly mixed
around k=0, and polaritons are truly particles with mixed properties between excitons and photons
in such a way to become very different from both of them. δx/c  Ω excitons and photons are so
weakly mixed that polaritons are no different from them, and so they show the same properties.
[15] The mass of polaritons at the bottom of the lower polariton branch is given by the curvature
of the dispersion, and, when δx/c ' 0, it is two times the reduced mass between excitons and cavity
photons:

mLP = 2

1
1
+
mc mx

−1
(1.39)

since, typically, mx  mc , mLP ' 2mc . At low k the lower polariton dispersion is parabolic, like a
massive single particle dispersion:
k→0

ωLP (k) −−−→ ωLP (k = 0) +

~k 2
2mLP

(1.40)

Before writing down the hamiltonian for the lower polariton branch, with the inclusion of all our
previous assumptions, let us introduce the concept of external potential for polaritons. Consider
ωLP (k = 0) '

ωc (k=0)+ωx (k=0)
2

− Ω =: ω0 , it depends on ωc (k = 0) =

2πc
d ,

and so from the distance,

d, between the two mirrors of the cavity. Modifying the distance between the two mirrors as a
function of the position we can realize an external potential for polaritons. We define
Vext (~r) = ~(ω0 (~r) − ω0 )
15

(1.41)

as the difference between the bottom of the dispersion which depend from the position, and the
bottom of the clean dispersion, which sets the zero-energy level. In the experiments is not possible
to have perfect control on the construction of the cavity, and there are fluctuations of the distance
between the mirrors. This introduce in the cavity a disorder potential. We will see some examples
in the next chapters. At this point we are able to write the effective hamiltonian to describe low
polariton branch dynamics (in real space):
Z
HLP =

1.3



Z
Z
gLP
~2 ∇2
2
†
Ψ̂(~r) + d r Vext (~r)Ψ̂ (~r)Ψ̂(~r) +
d2 r Ψ̂† (~r)Ψ̂† (~r)Ψ̂(~r)Ψ̂(~r)
d r Ψ̂ (~r) −
2mLP
2
(1.42)
2

†

Dissipative dynamics and mean field approximation for polaritons

As we said at the beginning of the previous section, we consider a system in which photons are continuously pumped into the cavity. So the two mirrors are not perfect, and admit a finite reflectivity
and conductivity. We have to consider also that photons can exit from the cavity. In this way we
can create a constant density of polaritons, balancing the losses with the external pumping. The
idea is to consider the cavity as a part of a larger system: the cavity plus the external environment. We consider the external environment as an external bath of photons, described as harmonic
oscillators, which are coupled with the photons inside the cavity by a Rabi term. The external
bath should have much more degrees of freedom than the cavity, so the interaction with the cavity
doesn’t change too much its state, and it becomes as a reservoir, and its relaxation should be much
faster than the dynamics inside the cavity in which we are interested in. When the thermal energy
of the modes outside the cavity is much lower than lowest energy of the cavity modes,
kb T  ~ω0 ,

(1.43)

the external bath can be considered in the vacuum state. At this point we can trace out the degrees
of freedom of the external bath [10]. The result of this operation is that we introduce a dissipative
term into the dynamics of the density matrix of the cavity:
i~∂t ρ̂ = [H, ρ̂] + i~L(ρ̂)

(1.44)

where
γ
L(ρ̂) =
2

Z



d2 r 2Ψ̂ρ̂Ψ̂† − Ψ̂† Ψ̂ρ̂ − ρ̂Ψ̂† Ψ̂ ,
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(1.45)

is called Lindblad super operator. τp := 1/γ is the mean photon life-time. The exciton life-time is
of the order of ∼ ns, instead τp is typically of the order of ∼ ps. So we are legitimate to say that
τp is also the mean polariton life-time. It is important to point out that, to be consistent with the
description of the system in the polariton basis, we have to assume that Ω  γ, which is called the
strong coupling regime. In the strong coupling regime the process of coupling between excitons and
photons is much faster than the decay rate of photons out of the cavity, and so it makes sense to
describe the dynamics in terms of polaritons.
Now we do the key assumption of all this work: the mean field approximation. As we discussed
in section (1.1.1), when there is a macroscopic occupation of a single particle state, i.e. in presence
of Bose-Einstein condensation, we can describe the dynamics of the system by looking only at
the evolution of the order parameter, or the macroscopic wavefunction, which satisfies the GrossPitaevskii equation. We assume that we can do the same with our polariton system. Since now the
ground state of the theory is described by the density matrix, the order parameter becomes:
h i
ψ = hΨ̂i = Tr Ψ̂ρ̂ ,

(1.46)

and, as it happened in the derivation of the Gross-Pitaeskii equation,
hΨ̂† Ψ̂Ψ̂i = |ψ|2 ψ.

(1.47)

Using equation (1.44), we can derive the dissipative GP equation:

i~γ
~2 ∇2
2
+ Vext + g|ψ| −
ψ
i~∂t ψ = −
2m
2


(1.48)

The above equation missed the most important ingredient of our theory: the external pumping.
Without any external pumping in the cavity is not possible to have any stable coherent state of
polaritons, because, due to losses, every population of polaritons will decay to the vacuum. The
discussion about the external pumping is delivered to the next section. Note that the presence of
losses is very important: we acquire information about what happens inside of the cavity exactly
from the light which comes out of it, which is due to polariton decay!

1.4

The non-resonant model to describe the polariton condensates
dynamics

There are many way to introduce a finite density of polaritons in our system. The simplest way
is to pump the cavity with some coherent, monochromatic light, in resonance with the bottom
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(a) Relaxation from the hot
carriers. Picture taken from
[15].

(b) Relaxation from the bottleneck region to the bottom of the
lower polariton branch. Picture taken from [63].

Figure 1.2: Schematic representation of the relaxation process which leads to condensation at the bottom
of the lower polariton branch.

of the lower polariton branch. We expect that, in this picture, coherence of polaritons (and so
condensation) is somehow induced by the coherence of the incident pump. A more complicate
situation is achieved when the cavity is pumped non-resonantly, at much higher energy, with respect
to the bottom of lower polariton branch. Some hot carriers are created, which decay into phonons
and excitons. Excitons, due to scattering processes, are accumulated in the so-called bottleneck
region, in which they form an incoherent gas, see the figure 1.2, (when we say excitons we mean
lower branch polaritons at high k, which are indistinguishable from excitons). Due to scattering,
some of these excitons relaxe to the bottom of the lower polariton branch. They becomes polaritons
and so they are dissipated by losses of the cavity. When the density of the incoherent gas of
excitons in the bottleneck region becomes large enough, the effective pumping, due to exciton
relaxation, of the polariton population at the bottom of the dispersion, overcomes losses, and a
finite density of polaritons is created. These polaritons have the remarkable feature to exhibits long
range coherence, and macroscopic occupation of one single particle state, so they behaves really like
a Bose-Einstein condensate, and so the mean field description, represented by equation (1.48), is the
most suitable description. But, confronted with such a complicate process, we renounce to describe
the dynamics of the system in a rigorous way, starting first from principles, and we proceed by using
a phenomenological model, inspired by the model derived in the previous section. The pumping
enters in the equation as the relaxation of an incoherent reservoir of excitons. What we call the
reservoir is the the gas of incoherent excitons in the bottleneck region. We leave open the possibility
that, as long as one reservoir exciton can relax into the polariton condensate, also a polariton from
the condensate can be scattered into the incoherent reservoir. This process is described coupling
the mean field equation for polariton condensate to a rate equation for the reservoir:
 2 2

∂ψ(t, ~r)
~ ∇
i~
2
i~
= −
+ gp |ψ(t, ~r)| + 2gx nR (t, ~r) + (RnR (t, ~r) − γ) ψ(t, ~r),
∂t
2m
2
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(1.49)


∂nR (t, ~r)
= P (t, ~r) − γR + R|ψ(t, ~r)|2 nR (t, ~r).
∂t

(1.50)

where ψ is the macroscopic wave function of the polariton condensate, and nR is the density of the
exciton reservoir. Equation (1.49) is called the generalized Gross P itaevskii equation, (gGPE)
[63]. The parameters P and γR describe respectively, the pumping in the reservoir, due to hot
carriers relaxation, and the decay rate of excitons, because of nonradiative recombination of the
electron with the hole. The parameter R is the relaxation rate between reservoir and condensate,
and vice versa. m is the lower polariton effective mass, introduced in section (1.2), γ is the decay rate
of polaritons, because of losses from the cavity. The last two imaginary terms in equation (1.49) are
called gain/losses terms. The two coupling constant gp and gx take account respectively of repulsive
interaction between polaritons, and repulsive interaction between excitons and polaritons. The
factor 2 in front of the gx term in equation (1.49) is because excitons are considered distinguishable
from polaritons. The two coupling constants are related to the excitonic coupling constant via the
Hopefield coefficient, as explained in section (1.2):
4
gp ' |u(k = 0)LP
x | gexc

(1.51)

2
gx ' |u(k = 0)LP
x | gexc .

(1.52)

Note that in the last expression we used the fact that at k at the bottleneck region of the dispersion,
u(k)LP
' 1, which justifies us to call polaritons in the reservoir as excitons. Equation (1.49)
x
describes the dynamics of a condensate in which coherence emerges spontaneously, and we can
see it from its U (1) symmetry under transformation of the order parameter. The phase of the
condensate is chosen at random, as it happens in an atomic BEC.
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Chapter 2

The instability of the condensate under
the effect of exciton interaction
In this chapter we want to study in detail how the non-resonant model works. The system does not
admit an equilibrium state, but it can reach a steady state, as a balance between pumping, losses
and internal dynamics. We will study the possibility to reach an homogeneous steady state, and
its stability on small perturbations. We will find an interesting regime in which the homogeneous
solution is no more stable, and the system is driven into a turbulent-chaotic state. The chaotic
state is induced by the repulsive interaction between polaritons and reservoir excitons. Under
certain conditions, that we will derive, when a small fluctuation creates a little depletion in the
density of the reservoir, polaritons are pushed in, because of the repulsive interaction. But the
reservoir dynamics is in such a way that where there are more polaritons, dissipation of excitons
is stronger, so the small depletion of density in the reservoir becomes larger and larger, the more
polaritons are pushed in that region. This effect is a positive feedback, and it is broken only when
exciton density is so depleted that in that region polaritons are no more pumped, and so after a few
τp they are dissipated out of the cavity. This mechanism leads to a dynamics in which polaritons are
organized in coherent structures, which appear and disappear, and move around, in a chaotic way.
The aim of the present chapter is to describe and characterize this turbulent-chaotic dynamics. We
will restrict only to one dimensional systems, which are made in the laboratories using nano wires
with the radial size smaller than the healing length of the system, in such a way the dynamics is
active only on the z direction, but the present analysis does not depend on the dimensionality of
the system, and it is valid also for two dimensional system.
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2.1

Linear stability analysis of the non-resonant model

All our present dissertation is based on the non-resonant model, and on the equations (1.49-1.50).
We will assume that the condensate is in a steady state with homogeneous density. So the gain
should be perfectly balanced by the dissipation, in order to have a flat density profile which doesn’t
change with time, which means
nR (t, ~r) =

γ
=: n0R .
R

(2.1)

Thus the reservoir density is constant and homogeneous. If we put the above expression in equation
(1.50), we find the expression for the polariton density:
γR
|ψ| =
R
2

where Pth :=

γγR
R






RP
γR P
−1 =
− 1 =: |ψ0 |2 ,
γγR
R Pth

(2.2)

is the pumping threshold above which the zero-density solution for the condensate

becomes dynamical unstable. In order to satisfy the equation of motion (1.49) we have to assume
that
ψ = |ψ0 |e−iµT /~t

(2.3)

µT = gp |ψ0 |2 + 2gx n0R

(2.4)

where

represents the chemical potential of the homogeneous condensate. The system is not at the thermal equilibrium so strictly speaking, there is no chemical potential. Nevertheless, it is useful to use
the same language from the theory of equilibrium quantum gases described by the Gross-Pitaevskii
equation, because the polariton condensate systems share a lot of dynamical properties with equilibrium quantum fluids.
At this point we want to see whether this steady state is stable under the influence of small
fluctuations. Following the Bogoliubov theory, we linearize the two coupled equations using the
ansatz:
ψ(t, ~r) = ψ0 e−i(µT /~)t (1 + δψ(t, ~r))

(2.5)

n(t, ~r) = n0R (1 + δnR (t, ~r))

(2.6)

We skip the detailed calculation, giving only the main logic sequence of passages: insert the above
expressions into the two equations (1.49-1.50) and take only up to first order in δψ and δnR and take
the Fourier transform of both members of the two equations. Now it is a linear algebraic system,
that can be arranged in a matrix form, as:
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δψ(t, k)






 
∗
 
i~∂t 
 δψ (t, k)  = 
δnR (t, k)

~2 k 2
2m

+ gp |ψ0 |2

gp |ψ0 |2
2 2

−gp |ψ0 |2

k
− ~2m
− gp |ψ0 |2

−i~R|ψ0 |2

−i~R|ψ0 |2





i~
0
δψ(t, k)
2 RnR


0   δψ ∗ (t, k) 
−2gx n0R + i~
Rn



R
2
2
−i~(|ψ0 | + γR )
δnR (t, k)

2gx n0R +

(2.7)
The spectrum of this dynamical matrix represents the spectrum of the elementary excitations
of the system. It is a function of the wave number of the excitation and we will call it ω(k), [63].
The imaginary part of the eigenvalues, Im[ω(k)] of the dynamical matrix gives us the information
about stability: if the imaginary part is negative
Im[ω(k)] < 0 ∀ k

(2.8)

the homogeneous state is stable, on contrary, if the imaginary part is positive for some k
∃ k | Im[ω(k)] > 0

(2.9)

the homogeneous solution is unstable and every small perturbations lead the system in another
state. Typically, in a first phase, this goes with the exponential growing of density modulations and
the spontaneous creation of localized defects, such as bright and dark solitons. After this transient
phase the system can either approach another regular steady state or enter in a turbulent state with
a certain degree of chaos.
With the large number of parameters in the model there is no hope to find a insightful analytical expression, but we can analyse some possible situations by looking at plots of the excitations
spectrum presented in the figures 2.1-2.2- 2.3.
From the firsts plots 2.1 we can see that the homogeneous state is dynamically stable because the
imaginary part of the spectrum is always less than zero, Im[ω(k)] < 0 , ∀ k. We can distinguish two
different types of branches in the imaginary parts, one that lives in the region between Im[ω(k)] =
−0.5 and Im[ω(k)] = 0, that we will call the polaritonic branch, and one which lives in the
region between Im[ω(k)] = −4 and Im[ω(k)] = −3.5, which we will call the excitonic branch.
As the names suggest these branches represent the diffusive dynamics of excitations respectively
in the polariton condensate and in the exciton reservoir, and we can understand it by looking
at the parameters that mostly influence the behaviour of each branch. The polaritonic branch is
controlled mostly by the polariton losses γ, instead the excitonic branch is much more controlled
by the reservoir relaxation rate γR .
In general we will call polaritonic branch the diffusive branch which is closest to zero, so the
less dissipative one, instead the excitonic branch will be the most dissipative one. The polaritonic
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branch has a bifurcation point in which it is divided into the Goldstone branch, that goes to zero
for k going to zero, and a density modulation branch that goes to a constant value for k going to
zero. The fact that the excitonic branch is so damped tells us that excitations in the reservoir relax
much faster than excitations in the polariton condensate. We will see in the next section that this
makes it possible to map the system of two coupled equations to only one equation, under the so
called adiabatic approximation.
From (2.1-2.2, a), looking at the real part of the spectrum, it appears that the long range
dynamics of elementary excitations is only diffusive because there exists a k0 for which
Re[ω(k)] = 0 , k < k0

(2.10)

The two pictures (2.1-2.2) have in common that in each configuration the reservoir diffusive
dynamics is highly damped, and so it is justified to say that the reservoir follows adiabatically the
dynamics of the polariton condensate. But the two configuration have a crucial difference: the
stability of the homogeneous state!
As we said above figure (2.1) represent a system in which the homogeneous steady state is
dynamically stable, but this is not the case for the system represented in figure (2.2), in which the
Goldstone branch in the imaginary part of the spectrum becomes positive. This means that the
long wavelength excitations are unstable and lead the system to a new state, as we will see, to a
turbulent state. The instability comes from the strong value of the exciton-polariton interaction
gx . When the interaction between exciton and polariton is sufficiently strong, the term 2gx nR (t, ~r)
becomes a potential well for polaritons. But, the more the polariton condensate grows locally,
the more the excitons are depleted, making a local depletion in the exciton population, making
the effective potential well deeper, and attracting even more polaritons. This effect will be called
hole − burning ef f ect. We will spend a large part of this work in discussing the properties and the
physics of a system that reaches this kind of instability.
Yet another situation is presented in figure (2.3). The system is unstable, as we can easily see
from the imaginary part of the spectrum. But the instability is due to the excitonic branch, that
becomes positive for small k. In this situation it is clear that we have an anti − adiabatic system, in
which the reservoir relaxes much slower than the polariton condensate. A strong exciton polariton
interaction is not need, provided that the exciton relaxation rate γR < γ is sufficiently small. We
will see below that the instability present in the excitonic branch affects the dynamics in a way
similar to the adiabatic instability of the Goldstone branch.
It is worth to mention that there are at least two other possible cases, in between the adiabatic
and the anti-adiabatic case, stable and unstable, in which the reservoir branch is strongly mixed to
the polaritonic branch. This situation is achievable using gx > gp , not too large and γR < γ not too
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small. We can see an example of the unstable mixed state in figure (2.4). In the long wavelength
region, the exciton and polariton branches are mixed together.

(a) Real part of ω(k)

(b) Imaginary part of ω(k)

Figure 2.1: Stable Bogoliubov dispersion relation, parameters: P/Pth =2, ~γ = 50 µeV , ~γR = 100 µeV ,
gp /(~R) = 0.1,gx /(~R) = 0.1, m = 15 · 10−5 me

(a) Real part of ω(k)

(b) Imaginary part of ω(k)

Figure 2.2: Unstable adiabatic Bogoliubov dispersion relation, parameters: P/Pth =2, ~γ = 50 µeV , ~γR =
100 µeV , gp /(~R) = 0.1,gx /(~R) = 0.7, m = 15 · 10−5 me

2.2

Adiabatic approximation and complex Ginzburg-Landau equation

Consider again the non resonant model, described by the system of two coupled equations (1.491.50). If the dynamics of the reservoir is much faster than the dynamics of the polariton condensate,
we can assume that the reservoir follows the polariton dynamics adiabatically, remaining for each
time t in its steady state. As we said in the previous section, the linear analysis around the
homogeneous steady state is a good way to investigate the time scales of reservoir excitations and
polariton excitations. When the excitonic branch is clearly divided from the polaritonic branch and
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(a) Real part of ω(k)

(b) Imaginary part of ω(k)

Figure 2.3: Unstable anti-adiabatic Bogoliubov dispersion relation, parameters: P/Pth =2, ~γ = 50 µeV ,
~γR = 10 µeV , gp /(~R) = 0.1,gx /(~R) = 0.1, m = 15 · 10−5 me

(a) Real part of ω(k)

(b) Imaginary part of ω(k)

Figure 2.4: Unstable Bogoliubov dispersion relation with polaritonic and excitonic branches mixed together,
parameters: P/Pth =2, ~γ = 50 µeV , ~γR = 80 µeV , gp /(~R) = 0.01,gx /(~R) = 0.6, m =
15 · 10−5 me

when it is much more dissipative than the polaritonic one, as in figures (2.1-2.2), the excitations in
the reservoir decay much faster than the excitations in the condensate, so we can do the assumption
that the reservoir remains always in its steady state. This is the case only if γR  γ. In this regime
we can neglect the temporal evolution of the reservoir density and equation (1.50) becomes:

0 = P (t, ~r) − γR + R|ψ(t, ~r)|2 nR (t, ~r).

(2.11)

We then find the expression for the reservoir density steady state at each t:
nR (t, ~r) =

P
.
γR + R|ψ(t, ~r)|2
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(2.12)

Inserting this expression in (1.49), we get the generalized complex Ginzburg Landau equation
(gCGLE):


 2 2
i~
RP
i~∂ψ(t, ~r)
~ ∇
2gx P
2
+
− γ ψ(t, ~r).
= −
+ gp |ψ(t, ~r)| +
∂t
2m
γR + R|ψ(t, ~r)|2
2 γR + R|ψ(t, ~r)|2
(2.13)
From a mathematical point of view it is not clear how to establish if, given a set of parameters,
the gGPE could be reduced to the gCGLE, and if the nonlinear dynamics is well described by the
gCLE, but we can extract a criteria to verify a posteriori the consistency of such approximation, [5].
It requires that all time scales of polariton condensate are much longer than the reservoir one, that
is fixed by (γR + R|ψ(t, ~r)|2 )−1 . Indeed if we consider |ψ(t, ~r)|2 as a constant in time, the solution
of the reservoir density dynamics can be written as:
nR (t, ~r) =

2
n0R e−(γR +R|ψ(t,~r)| )t

Z

t

+

P (t0 , ~r)e−(γR +R|ψ(t,~r)|

2 )(t−t0 )

dt0 ,

(2.14)

−∞

thus γR + R|ψ(t, ~r)|2 determines the relaxation rate of the reservoir. For the relaxation rate of the
polariton condensate we consider 4 independent time scales, given by the kinetic energy term, the
polariton-polariton interaction term, the exciton-polariton interaction term and the gain term from
the gGPE, which means that we have 4 independent conditions:
2

γR + R|ψ|
where k /~ =







|RnR − γ|
2
k /~ ,
, gp |ψ| /~ , 2gx nR /~ ,
2

(2.15)

~k2
2m .

These requirements are sufficient to ensure the validity of adiabatic approxi

mation. If we consider the dynamics around the homogeneous steady state |ψ0 |2 = Pγ − γRR , the
second condition is always fulfilled, and the other ones become:
P
gx γ
2
,
Pth
~R γR

(2.16)

gp /(~R) − 1
Pth

,
P
gp /(~R)

(2.17)

that is always verified if gp /(~R) < 1,
k /(~γR ) 
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P
,
Pth

(2.18)

Where we have reintroduced the pumping threshold Pth :=

γγR
R .

The last condition gives us an

upper bound for the wave number of excitations of the system:
s
k

2.3

2m~γR P
.
~2 Pth

(2.19)

Linear stability analisys of gCGLE

As we did for the full non resonant model, in this section we will find the expression for the
homogeneous steady state, that is the same as the full model, and we will study its the stability state
under small perturbations. Contrary to the full model, given by the two coupled equations (1.491.50), in the adiabatic model it is possible to derive a lot of information from analytical expressions,
and this is why it is of particular interest. Assume that the system is in a homogeneous steady state
ψ(t, ~r) = ψ0 e−i(µT /~)t . The steady state assumption implies that there are not sink/source terms
in the temporal evolution, so the imaginary part of the RHS of eq. (2.13) is equal to zero. That
means:
γR
|ψ0 | =
R
2




P
−1 .
Pth

(2.20)

Assume also, for sake of simplicity, gx = 0; we will discuss the dynamics in the presence of this term
in the next section. From the other non-zero terms of the gCGLE we fix the chemical potential
µT = gp |ψ0 |2 . As before, we consider the system in a homogeneous steady state, subjected to small
perturbations. We want to see how the system responds to these perturbations and, in particular,
whether or not they are able to drive the system out of this steady state (unstable/stable regime),
and what it is the region of parameters for which we stay in one or other regime. So, put
ψ(t, ~r) = ψ0 e−i(µT /~)t (1 + δψ(t, ~r))

(2.21)

in equation (2.13) and, using all the previous steady state conditions, up to first order in δψ, we
recover the Bogoliubov equation:
 2 2



∂δψ(t, ~r)
~ ∇
i~ R2 P |ψ0 |2
i~ R2 P |ψ0 |2
2
2
i~
= −
+ gp |ψ0 | +
δψ(t, ~r)+ gp |ψ0 | +
δψ ∗ (t, ~r)
∂t
2m
2 (γR + R|ψ0 |2 )2
2 (γR + R|ψ0 |2 )2
(2.22)
[6]. Doing the Fourier transform with respect to ~r and considering also the complex-conjugate
equation, we can express the dynamics of fluctuations in a more compact form:




δψ(t, k)
=
i~∂t 
∗
δψ (t, k)



~2 k2
 2m

+ gp |ψ0

|2

−gp |ψ0 |2 +

+ i~Γ
2
i~Γ
2





δψ(t, k)
gp |ψ0 + i~Γ
2


~2 k2
i~Γ
∗
2
− 2m − gp |ψ0 | + 2
δψ (t, k)
|2
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(2.23)

The spectrum of the above dynamical matrix is the dispersion of our bogoliubov excitations. Using
the steady state expression for |ψ0 |2 , we find:
~Γ
~ω± (k) = −i
±i
2


Where Γ = γ



P
−1
Pth
P/Pth

r
and, Ek =

~2 k2
2m



~2 k2
2m

"

~Γ
2

#1/2

2
−

Ek2

(2.24)


+ 2µb is the usual equilibrium Bogoliubov dispersion,

with µb = µT , the chemical potential for the Bogoliubov elementary excitations. We can see how
the non equilibrium nature of the system enters again in the spectrum of elementary excitations
in the form of dissipation, i.e. Im[ω] < 0. For k −→ 0 the dynamics is again only diffusive and
Re[ω] = 0, with a branch that tends to zero at long wave lengths (the Goldstone brach). There is

(a) Real part of ω(k)

(b) Imaginary part of ω(k)

Figure 2.5: Stable Bogoliubov dispersion relation, parameters: P =2, Pth =1, γ=10, gp =0.01, R=1, m=0.002

also a regime in which the Goldstone branch shows exponential instability, due to Im[ω(k)] > 0 for
k −→ 0, giving rise to spontaneous creation of elementary excitations. The shape of the imaginary
part of the dispersion of the diverging modes goes as (the Goldstone branch):
k→0

Im[ω(k)] −−−→

|µb | 2
k ,
mΓ

(2.25)

so it is parabolic in k, and we can see it is the same shape as the diverging modes of the full model,
analysed in section (2.1).
It is easy to recover the instability condition from the above dispersion relation:
min
k6=0

~2 k 2
< −2µb
2m
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(2.26)

(a) Real part of ω(k)

(b) Imaginary part of ω(k)

Figure 2.6: Unstable Bogoliubov dispersion relation, parameters:
m=0.002

P =2, Pth =1, γ=1, gp =-0.8, R=1,

where the mink6=0 takes account to the fact that in a finite system there exists a minimum excitation.
In an infinite system the condition for modulationally instability is reduced to
µb < 0.

(2.27)

The maximally unstable excitation is reached when
k = |µb |.

(2.28)

The situation is clearly analogous to the equilibrium BEC when the scattering length is negative
and particles feel an attractive interaction. For example, in trapped cold atoms systems, once the
attractive energy overcomes the zero point energy the condensate collapses on a delta-like state
or, if the zero point motion becomes large enough to stabilize the system, could become a bright
soliton. Due to the pump and loss dynamics, this is not the case for polariton condensates in which,
under the effect of attractive interaction, the system remains trapped in a turbulent state. Starting
from a homogeneous state, at first, the system is reorganized in static coherent structures, with a
size determined by the wave length of the maximum unstable mode of the elementary excitations
spectrum.
~
λM I = 2π p
2m|µb |

(2.29)

(the subscript M I stays for modulationally instability). Because of finite size the system has
discrete elementary excitations spectrum, thus, to have instability, it is needed that there is at least
one unstable mode for which its wave number is an integer multiple of the minimum wave number
kmin =

2π
L.

This means that the size of the system should be large enough in order to contain

at least one wave length of the unstable mode with the highest wave number. That provides a
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constraint on the size of the system:
λM I
L> √
2

(a) Imaginary part of ω(k), the system is too
small and the long wavelength modes unstable
region is not included in the discrete spectrum

(2.30)

(b) Imaginary part of ω(k), the system is sufficently large to include the unstable long wavelength modes

Figure 2.7: Unstable Bogoliubov dispersion relation, parameters:
m=0.002

P =2, Pth =1, γ=1, gp =-0.8, R=1,

Figure 2.8: Temporal evolution of an attractive one dimensional polariton condensate, developing of instability. Coherent structures are created, with size fixed by the wave length of the maximum
unstable Bogoliubov mode. Used parameters: P =2, Pth =1, γ=1, gp =-0.8, R=1, m=0.002

Since
δψ(t, kM I ) ∝ eIm[ω(kM I )]t = et/tM I

(2.31)

we find that the typical time for the developing of these coherent structures is fixed by the maximum
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value of the imaginary part of the excitation spectrum:
tM I = q

~
Γ2
4

,

+ µ2p −

(2.32)

Γ
2

After this time, those density structures saturate the gain term in the gCGLE. In the regions where
the density is higher, the losses are stronger
i~
2



RP
−γ
γR + R|ψ(t, ~r)|2



|ψ|2 →∞

−−−−−−→ −

i~
γ
2

(2.33)

It is exactly this mechanism of gain saturation that prevents the collapse of the whole condensate
into a narrow bright soliton, but, instead, leads to an oscillatory regime, as it is visible from
figure (2.8). Although the unstable elementary excitations are static, i.e. Re[ω(k)] = 0 , when the
instability saturates, the system becomes highly non linear and it could break the parity symmetry
(in more than one dimension, the rotation symmetry), starting to flow in a preferential direction
(see fig 2.9). This is due to the local interaction term that connects different modes, and it creates a
bridge between the unstable part and the dispersive part of the spectrum, as we can see performing
directly Fourier transform on the interaction term:
F[|ψ(x)|2 ψ(x)] =

X

ψq∗ ψq0 ψk−q+q0

(2.34)

q,q 0

where F[·] is the Fourier transform operator. It is worth point out that a term such as (2.34)
conserves momentum, and doesn’t allow a spontaneous creation of a net flux. But, because we
introduced a weak noise in the initial configuration in order to trigger the instability, the momentum
distribution of the initial configuration is not totally symmetric. This lack of symmetry is magnified
by the instability and leads the system to flow in a preferential direction.

2.3.1

Exciton-polariton interaction gives rise to instabilities

Is it possible to preserve the repulsive interaction between polaritons and also have instabilities?
The answer is yes, but we have to reconsider the interaction between polaritons and excitons of
the reservoir, which is described in the gGPE (1.49) by 2gx nR (t, ~r)ψ(t, ~r). Under the adiabatic
P
approximation the exciton-polariton interaction term becomes 2gx γR +R|ψ|
2 , that has the same form

of the saturable gain term. When we perform the Bogoliubov analysis on this term, and considering
that the chemical potential for the steady state is now
µT = gp |ψ0 |2 + 2gx
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γ
,
R

(2.35)

Figure 2.9: Temporal evolution of an attractive one dimensional polariton condensate, spontaneous symmetry breaking of parity symmetry . Used parameters: P =2, Pth =1, γ=1, gp =-0.8, R=1,
m=0.002

we find:
2gx

γ Pth
|ψ0 |2 (δψ + δψ∗) .
γR P

(2.36)

Formally this is equivalent to use the previous analysis (2.23) but using



gp − 2gx

gef f :=

γ Pth
γR P


(2.37)

instead of gp . Now the chemical potential of the Bogoliubov elementary excitations is different from
the total chemical potential (the steady state one),
µb = gef f |ψ0 |2 .

(2.38)

It is clear that with a sufficiently strong exciton-polariton interaction (gx ), µb could become negative,
driving the system in the unstable regime (as follows from criteria (2.26)). With a bit of simple
algebra, the criteria of instability becomes:
P
2gx γ
1

<
Pth
gp γR 1 + min

k
k6=0 2gp |ψ0 |2



(2.39)

Where the last term on the RHS takes the finite size effect into account.

2.3.2

Instability, adiabaticity and physical parameters

Here we want to discuss more in detail how this instability, due to exciton-polariton repulsive interaction, could enter in the description of physical systems how it is related to adiabatic approximation,
which quantities characterize the unstable regime and how the instability depends on the directly
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measurable physical quantities. We have to stress that the theory for the non-resonant pumping is
affected by the fact that the parameters R, P and γR cannot be directly extracted from measurements. So the idea is to try to extract them from available data using some reasonable assumptions.
But first of all, let discuss how to have instability and consistency with the adiabatic approximation.
From (2.39) the presence of instability is controlled by

gx
gp

and

γ
γR .

We have to keep in mind that

the two coupling constants, gx and gp , are directly proportional to Hopefield coefficients, as seen in
chapter (1.4), and , unless to have entirely photonic polaritons, the exciton-polariton coupling is of
the same order as the polariton-polariton coupling, gx ∼ gp . With this constraint, the only way to
have a large enough range of P/Pth in which to have instability is to take
γR  γ.

(2.40)

In this regime adiabatic approximation is no more completely valid, it is even possible to tune
the system in order to have quite good adiabaticity and instability only in a small size window of
pumping strength, but it would become a matter of fine tuning. Nevertheless the adiabatic model
it seems to be able to catch all the main properties of the unstable regime, also in the non adiabatic
system, and, most importantly, it seems to preserve the information about the presence or not
presence of instability. We have never observed instability in the full model without having seen
it in the adiabatic model. For these reasons, and from the fact that it is easier to work with the
gCGLE than the gGPE, we will use only the adiabatic model in the next sections. We are conscious
that it introduces some unavoidable errors in the description of the system when adiabaticity of
reservoir dynamics is not guaranteed, but, in order to do at least a qualitative analysis, we think
this is the best choice to understand the main physical properties of such a system.
A crucial quantity in understanding the properties of this unstable regime is the so called
Bogoliubov chemical potential introduced in (2.38), which controls the characteristic time and
length scales, and hence it quantifies the strength of the instability.
Since µb depends on P/Pth , it could be also interesting to see how it changes with the relative
pumping, keeping the others parameters fixed.
gp
µb (P/Pth ) = γR
R



P
Pth



2gx
+
γ
R



P
Pth

−1
−

gp
gx
γR − 2 γ
R
R

(2.41)

the strength of the instability could increase or decrease with the pumping intensity, as we can see
from fig. (2.10). The minimum of µb (P/Pth ) is located at


P
Pth


min



gx γ 1/2
= 2
gp γR
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(2.42)

Figure 2.10: µb in function of P/Pth . For that particular set of parameters the strength of the instability
increases until P = 10Pth , then decreases. At P = 100Pth the sign of µb changes from negative
to positive at the system becomes stable

As the second derivative of µb as a function of P/Pth is
∂ 2 µb
= 4gx
∂(P/Pth )2



P
Pth

3
(2.43)

we note that, since P/Pth > 0, µb is a convex function in P/Pth , there exists always a range of relative
pumping for which the instability increases with the pumping power. Of course, to appreciate this
effect, the minimum of µb , (2.42), should be at P/Pth > 1. We will see that, using parameters
close to the experimental realizations, the minimum of µb is often at so large pumping power that
we can consider µb as a monotonic decreasing function in P/Pth (for example, P = 10Pth for some
experiments is too large to realize in the laboratory).
Just to have more insight on the role of parameters and physical quantities, we rewrite the
criteria of instability in another way, having in mind the very important role of the blue shif t from
which it is possible to measure the interaction coupling constants. Using the following notation:
nss
R :=
2
nss
p := |ψ0 | =

so the criteria (2.26) becomes:

γ
R

γR
R

P
Pth


−1

1 + mink6=0 2gpknss
2gx nss
p
R
>
Pth
gp nss
1
−
p
P

(2.44)

(2.45)

In this way we are able to express the criteria of instability in term of a physical measurable quantity:
the ratio between the exciton reservoir blue shift, Ex = 2gx nss
R , and the polariton condensate blue
shift, Ep = gp nss
p . We consider Ep , Ex as space-time averaged quantities, so the two above equalities
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are valid only for a stationary, homogeneous condensate. In the unstable regime np = np (t, x),
nR = nR (t, x) and we don’t have any analytical expression for them, so it becomes difficult to relate
the measured blue shifts to the parameters of the theory and thus to have a simple criteria for
instability only in terms of easily accessible quantities. But, noticing the many similarities between
our system and a conservative one, we expect that, also in the unstable regime, the total number of
polaritons is conserved, or, at least, after a transient phase of large oscillations, it fluctuates around
a constant value (we will discuss this conjecture in the next section in more detail). In this spirit
we introduce the parameter
η := hnp it,x /nss
p

(2.46)

where h·it,x means average with respect time and space. It represents the ratio between the mean
number of polaritons in a system where gx 6= 0 and the number of polaritons in a system in which
gx = 0,



gp
P
−1
Ep = gp hnp it,x = η γR
R
Pth



gx
Pth
Pth −1
Ex = 2gx hnx it,x = 2 γ
+η 1−
R
P
P

(2.47)

(2.48)

As long as the instability is weak enough, we can approximate η ' 1. In this way we are able to
infer the values of the couplings from the above expressions. Indeed the value of ~γ can be measured
from the spectrum of the signal that comes out from the cavity, because it represent the linewidth
of the emitted signal, so we can extract
gx
Ex
=
.
~R
2~γ

(2.49)

If it is possible to have an estimation of the excitonic and photonic components of polaritons we
can give an estimation of

gp
~R

using the Hopefield coefficients
gp
2
∝ |uLP
x (k = 0)| gx
~R

(2.50)

which implies
~γR =

Ep
2~γ


Ex |uLP (k = 0)|2 P − 1
x
Pth

(2.51)

In the end we have to verify a posteriori if the value of γR is consistent with the assumption η ' 1
simulating the dynamics using those parameters and looking at the mean number of polaritons.
From (2.45), we can rewrite again the criteria of instability using only Ex , Ep , η,
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P
Pth

and the

term describing the effect of finite size:
"



ηk # 
mink6=0 2E
Pth
Ex
1
Pth −1
p
2
>
+
η 1−
+η
Ep
P
P
1 − PPth
1 − PPth

2.3.3

(2.52)

The conservation of mean polariton number and the η parameter

As we said just above, we introduced a new parameter "η" in order to describe the different behaviour
of the conservation of polaritons number between stable and unstable regime. When the system is
in the stable regime (in which the homogeneous steady state is stable) the number of polariton is a
conserved quantity. Because the non equilibrium nature of the system this conservation property is
dynamical: each time some polaritons disappear due to the losses of the cavity, the same number is
reintroduced by the external pumping. To understand what happens when the system is unstable,
i.e. when the hole-burning effect is present, it is convenient to recast the gCGLE into the so called
hydrodynamic equations.
To do this we switch to the density phase representation

ψ(t, x) =

q
np (t, x)eiθ(t,x)

(2.53)

As in the theory of equilibrium condensates, the gradient of the phase defines the velocity field
of the quantum fluid:
v :=

~∇θ(t, x)
m

(2.54)

(we consider only the one dimensional case, but the generalization to higher dimensions is straightforward).
Inserting the new representation (2.53) in the generalized Complex Ginzuburg-Landau equation
(2.13) and using the previous definition, we have the two hydrodynamic equations:
#
√
~2 ∇2 np mv 2
P
−
− gp np − 2gx
m∂t v = ∇
√
2m
np
2
γR + Rnp
"

(2.55)

"

#
P
1
∂t np + ∇ · (np v) = γ
− 1 np
Pth 1 + nnps

(2.56)

where we introduced ns := γR /R, the saturation density. Let us now assume that in the steady
state the total number of polaritons reaches a stationary value
h∂t Np it = 0
where Np =

R

(2.57)

np dx is the total number of polaritons inside the cavity. Despite the system is
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turbulent, under the holes-burning effect, we expect that the mean number of polaritons converge
at large time, without too large fluctuations. Integrating both sides of the continuity equation
(2.56), taking the time average and using the previous consideration we find that:
Z
hNp it =

*

Z
dx hnp it =

dx

P
1
np
Pth 1 + nnps

+

Z
−

t



(np v)
dx ∇ ·
γ


(2.58)
t

If the system is periodic, as in our cases, the last term is always equal to zero. Now we have to
remember that the term

γ P
1
R Pth 1+ nn

represents the excitons reservoir density nR in the adiabatic

s

approximation, so
hNp it =

R
γ

Z
dx hnR (t, x)np (t, x)it

(2.59)

The hole-burning effect means that the polaritons are mostly pushed to the regions where there are
less excitons and the gain is suppressed, which means that the spatial overlap between exciton and
polariton density, on average, is less than in the stable regime:
γ γR
hnR (t, x)np (t, x)it <
R R



P
−1
Pth



ss
= nss
R np ,

(2.60)

putting everything together
γR
hNp it < L
R



P
−1
Pth



= Npss

(2.61)

In the following plots you can see how the ratio Np (t)/Npss converges to a constant value, less
than 1. We check that this value doesn’t depend from the initial conditions, as you can see from
the plots in figure (2.11) , where we started the simulation in the left panel from the zero density
state plus some small white noise, and in the right panel from the homogeneous steady state plus
some small white noise.

Figure 2.11: Time evolution of the number of polaritons inside the cavity over the number of polaritons in
the homogeneous steady state. Used parameters: P/Pth = 2, ~γ = 50 µeV , ~γR = 100 µeV ,
gp /(~R) = 0.01, gx /(~R) = 1, m = 15 · 10−5 me
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The η parameter
η = hNp (t)it /Npss

(2.62)

depends strongly on µb , as we can see from (2.12). For large values of |µb | the mean number of
polaritons, expressed by η, saturates around η = 0.6. So for a quite large window of unstable
situations expressed from the values of µb the mean number of polaritons is the 60% of the stable
system, while it is closer to the stable value in presence of weak instability.

Figure 2.12: η as function of µb , to compute it we kept fixed all the parameters except for gx . Used
parameters: P/Pth = 2, ~γ = 50 µeV , ~γR = 100 µeV , gp /(~R) = 0.01, gx /(~R) =
{0.15, 0.2, 0.3, 0.5, 0.8, 1, 1.5, 2, 2.5, 3}, m = 15 · 10−5 me

2.3.4

Density fluctuations and the role of the healing length

The system is subjected to high density fluctuations, despite the fact that the total number of
polaritons converges to a weakly fluctuating value. In such a system is quite natural to ask how
these density fluctuations are correlated in space, and whether we can extract some information
about the size of the defects which are spontaneously created under the hole-burning effect. In
principle the dynamics is deterministic, so it has no meaning to look at statistical quantities, but,
considering that the system is turbulent and has a certain degree of chaos, it is reasonable to think
of the chaotic dynamics as a stochastic one. The quantity at which we will consider is
G(2) (x, x0 ) :=

hnp (t, x)np (t, x0 )it
hnp (t, x)it hnp (t, x0 )it

(2.63)

The G(2) gives us the information about the size of the defect, as we can see from the plots in
figures (2.13). The distance where correlation is greater than 1 is the typical size of these coherent
structures. We notice that just a bit larger than the size of the defects there is a region in which the
correlation is slightly less than one. This means that the probability to find two polaritons at that
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distance is sub-poissonian, this effect in quantum optics is called anti bunching but in our system,
in which we neglect completely the quantum fluctuations because of the meanfield theory, the antibunching is given from the chaotic dynamics. A crucial quantity of the mean field description is the

(a) µb = −99 µeV , ξ ' 2 µm, m = 6 · 10−5 me

(b) µb = −99 µeV , ξ ' 5 µm, m = 1.5 · 10−5 me

Figure 2.13: G(2) (x, 0). Used parameters: P/Pth = 2, ~γ = 50 µeV , ~γR = 100 µeV , gp /(~R) = 0.01,
gx /(~R) = 2, m = {6/1.5} · 10−5 me

healing length
~
ξ=√
2mµb

(2.64)

The size of the defects is fixed by this quantity, because it is the typical length scale of density
variation due to the effect of interaction. In figure (2.14) we report the relation between the healing
length and the variance of the G(2)
V ar[G(2) ] :=

sZ


x2 | g (2) (x)dx − 1 |

(2.65)

Our definition of the variance gives a good estimation of the width of the G(2) only in the case the
anti-bunching effect is small and the G(2) is sufficiently symmetric around zero. There are for sure
many other estimator that are better, but, in order to show just how the healing length is related
to the size of the defects, we think our estimator is good enough.

In figure (2.15) an example

of strongly unstable regime is reported, in which the dynamics is completely chaotic and the state
becomes highly fragmented into many localized defects which are born and die without moving.
The size of the defects is of the order of the healing length ξ. Another example is in figure (2.16) in
which the healing length is ξ ' 18 µm. With an apparent regularity the system oscillates between
a state organized in two large defects and a chaotic flowing state. This regularity is only apparent
because we didn’t find any simple rule on how to predict the exact evolution of the system. But we
can see how the information about the typical size of these defects is related to the healing length
39

Figure 2.14: The variance of G(2) in function of ξ, to change healing length we kept fixed all the parameters
using different masses. Used parameters: P/Pth = 2, ~γ = 50 µeV , ~γR = 100 µeV , gp /(~R) =
0.01, gx /(~R) = 2, m = {0.1125, 0.15, 0.75, 1.5, 6, 15, 24} · 10−5 me
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Figure 2.15: On the left: time evolution of the density. On the right: snapshot of the density. µb = −49 µeV ,
ξ ' 2 µm. Used parameters: P/Pth = 2, ~γ = 50 µeV , ~γR = 100 µeV , gp /(~R) = 0.01,
gx /(~R) = 1, m = 15 · 10−5 me

and we can extract it from the density density correlation function.

Figure 2.16: On the left: time evolution of the density. On the right: G(2) (x, 0). It is evident the relation
between the width of the G(2) and the typical size of the defects. µb = −99 µeV , ξ ' 18 µm.
Used parameters: P/Pth = 2, ~γ = 50 µeV , ~γR = 100 µeV , gp /(~R) = 0.01, gx /(~R) = 2,
m = 0.12 · 10−5 me
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2.3.5

The role of the sign of the mass

All our previous analysis was done assuming positive mass states, but, as we will see later, on a
particular lattice geometry, it is possible to achieve states with negative effective mass, so it is
legitimate to ask what happens to the condensate if polaritons have negative mass. We are using
the same model as above (using the same equations but m 7−→ −m). Consider (2.13), change the
sign of the mass and take the complex conjugate of the entire equation, you should recover the
same equation but with the opposite sign on gp and gx and the roles of ψ and ψ ∗ exchanged. So,
as we expected from the notion of mass in classical mechanics, systems in which particles have
negative mass are equivalent to the positive mass ones but with opposite interactions (attraction
and repulsion are exchanged). Using the same criteria (2.26), as in the previous section, but with
gef f 7−→ −gef f , we find:
1
2gx γ
P

>
Pth
gp γR 1 − min

k
k6=0 gp |ψ0 |2



(2.66)

So it’s clear that when positive mass state are unstable, negative ones are stable and vice versa.
There’s also a region in which both positive and negative states are stable due to the finite size
effect.
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Chapter 3

Weak density fluctuations regime, the
decay of coherence induced by chaos
Interference fringes are a general property of superposition of waves, and it is a phenomena well
known in classical light experiments. Changing the distance between the pinholes one can investigate the first order correlation between the light at the two different positions. A perfect coherent
field will exhibit constant visibility of fringes as a function of distance. A system subjected to
statistical fluctuations, instead, has a finite distance for which it is possible to see fringes, and, for
longer distances, the visibility of fringes will decay to zero. The phenomenon of interference is also
present in equilibrium quantum gases, in which the role of electromagnetic field is replaced by the
matter field ψ. Indeed, another definition of Bose-Einstein condensation is to require the existence
of long range order, defined by
lim

|r−r0 |→∞

hψ † (r)ψ(r0 )i = n0 ,

(3.1)

where n0 is the condensed density. Long range order is not achievable under all conditions. For
example, in a equilibrium system, it depends strongly on dimensionality: in a one dimensional Bose
gas at the equilibrium, the spatial coherence decays exponentially, due to quantum and thermal
fluctuations,
lim

|x−x0 |→∞

0

hψ † (x)ψ(x0 )i = n0 e−|x−x |/leq.

(3.2)

[50]. This should invalidate the mean-field description, in which we used the assumption of infinite
range correlations. Nevertheless it is possible to describe the system keeping alive the concept of
the order parameter, defining a sort of finite long range order, on a physical scale which could be
considered long for the problem, and describing the system statistically on a longer scale. The
aim of the present chapter is to show that also a chaotic dynamics of the order parameter can
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lead to a decay of the coherence. To explain it in a clear way, we will derive an equation only
for the phase dynamics, valid in a regime in which the hole-burning effect generates only weak
density fluctuations, in contrast to the last chapters in which we saw strong modulations of density
and creation of localized defects. The weak density fluctuations regime is valid only in a very
narrow range of parameters, but, however, it is useful to understand how in the unstable regime,
the condensate exhibits completely different properties. In particular the decay of coherence is of
particularly interest, because it is a standard measurable quantity, and it is particularly surprising
that statistical effects emerge from a deterministic theory.

3.1

From the gCGLE to the Kuramoto-Sivashinsky phase equation

It is well known, both for atomic BEC and polariton BEC, that in the weakly density fluctuating
regime the decay of coherence, which is given by the field-field correlator
C(t, ~r, t0 , ~r0 ) := hΨ̂† (t, ~r)Ψ̂(t0 , ~r0 )i ,

(3.3)

is mainly affected by the phase fluctuations of the macroscopic wave-function:
0

0

0

0

2

C(t, ~r, t0 , ~r0 ) ' n0 hei(θ(t,~r)−θ(t ,~r )) i ' n0 e−h(θ(t,~r)−θ(t ,~r ))

i/2

(3.4)

where the last passage is given by the so-called second cumulative expansion. As we did in chapter
(2.3.3), it is convenient to switch to the density-phase representation. We have to stress that we
do not include fluctuations in our theory, and, in principle, the dynamics is deterministic, and it
wouldn’t make any sense to speak about decay of coherence, because it is a stochastic effect. But,
as we will see, the hole-burning effect induces spatio-temporal chaos on the phase dynamics, and so
we can study it as a stochastic dynamics. Consider again the two coupled equation (1.49-1.50) of
the non-resonant model. To find the equation which governs the phase dynamics, we start from an
homogeneous density state, with weak density perturbation, and the phase free to evolve in space
and time:
ψ(t, ~r) =

p
n0 (1 + δn(t, ~r))ei(θ(t,~r)−µt) ,

(3.5)

with |δn(t, ~r)|  1 and, for the exciton reservoir:
nR (t, ~r) = n0R (1 + δnR (t, ~r)).

(3.6)

We put these expression in the full non resonant model, described by equations (1.49) and (1.50).
At the leading order in δn, δnR (also neglecting the cross products between δn, its derivatives and
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θ and its derivatives), separating imaginary and real parts, we have:

~

~Rn0R
~∂
~2 2
δn = −
∇ θ+
δnR
2 ∂t
2m
2

(3.7)

∂
~2 2
~2
θ=
∇ δn −
(∇θ)2 − gp n0 δn − 2gx n0R δnR
∂t
4m
2m

(3.8)

∂δnR
= −(γR + Rn0 )δnR − Rn0 δn
∂t

(3.9)

Under the adiabatic approximation, we consider δnR as a static field. The three equations simplify
to two coupled equations:

~

~2 2
~Γ
~∂
δn = −
∇ θ−
δn
2 ∂t
2m
2

(3.10)

∂
~2 2
~2
θ=
∇ δn − µδn −
(∇θ)2
∂t
4m
2m

(3.11)

Where
Γ := γ

(P/Pth − 1)
,
P/Pth

(3.12)

and
µb = gef f n0

(3.13)

is the Bogoliubov chemical potential, with as gef f the usual effective coupling constant defined in
(2.37).
Consider now equations (3.10-3.11). We assume that the dynamics of density fluctuations is
much faster than the phase dynamics,
Γ

~k 2
,
2m

(3.14)

which is an adiabatic assumption on the density fluctuation induced by the hole-burning effect. In
this regime we can neglect the temporal evolution of δn.
δn = −

~ 2
∇ θ
mΓ

(3.15)

Put now eq. (3.15) into eq. (3.11):

~

~µb 2
~3
~2
∂θ
4
=
∇ θ−
∇
θ
−
(∇θ)2
∂t
mΓ
4m2 Γ
2m

(3.16)

Eq. (3.16) is the Kuramoto-Shivashinski equations. The Kuramoto-Sivashinsky equation is considered the simplest equation which admits spatio-temporal chaos, [39]-[2]-[28]-[49]. Before to go on,
we have to say that the assumption of small density fluctuations is true only in a narrow range of
parameters, and under conditions which could be not experimentally realizable. For example, we
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Figure 3.1: Time evolution of density, in the weak density fluctuating regime. Parameters: P/Pth = 100,
~γ = 500µeV , ~γR = 1µeV , gp /(~R) = 0.01, gx /(~R) = 0.05, m = 7.5 · 10−4 me , L = 204.8µm.

report a simulation done in the small fluctuating regime on figure 3.1. We used an heavier mass,
with respect to the usual polariton mass available in a laboratory, very weak interactions, and very
strong pumping. Moreover, also the adiabatic condition (3.14), which reduces the dynamics to the
only phase dynamics, is true only in a narrow range of parameters, in particular when the size of the
system, L, is very large and λM I ' L, which means that only a few unstable modes are active, and
their kinetic energy is very small with compared to ~Γ [28]. For the difficulty to find the exact range
of parameters in which it is possible to see the phase chaos from simulating the gCGLE, we omit
to report numerical simulations. Nevertheless the theoretical investigation of the phase dynamics is
conceptually interesting, because, as we will see in the next section, it shows how spatio-temporal
chaos kills coherence, even at the level of mean-field, where there should be long-range order.
Defining the following length, angle and time scales:

l∗ :=

~2
4m|µb |

(3.17)

|µb |
~Γ

(3.18)

~2 Γ
4µ2b

(3.19)

θ∗ := 2
t∗ :=

1/2

it is possible to rescale the KS equation:
∂ θ̃
˜ 2 θ̃ − ∇
˜ 4 θ − (∇
˜ θ̃)2
= sgn[µb ]∇
∂ t̃

(3.20)

where sgn[µb ] is the sign of µb . The length scale l∗ and the time scale t∗ both diverge when µb −→ 0,
this is due to the fact that when µb crosses the zero, and turns from positive to negative (or vice
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versa), the system experiences a sort of phase transition, in which it losses its property to relax
to an homogeneous steady state and enters in a chaotic behaviour. (Remember that from (2.26),
µb < 0 means that we are in the unstable regime). We can understand the origin of this chaotic
dynamics looking at the linear analysis of equation (3.20):


∂ θ̃
= − sgn[µb ]k̃ 2 θ̃ + k̃ 4 θ
∂ t̃

(3.21)

where we passed to Fourier k-space on both sides. When µb > 0, the linearized equation is damped
for every mode k, which means that KS equation admits an homogeneous solution, which is stable.
When µb < 0, low k modes are exponentially divergent, which means that the homogeneous solution
is no more stable. It is worth noticing that the divergent part of the dispersion of the KS equation
has the same shape of the divergent part of the dispersion of the gCGLE, as it is reported in equation
(2.25):
k→0

ωKS (k) −−−→

|µb | 2
k .
mΓ

(3.22)

This is consistent with our interpretation that the Goldstone branch represent the dynamics of the
phase fluctuations. The exponential blow up is prevented by the non-linear term, which transfers
the amplitude of low k modes to high k, which are damped, so, in the end, a dynamical steady state
is produced, in which amplification of low k modes is balanced with dissipation of high k modes.
There is a conjecture by which, in one dimensional systems, it is possible to map the long range
properties of the chaotic KS equation into the long range dynamics of the KPZ (Kardar-ParisiZhang) equation, [34]-[57]. This conjecture is supported by a lot of numerical works, as we can see
from the literature, [54]-[57].
∂ θ̃
˜ 2 θ̃ − ∇
˜ 4 θ − (∇
˜ θ̃)2
= −∇
∂ t̃

7−→

∂ θ̃
˜ 2 θ̃ + λ (∇
˜ θ̃)2 + η
= ν∇
2
∂ t̃

(3.23)

where
hη(t, x)η(t0 , x0 )i = Dδ(x − x0 )δ(t − t0 )

(3.24)

The coefficents ν , λ , D are given by numerical fits and depend from the cut-off on the high-k
modes, since the mapping is valid only on the long range properties, [2]-[24]-[42]-[54].
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3.2

The KPZ dynamics to explain the long range behaviour of the
coherence in the chaotic regime

The KPZ equation is the simplest evolution equation to describe growing interfaces, that satisfies
translation invariance, rotational invariance and with no time reversal symmetry:
λ
∂θ
= ν∇2 θ + (∇θ)2 + ξ
∂t
2

(3.25)

where ξ is a random variable that satisfies
hξ(t, x)i

=

0

(3.26)

hξ(t, x)ξ(t0 , x0 )i = Dδ(x − x0 )δ(t − t0 ).

Note that all the quantities are rescaled using the rescaling defined in (3.17-3.18-3.19), but we omit
the ˜· to simplify the notation. We restrict our analysis only to one dimensional systems, for which
the mapping of the KS equation onto the KPZ one is universally accepted. The first term on RHS of
the KPZ equation describes diffusion on the growing interface, while the second term takes account
of the fact that the growth is perpendicular to the surface. Performing the scale transformation
x 7−→ bx

t 7−→ bz t

θ 7−→ bχ θ

(3.27)

we are looking to some values of the critical exponents z, χ for which the transformed system exhibits
all the statistical properties of the original one. We assume that these values already exist; this is
the scaling hypothesis. Assuming that θ could approach a steady state, from the scaling hypothesis
follows immediately the general form of the correlation function (the correlator must transforms as
the square of the field, and depends only on |x − x0 | and |t − t0 |, as translation invariance and steady
state condition impose):
0

0

0

0

2

0 2χ

C(t, x, t , x ) := h θ(t, x) − θ(t , x ) i = |x − x | g



|t − t0 |
|x − x0 |z


(3.28)

Where g(y) is a universal function with the following properties:
y→0

1. Since the equal time correlator should depend only on |x − x0 |, g(y) −−−→ constant
2. On the other hand, time correlations of the same point should depend only from |t − t0 |, that
y→∞

implies g(y) −−−−→ y 2χ/z
This particular shape of the correlator is constrained by the requirement that under transformation
(3.27) it transforms as the product of two fields θ, that means: the scale transformation changes
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the amplitude of the field θ and for this reason there is a change in the visibility (we used visibility
instead of amplitude, in agreement with the quantum optics language) of the two point correlation
function, but the statistical properties are exactly the same. It is equivalent to say: one can always
find some long wave length fluctuations that behave like some short wave length ones, in a sort of
fractal manifestation of statistical properties. Is there a way in which we can find z and χ in order
to satisfy the scaling hypothesis and thus find the correlator of KPZ equation? In one dimension the
answer is yes. A way to find relations between the critical exponents is to require that the rescaling
preserves the symmetries of the starting equation. A symmetry that we would preserve in our
phase equation is the Galilean invariance, that is present also in the gCGLE. Under an infinitesimal
galilean transformation the phase changes, according to general rules of quantum mechanics, as
θ(t, x) 7−→ θ(t, x + λt) + x

(3.29)

and one can verifies easily that it is a symmetry of KPZ equation. Now let see what happens to
equation (3.25) if we perform both the scaling transformation (3.27) and the infinitesimal galilean
transformation. But, before showing the result, a question arises spontaneously: how does the noise
transform? If we put the system on a space-time lattice and we look at the noise correlator we
should find:
hξ(tn , xi )ξ(tm , xj )i = D

δi,j δn,m
∆x ∆t

(3.30)

That means, in order to preserve the statistical properties, ξ must transform as :
ξ 7−→ b−

1+z
2

ξ

(3.31)

In the end we arrive at the transformed equation:
∂θ
λ
+ λ∇θ = νbz−2 ∇2 θ + bz+χ−2 (∇θ)2 + bz/2−χ−1/2 ξ + bχ+z−2 λ∇θ
∂t
2

(3.32)

In order to still have galilean symmetry the second term on the LHS and the last term on the RHS
should cancel each other. This requires that
z+χ=2

(3.33)

At this point we need another relation. There exists a mapping between KPZ equation and FokkerPlanck equation by which we can find the probability distribution for the phase θ. The Fokker-Plank
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equation for KPZ probability distribution is:
Z

δ
dx
δθ(x)

∂t P([θ(x)], t]) = −




λ
δP
2
2
ν∇ θ + (∇θ) P − D
2
δθ(x)

(3.34)

[33]. In our one dimensional case we can directly verify that the steady state solution is:


Pss

Z

ν
= exp −
2D

2



dx(∇θ(x))

(3.35)

The steady state of the probability distribution in one dimension, Pss , is the same of the linearized
equation (with λ = 0), in the language of fields KPZ theory is equivalent to a free theory. Because
of the scaling hypothesis we need that Pss doesn’t change under the scale transformation (3.27).
The effect of the scale transformation is
Pss 7−→

0
Pss



2χ−1

= exp −b

0 , ∀ b, is possible only if
so Pss = Pss

χ=

ν
2D

Z

2



dx(∇θ(x))

1
2

,

(3.36)

(3.37)

and, with the constraint due to Galilei invariance, that implies
z=

3
2

(3.38)

Then we have found that the long range phase-phase correlator goes as
C(x, x0 ) =
where the whole pre-factor

D
2ν

D
|x − x0 |
2ν

(3.39)

comes from an analysis of the universal function g(y) done in [54]

(once one notices that in the long range limit KPZ is equivalent to the free theory, it is possible
to compute C(x, x0 ) from the linearized equation by standard stochastic integration, and verify the
result reported above). As explained in section (3.1), from the equal time phase-phase correlator,
we can derive the long range behaviour of the field-field correlator in the chaotic steady state, using
the second cumulant expansion:
lim

|x−x0 |→∞

†

0

hΨ̂ (x)Ψ̂(x )i = n0 e

D
− 4ν

2
θ∗
|x−x0 |
l∗

(3.40)

where we reintroduced l∗ and θ∗ , to come back from the rescaled units, to the physical units. As
we said in the last section, there is a correspondence between the chaotic phase dynamics of the
polariton condensate and the KPZ stochastic dynamics, (3.23). The decay of coherence of the
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condensate at large distance is well described by the KPZ correlator. It decays exponentially, as in
a one-dimensional equilibrium Bose gas. But here this effect is not given by the thermal or quantum
fluctuations, but by the presence of spatio-temporal chaos, which is a property of the non-linear
evolution of the mean field. The correlation length is
lc :=

4ν m2 Γ2 5
ν ~2 Γ2 ~
√
=
ξ ,
D 4|µb |5/2 m
D ~2

(3.41)

where the parameters D and ν can be derived from numerical fit, as reported in [42]. It is not possible
to map it onto the correlation length of a thermalized system, because its strange dependence from
the mass,
1
lc ∝ √ ,
m

(3.42)

1
.
m

(3.43)

while, for a thermalized system:
leq. ∝

Note that this particular feature is characteristic of the unstable regime, since it is shown in [64]-[7]
that, including fluctuations, in the stable regime spatial correlations appear thermalized, with only
a renormalization of the polariton mass, but conserving the dependence as in (3.43).
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Chapter 4

Finite size pumping spot
In almost all parts of this work we speak about polariton systems in which the pumping spot is
so large to be consider infinite, and so homogeneous pumping in all the regions of the system.
Polaritons can survive only in a spatial region in which the pump is strong enough, so using a finite
spot, introduces in the system some sort of effective boundaries. Without entering too much into
all the possible features that come out when using a finite spot, we will illustrate how the finite,
small, spot affects the unstable regime, in particular how it suppresses the hole-burning effect due
to the effective finite size, induced by the small region in which the pump overcomes losses. At
the end of the next section, we will illustrate a comparison between a clean unstable system and a
disordered stable system, pumped with the same small spot. We will see that the two systems are
so similar, that it is not possible to distinguish them. It will be a topic also investigated in the next
chapter: is possible that disorder acts as a screening effect for this physics, which comes out from
the hole-burning effect?
The small pumping spot gives rise to many new situations, which are not permitted in equilibrium system at all, [64]. The presence of the gain/losses term in the non-resonant model breaks
the time reversal symmetry, because the pumping introduces an heat flux into the cavity, which
makes the process irreversible. So, the equation admits the possibility to make evident the arrow
of time, for example having a steady state in which a flow of polaritons is present. This situation is
achievable when the pumping spot is finite, and the only way to have a steady state, with vanishing
gain/losses term, is to have an inhomogeneous phase along the condensate. Referring to equations
(2.56-2.55), an inhomogeneous phase means that there is a flow of polaritons. This flow is due to
ballistic ejection of polaritons, out of the region in which P (x) > Pth , because of repulsive interactions. Condensation now does not appear in k = 0, but at finite k and at higher energy with
respect to the bottom of the single particle dispersion.
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Figure 4.1: Steady state of a system pumped using a small spot. Despite the presence of strong excitonpolariton interaction the system is stable, due to the effective finite size induced by the pumping
spot. Used parameters: P0 /Pth =10, ~γ=50 µeV , ~γR = 100µeV , gp /(~R) = 0.01, gx /(~R) =
0.3, m=15 · 10−5 me , L = 102µm

4.1

Effects of small pumping spot

Using a small pumping spot introduces a lot of new physics, with respect to the infinite homogeneous case, for example the ballistic ejection of polaritons out of the pumped region. But there is
more: the finite spot introduces an effective boundary, and spontaneous creation of long wavelength
excitations becomes possible only inside this region, where P (x) > Pth (we will call this region as the
active region). When criterion (2.26) is satisfied the system is affected by the hole-burning effect,
but we expect that it manifests itself only if the active region is large enough. In the following
simulations we used
2 /2σ 2

P (x) = P0 e−(x−x0 )

(4.1)

where x0 is the center of the system. In figure 4.1, we report a simulation in which the spot is so
small that the instability is suppressed. Indeed the homogeneous system would be unstable, because
µb = −18 µeV . Differently from the homogeneous system, now it is not easy to estimate the size of
the spot, in order to unfreeze the long wavelength unstable modes. The first evident manifestation
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Figure 4.2: Steady state of a system pumped using a small spot. The large size of the spot allows the presence
of long wavelength unstable modes. Used parameters: P0 /Pth =10, ~γ=50 µeV , ~γR = 100µeV ,
gp /(~R) = 0.01, gx /(~R) = 0.3, m=15 · 10−5 me , L = 102µm

of the hole-burning effect is at σ = 22µm, in figure 4.2, using the same parameters as in figure 4.1.
Maybe at lower value of σ, the regime is also unstable, but it requires much more time to develop
the instability.
Another interesting example is a system pumped with a small spot, but with a much larger
negative µb than the previous examples, which means, a system that under homogeneous pumping
would be much more unstable than the examples in figure 4.1-4.2. To realize such a system we
used a larger value of the exciton-polariton coupling constant, gx . Pumping with a small spot, with
σ = 4 µm, the system shows weak instability, characterized by density oscillations and sporadic
collapses in strongly localized defects, see figure 4.3. This system exhibits a large ballistic ejection
of polaritons, as is clearly visible from the time average density, which is larger than zero even in
the regions far outside from the active region. This is due to the exciton-polariton interaction term,
which, expanded up to zero-th order in |ψ|2 , it represents a potential hill, for polaritons:
2gx nR (x) ' 2gx


P (x)
− o |ψ|2 .
γR
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(d) Time evolution of the density.
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present, and manifests itself by density oscillations and sporadic collapses in localized defects, which
are immediately ejected outside the
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Figure 4.3: Steady state of a system pumped using a small spot. The high value of µb = −171 µeV , allows to
have unstable modes, even in a so small region as the active region, delimited by the spot width.
Used parameters: P0 /Pth =10, ~γ=50 µeV , ~γR = 100µeV , gp /(~R) = 0.01, gx /(~R) = 1,
m=15 · 10−5 me , L = 102µm

Instead, the higher order terms of the above expression are responsible of the hole-burning effect,
inside the active region.
The last example is again about the unstable/ballistic regime, using a larger value of the excitonpolariton coupling, gx /(~R) = 2. The system shown in figure 4.4 is highly affected by the holeburning effect. The large value of gx gives rise to a strong ballistic ejection effects, and the defects
created by the instability are immediately accelerated outside of the active region. It is interesting
to see that the system is in a evident energy-multimode state. When only information about average
density and energy spectrum is available, an unstable system, dominated by the hole-burning effect,
are hard to distinguish from a disordered system. An example of a simulation that includes only a
disorder potential, but no instability due to the hole-burning effect is shown in figure 4.5. Comparing
figures 4.4 a-b-c and figures 4.5 a-b-c, there is no clear qualitative difference in between. In the next
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Figure 4.4: Steady state of a system pumped using a small spot. The high value of µb = −171 µeV , allows to
have unstable modes, even in a so small region as the active region, delimited by the spot width.
Used parameters: P0 /Pth =10, ~γ=50 µeV , ~γR = 100µeV , gp /(~R) = 0.01, gx /(~R) = 2,
m=15 · 10−5 me , L = 102µm

chapter we will see another manifestation of this similarity, where disorder can hide the unstable
regime, because it has similar consequences on the experimentally observable physical quantities.
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Figure 4.5: Steady state of a system pumped using a small spot, with disorder. The system is stable from the
point of view of the analysis done in chapter (2), but is affected by disorder. Used parameters:
P0 /Pth =10, ~γ=50 µeV , ~γR = 100µeV , gp /(~R) = 0.25, gx /(~R) = 2, m=15 · 10−5 me ,
L = 102µm, σ = 5 µm.
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Chapter 5

The need for energy relaxation
In this chapter we will discuss the localization property of the condensate in presence of disorder.
We will discuss some differences between the localization properties of a stable condensate, and the
localization properties of an unstable-turbulent condensate, affected by the hole-burning effect. In
the end we will propose a mechanism for which the instability could become indistinguishable from
the effect of disorder on a system in which polaritons have a short life-time.
Disorder is almost always present in polariton physics. Typically it comes from modulations
in the distance between the two mirrors of the cavity, and it is a strong technological challenge to
implement a cavity in which disorder is so weak to consider it negligible. We can implement the
presence of disorder in our model by using an external potential with a random shape, as was briefly
discussed in the end of chapter (1.2). So we are looking at the dynamics of the condensate in an
external potential, with many wells and barriers with random depth. In a such system it is highly
of interest to discuss how the condensate feels the disorder and, in particular, whether polaritons
experience localization in the local minima induced by it. The non resonant model is able to describe
a weak localization that depends on the polariton life time: when the polariton life time is short, the
condensate is fragmented into all the local minima. Increasing polariton life time the condensate
is able to organize itself and the density is peaked at the deepest minima. But, unless there is
a strong confinement, strong localization in disorder potential is not featured by the model. The
saturable action of pumping and the polariton-polariton repulsion are very efficient screening effects
and tend to homogenize the system. At a first sight, the effective attraction between polaritons
due to the exciton-polariton interaction could favour localization: the more polaritons are localized,
the more excitons push them together and so the more they are localized. But we have seen that
the effective attraction mechanism (the hole − burning effect) doesn’t admit a stationary state and
the system remains trapped in a turbulent dynamics. Thus the unstable system will be localized
but in a dynamical way and the time averaged density will be perfectly homogeneous. Looking at
some recent experiments, not yet published, we saw a condensate with very non-homogeneous time57

averaged density which suggested us that there should be something missing in the non-resonant
model. The easiest way to describe this strong localization is to include in the model an energy
relaxation term that allows the condensate to lose energy in order to relax in the lower energy
levels of the external disorder potential. The physical justification of this energy losses process
is related to scattering between polaritons and environment particles, [60]-[61]. We can imagine
that, beyond polaritons and reservoir excitons, there are many other particles in the system, such as
phonons and other excitons that don’t participate directly to the condensate dynamics. High energy
polaritons can scatter with these particles and, if we consider the environment at zero temperature,
the scattered particles carry away the energy of those high energy polaritons. After the scattering
process, the environment particles decay, for example as phonons inside the cavity or as emitted
light outside the cavity, and so the energy is definitively lost. It is worth noticing that there are
many other ways in which is possible to introduce an energy relaxation term in the theory, for
example considering an energy dependent pumping
P = P (ω)

(5.1)

or an energy depended relaxation rate between reservoir and condensate
R = R(ω)

(5.2)

or, again, using an energy depended polariton life time. All the previous scenarios could be discussed,
and they all have some arguments in favour, nut also some counter arguments. We don’t want to
discuss here all possible physical considerations in order to introduce the energy relaxation in a way
despite another way.

5.1

Energy relaxation term trough scattering with the environment

To implement the energy losses we are considering a simple scattering process described by a semiclassical rate equation. But, first of all, we have to distinguish between the high energy modes,
which are involved in the scattering process, and the low energy ones, which are not affected by the
scattering with environment particles. To do it we assume that it is possible to identify a gap in
the time scales of the condensate dynamics, for which it exists a slow dynamics and a fast dynamics
which represents the high energy polaritons. Into this gap we consider a time interval T .
1
ψω (t, x) :=
T

Z

t

t−T
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0

eiωt ψ(t0 , x)dt0

(5.3)

is the spectrum of high frequency modes, which period is less than T . To come back from this
coarse graining procedure we consider the following inverse transform:
ψ(t, x) =

X

0

eiωt ψ(t0 , x)dt0

(5.4)

ω

To include in our description the processes of scattering between polaritons and excitons which give
rise to a net losses of energy, we consider only incoherent scattering, and we describe this process
using a phenomenological rate equation:
dnω (t, x) = nω (t, x)

X

r(ω, ω 0 )nω0 (t, x)dt,

(5.5)

ω0

where nω (t, x) = |ψω (t, x)|2 . Moreover we consider only processes in which the number of particles
is conserved, which implies
r(ω 0 , ω) = −r(ω, ω 0 ).

(5.6)

From this assumption we see that a polinomial expansion of the rate r is only made of odd power
of (ω − ω 0 ). We expand the rate at lowest order, so:
r(ω 0 , ω) = κ(ω − ω 0 ) + o((ω − ω 0 )3 ).

(5.7)

In absence of phase modification, the variation in the macroscopic wave function is
r
ψω + dψω =

1+

dnω
ψω
nω

(5.8)

Expanding up to first order, and using the rate equation (5.5) we find
r

dnω
1+
ψω '
nω

ψω + dψω =

!
1X
1+
κ(ω − ω 0 )nω0 dt ψω .
2 ω



dnω
1+
ψω =
2nω

(5.9)

Using on both sides the inverse transform (5.4) we have the final expression of the variation of
the macroscopic wave function, subjected to incoherent scattering with excitons which carry away
energy from the system
dψ =

1
2

P

ω0

nω 0 κ

P

ω

e−iωt ωψω −

P

ω0

ω 0 nω 0

P

ω


e−iωt ψω dt

(5.10)

= (−~αi∂t ψ + µ̃ψ) dt
where α and µ̃ in principle depend both from space and time and they are defined directly from the
previous expression, for our purposes we will consider them as constants. α defines the rate of the
energy relaxation. µ̃ expresses the conservation of the total number of particles. It fixes an energy
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for which all the modes above are damped and all the modes below are amplified, in such a way
there is not net dissipation of particles. In the end the gCGLE becomes:
 2 2


~ ∇
2gx P
i~
RP
∂ψ(t, ~r)
2
= −
+ gp |ψ(t, ~r)| +
+
− γ + µ̃ ψ(t, ~r)
i~ (1 + iα)
∂t
2m
γR + R|ψ(t, ~r)|2
2 γR + R|ψ(t, ~r)|2
(5.11)
Considering α constant, we can fix µ̃ requiring the stability of the homogeneous solution. Inserting
ψ(t, x) = ψ0 e−iµT /~

t

(5.12)

in equation (5.11), we find
µT =

i
1
(E + αµ̃ + αZ) +
(Z + µ̃ − αEint ) ,
2
1+α
1 + α2

(5.13)

where
E = gp |ψ0 |2 + 2gx

P
γR + R|ψ0 |2

(5.14)

is the interaction energy, and
~
Z=
2



RP
−γ
γR + R|ψ0 |2


(5.15)

is the gain term. Using
γR
|ψ0 | =
R
2




P
−1
Pth

(5.16)

we have that
Z = 0,

(5.17)

which fixes the value of µ̃, in order to have zero net gain:
µ̃ = αE.

(5.18)

Note that, if you insert (5.18) in (5.13), with Z = 0, the result is
µT = E,

(5.19)

that is the same value for the homogeneous solution without the relaxation term. So, using µ̃ = αE,
the homogeneous solution is preserved. In the next section we will keep µ̃ = αE, fixed in all the
simulation.
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5.2

The effect of energy relaxation on the localization property of
the condensate in a disordered nano wire

With the inclusion of the new energy relaxation term, the model is able to distinguish between
high energy and low energy states, preferring the low energy ones. This point is important for two
reasons: first, to discuss superfluidity, introducing a critical speed, above which the system becomes
dynamically unstable, second, to discuss the localization in presence of disorder. We will not discuss
here the first point, despite its role of interest in these kind of systems, but we will focus only on
the second point, which could give us insights in how to relate the unstable regime to physical
observables. The main motivation for our investigations on disorder and energy relaxation is to
understand how the unstable regime can be detected experimentally. One possibility is a different
response to a disorder potential. Typically the measured quantities are averaged over time, so, for
example, in an ideally clean cavity (without disorder), the time average density of an unstable system
will be flat like a stable homogeneous state, because in the unstable state the density is modulated
in bumps, which move around in the cavity, in a chaotic motion, so in the end the time average
density will be flat (it is because of the conservation of the mean number of particles discussed in
section (2.3.3) ). But, as discussed in the previous sections, we have to consider also the presence
of disorder, and energy relaxation. At this point localization becomes an important feature and
one could expect a difference in localisation properties for the unstable and stable system. Because
the hole-burning effect induces an effective attraction between polaritons, keeping them closer in
the local potential wells made by disorder, it could increase the effect of localization. In the stable
regime, one expects less localization, because the repulsive interaction between polaritons acts as a
screening effect of disorder. The life-time of polaritons is crucial in the localization mechanism: the
longer polaritons live, the more they can move in order to find and relax into the deepest minima of
the disorder potential. So, between stable and unstable regime, we expected to see a very different
behaviour of localization as a function of dissipation γ. In figures 5.2, we report the results of
some simulations for stable and unstable regimes at different values of γ, keeping fixed the excitonic
blue-shift 2gx nR . All the simulations were done using the same disorder. We implemented disorder
as an external potential, generated from a sequence of gaussian correlated random numbers. We
also put in the disorder potential some regular holes, to simulate the existence of two different
length scale of disorder. This choice of potential resembles the experimentally observed disorder
profile and makes the difference between the stable and unstable regime more clear.
As expected the stable system is less localized at low γ, because of the screening effect of
polariton-polariton interaction. But there is something more. The unstable system is highly localized at low γ, but at high γ it behaves roughly like the stable system. So, from the point of view
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Figure 5.1: Disorder potential. In order to be in line with the Paris experiments in [3], we take the RMS
amplitude is VRM S ' 0.5~γ

of density modulations, in presence of disorder, the stable and unstable regimes behave similarly at
high γ, because polaritons don’t have enough time to organize themselves, and they remain trapped
in the short-scale disorder. In cavities with lower γ, stable and unstable regimes become more
distinguishable. In particular, due to longer life-time of polaritons, the unstable system is more
sensitive to long-scale disorder, while the polariton-polariton interaction acts as a screening effect
for the disorder.
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(e) Time average density, unstable
regime, low dissipation ~γ = 50µeV

(b) Density time evolution, stable regime,
low dissipation ~γ = 50µeV

(f) Density time evolution, unstable
regime, low dissipation ~γ = 50µeV
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(c) Time average density, stable regime,
high dissipation ~γ = 500µeV

(g) Time average density, unstable
regime, high dissipation ~γ = 500µeV

(d) Density time evolution, stable regime,
high dissipation ~γ = 500µeV

(h) Density time evolution, unstable
regime, high dissipation ~γ = 500µeV

Figure 5.2: Time average density and sketch of density time evolution. Left panels represent the stable
system, for low dissipation, top panels, and for high dissipation bottom panels. Right panles
represent the unstable system, for low dissipation, top panels, and for high dissipation bottom
panels.
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Chapter 6

One dimensional lattices of polariton
condensates
There exist other polaritonic systems, completely different from the previous ones, in which the
chaotic-turbulent dynamics is also possible, but, maybe with a more evident phenomenology? We
analysed the phenomenology of an unstable condensate in a nano-wire. We found many interesting
things, but also an ambiguity into a possible detection of this regime. Indeed, in chapters (4-5),
we saw that, measuring the time averaged density, it is difficult to distinguish the chaotic regime
induced by the hole-burning effect, from the presence of disorder (we saw a clear difference only for
~γ = 50µeV , but typically experiments are done at higher values of the linewidth, and it is difficult
to have a cavity with so small dissipation). In chapter (3), we found how the instability affects
the coherence, but it is difficult to distinguish this effect from the decay of coherence induced by
the intrinsic noise of the pump/loss process. Another effect which is due from the instability is the
shape of the density-density correlation, G(2) , that we saw in chapter (2.3.4), but it is not an easy
quantity to measure.
If we would be able to change the sign of the mass of our polaritonic system, we should see
a clear distinction between the system with positive and the system with negative mass, because,
as we said in chapter (2.3.5), a system in which polaritons have negative mass is stable under the
hole-burning effect. But, a polariton with negative mass doesn’t make any sense! This is true,
except for the case in which one considers the dynamics on a lattice, as we will see.
In some recent experiments [3]-[31]-[38] it was seen that, etching the nano structures in which
polaritons live, it is possible to make discrete systems in which the condensate is fragmented on the
different constituents of the nano structure, which can be thought of as cells. These fragmented
parts can interact each other, from one cell to another cell, via the tunnel effect. If the size of
each cell is sufficiently small, the macroscopic wave function inside the cell is frozen, due to finite
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size effects (note that, even if the exciton-polariton interaction is strong enough to trigger the
instability via the hole-burning effect, the condensate in each cell can reach a stable steady state
because of finite size effect that suppressed the instability, as we saw in section (2.3)). Therefore a
good description of those systems is the tight-binding approximation, that maps the dynamics of
the whole condensate onto the dynamics between the different cells, so a discrete lattice dynamics.
The hopping probability between different cells defines an effective mass for the system, which can
be positive but also negative. We will see how the system in tight binding approximation exhibits
the same properties of the discretized version of the non-resonant model, and in particular how it
exhibits the instability via the hole-burning effect.
The possibility to have negative and positive mass states in the spectrum of the theory, combined
with the stability/instability that comes from the interactions, gives rise to new different ways to
have condensation. We will see that our predictions and our general idea on how the dynamics on a
lattice structure are in good qualitative agreement with the experiments, see [3]-[31]. In particular
the mechanism in which the interactions favour differently the different bands it seems to be a
generic property of this kind of systems.
Our description is still based on the non-resonant model, expressed by the generalized GrossPitaevskii equation:

 2 2

~ ∇
i~
∂ψ(t, x)
2
= −
+ V (x) + gp |ψ(t, x)| + 2gx nR (t, x) + (RnR (t, x) − γ) ψ(t, x),
i~
∂t
2m
2

∂nR (t, x)
= P (t, x) − γR + R|ψ(t, x)|2 nR (t, x).
∂t

6.1

(6.1)

(6.2)

Discrete gCGLE model for lattice system

In this part we are considering a one dimensional system of polaritons that is divided in pillars.
Every pillar represents a strong confinement for polaritons, and the condensate is fragmented. So the
system becomes an effective array of condensates, in which every fraction of the whole condensate is
localized in a pillar and it can move in the neighbouring sites by tunneling. The idea is to describe
the dynamics between the pillars, considering frozen the dynamics inside each one, because of the
strong confinement. In this way we can map a problem with an infinite degrees of freedom into a
problem with a finite number of degrees of freedom, [55]. The hypothesis of localization in each
pillar implies that we can rewrite the macroscopic wave function (or order parameter) as:
Ψ(t, x) =

X

φ(x − j∆x)ψj (t)

j
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(6.3)

where j is the index of the pillar (lattice site), ∆x is the distance between the center of two
neighbouring pillars and φ(x − j∆x) = φj (x) is the macroscopic wave function of polaritons inside
the pillar; we consider as φj (x) a function peaked in x = j∆x that is fast decreasing outside the
j − th pillar, that is normalized to 1. We have to consider a similar approach to the reservoir of
excitons:
nR (t, x) =

X

η(x − j∆x)nj (t)

(6.4)

j

where η(x − j∆x) = ηj (x) is constant into the j − th pillar and is zero outside (that is because
excitons are treated as classical objects, so they cannot tunnel, and are fully confined in each lattice
site), and, it is normalized to 1.
Now, take the non-resonant model, defined by the system of the two coupled equations for
the polariton condensate and exciton reservoir (6.1,6.2), insert the two expressions (6.3,6.4) for
the condensate macroscopic wave function and for the excitons reservoir density into the coupled
equations. Then multiply the condensate equation by φi (x) and the reservoir equation for ηi (x) and
integrate on the i − th pillar domain [i∆x − ∆x/2; i∆x + ∆x/2]. Due to the properties described
above of φi and ηi , we can consider many of those integrals negligible. Thus
Z
φi Âφi±k ∼ 0,

(6.5)

where k > 1 and Â is a generic operator in L2 (R), because we can consider negligible the overlap
between the macroscopic wave function of two pillars that are not first neighbouring. For the same
reason
XZ

Z
φi φj φk φl ∼

φi φi φi φi

(6.6)

j,k,l

Reservoir excitons of each pillar are independent from the others, so the only non zero integral for
the reservoir equation is
Z
ηi ηi

(6.7)

The result of this procedure is a set of coupled ordinary differential equations (ODE) for the array
of variables {ψi (t), ni (t)}


i~
0
βRni − γ ψi
i~∂t ψi = Aψi + B (ψi+1 + ψi−1 ) + αgp |ψi | ψi + 2βgx ni +
2

(6.8)


0
∂t ni = Pi − γR
+ βR|ψi |2 ni

(6.9)

2

66



where the coefficients are



Z 
~2 2
2
φi (x) −
A :=
∂ φi (x) + V (x)|φi (x)| dx
2m x



Z 
~2 2
B :=
φi (x) −
∂ φi+1 (x) + V (x)φi (x)φi+1 (x) dx
2m x
Z
α := |φi |4 dx
Z
β :=
0

Z

γ =γ

ηi |φi |2 dx
0
γR

2

|φi | dx

(6.11)
(6.12)
(6.13)

Z
= γR

(6.10)

|φi |2 dx

(6.14)

Z
Pi :=

ηi P (x)dx

(6.15)

Note that the tight binding model is essentially a discretization of the continuum model, with a
modification of the parameters. We can also apply the adiabatic approximation and reduce the
system to the discrete generalized complex Ginzburg Landau equation (DgCGLE):

i~∂t ψi = Aψi +B (ψi+1 + ψi−1 )+αgp |ψi |2 ψi + 2βgx

Pi
i~
0 + βR|ψ |2 + 2
γR
i


βR


Pi
0
−
γ
ψi
0 + βR|ψ |2
γR
i
(6.16)

The above derivation is in one dimension, but the generalization to higher dimensions system is
straightforward.

6.2

The linear chain

The simplest lattice system that we can realize is the one dimensional linear chain (one dimensional
array of pillars with periodic boundary conditions) that is described properly by equation (6.16).
In order to understand better how it works, we neglect for a while all the non linear terms and also
the dissipative term.
i~∂t ψi ' Aψi + B (ψi+1 + ψi−1 )

(6.17)

If we turn to Fourier space, it becomes
i~∂t ψ̃k ' (A + Bcos(k∆x)) ψ̃k
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(6.18)

(where we used F[ψi±1 ] = e±i∆xk ψ̃k , and F[·] is the Fourier transfor operator). As we can see the
dispersion is a cosine, and we recast it in a more suitable form:
k = A + Bcos(k∆x) =

~2
(1 − cos (k∆x)) + E0
m∗ ∆x2

(6.19)

m∗ is the effective mass, and E0 is only a shift of the whole spectrum. In a general lattice the
effective mass for a generic wave packet is defined as:
m∗ := ~2 ∂k2 k |k0

−1

,

(6.20)

where k0 is the average wave number of the wave packet (or its first order momentum, if we see the
wave packet as a distribution). In our case the effective mass in its general form is:
m∗ (k) =

~2
|B|∆x2 cos(k∆x)

(6.21)

and
m∗

 π 
= −m∗ (0).
∆x

(6.22)

So the mass of an homogeneous state living on the edge of the first Brillouin zone has a negative
effective mass. We also note that for k =

π
2∆x

the state exhibits infinite mass. This strange feature

can be understood looking at the group velocity
v(k) :=
which has its maximum in k =

π
2∆x .

1 ∂k
~
= ∗
sin(k∆x),
~ ∂k
m ∆x

Since k =

π
2∆x

(6.23)

is a stationary point of the group velocity, it

means that, in that point, little changes in the wave number do not change the speed, so infinite
mass.
As in the next sections we will refer always to the effective mass, we will omit the ’∗’ on the
mass. From our tight binding approximation we are considering only one band, the lowest band.
The system exhibits all the standard properties of the continuum version, for example it admits an
homogeneous steady state (see the example in figure 6.2) and, limited to the first Brillouin zone,
the spectrum of elementary excitations is nearly the same (it has the same stability properties), we
will study it in the general situation of a flowing condensate in the next paragraph.

6.2.1

π-state condensation and breakdown of superfluidity in moving lattices

A particular feature of the linear chain is the possibility to reach condensation at the edge of the first
Brillouin zone. In fact, because the spectrum of elementary excitations behaves in the same way

68

E - meV

0.1
0.09
0.08
0.07
0.06
0.05
0.04
0.03
0.02
0.01
0
-π/∆x

-π/2∆x

0
π/2∆x
j - lattice site

Figure 6.1: Dispersion relation of the linear chain in the tight binding approximation, lowest energy band.

Figure 6.2: Temporal evolution of a stable one dimensional polariton condensate on a lattice of 8 points.
Used parameters: P/Pth =2, ~γ=50 µeV , ~γR = 100µeV , gp /R = 0.2, gx /R = 0.2, m=9·10−5 me

as in the continuous case (with some important differences which we will see later in this section),
the DgCGLE admits a regime in which the homogeneous solution is not dynamically stable. This
regime is nothing else than the unstable regime of gCGLE, in which the exciton-polariton interaction
leads the system to the turbulent state. In the discrete case a system which would be turbulent in
the continuum leads to a condensate at the edge of the Brillouin zone. The reason is very easy to
understand: we have seen that the edge of the Brillouin zone state is equivalent to a k = 0 state
with negative mass, but we also know that when the system with positive mass is unstable, the
negative mass one is stable. Thus the edge of the Brillouin zone state represents a stable state,
or, in other words, an attractor for the ODE system that represents the dynamics. This state is
homogeneous in density, and the phase of each pillar differ by π from the neighbouring ones, for
this reason we will call this state the π − state.
The very important thing is that the unstable regime is totally equivalent to a stable regime
69

(a) Temporal evolution of an unstable one dimensional polariton condensate on a lattice of
64 points, starting from an homogeneous condensate at rest (k=0)

(b) Momentum distribution at the last step of
temporal evolution

Figure 6.3: The system condenses close to the edge of Brillouin zone. Used parameters: P/Pth =1.5, ~γ=50
µeV , ~γR = 100µeV , gp /R = 0.02, gx /R = 3, m=15 · 10−5 me , L = 64µm

but for negative mass states. Thus the presence of a negative mass state in the spectrum of the
theory doesn’t allow to have states that remain turbulent forever as it was the case in the continuum
system because of the hole burning ef f ect. We expect that soon or later the state will approach
a steady state on one of the stable attractors. In our simulations we start almost always with an
homogeneous density condensate profile at rest (k = 0). When exciton-polariton interaction leads
the system to the unstable regime such an initial state is unstable and any small perturbation
pushes the system into a turbulent dynamics, which is the same as it is described in chapter (2),
after a certain transient time the system will condenses in k = kmax = π/∆x, a π − state, which
is dynamically stable. So we started with a condensate at rest and we finish with a condensate at
rest but with opposite effective mass (remember that the group velocity is zero at k = 0 and on the
edge of the Brillouin zone at k = π/∆x). Does it happen every time? The answer is no. As it was
pointed out in chapter (5), the theory has no a real mechanism to select the point on the dispersion
in which to condense; it goes only to a state that is dynamically stable. Provided that the inequality
(2.26) is satisfied, if we start with a positive mass condensate at rest, we finish with a condensate
at high k, but not every time in k = π/∆x, as we can see from fig. (6.3). The equivalence
(positive mass, unstable regime) ≡ (negative mass, stable regime) is valid in both sense and,
reversing our perspective, (positive mass, stable regime) ≡ (negative mass, unstable regime). So
if we start from an high k state (above the inflection point of the dispersion, where the effective
mass is negative), provided that the inequality (2.26) is no longer satisfied, in the end we will find
a low k state. The sign of µb determines if condensation will appear above or below the inflection
point of the dispersion, i.e. if the final condensed state will be a positive or a negative mass state.
So, as we said above, without any implementation of energy relaxation, as we did in the continuous
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system, this theory misses a real mode selection but it has a mass sign selection, on the basis of
the hole-burning effect.

(a) Temporal evolution of a stable one dimensional polariton condensate on a lattice of 64
points, starting from an homogeneous condensate with k0 = kmax − 4π/L)

(b) Momentum distribution at the last step of
temporal evolution

Figure 6.4: The system condenses at k = 6π
L . Used parameters: P/Pth =1.5, ~γ=50 µeV , ~γR = 100µeV ,
gp /R = 3, gx /R = 0.02, m=15 · 10−5 me , L = 64µm

We call the critical wave number the wave number that corresponds to the inflection point on
the dispersion curve, when the dispersion changes curvature and so the effective mass changes sign.
For a cosine-like dispersion:
kcritical = kmax /2 =

π
2∆x

(6.24)

We can make this argument a bit more rigorous by looking at the linear analysis on homogeneous condensate boosted in quasi momentum space. So we are considering also uniform flowing
condensates, but it is worth noticing that the speed of the condensate is not a monotonic function
of k, as you can see from (6.23). So the two condensates with k1 < kcritical and k2 = k1 + kcritical
have the same speed, but very different dynamical properties. Let consider the linear analysis in
section (2.3), but, instead of taking fluctuation around the homogeneous solution at rest, take the
fluctuations around an homogeneous moving condensate.
ψ(t, x) = (ψ0 + δψ(t, x)) ei(qx−

µT
~

t)

(6.25)

That results in a translation k 7−→ k − q of the wave number of δψ, and also k 7−→ k + q for δψ ∗ .
γ
The total chemical potential is shifted: µT = gp |ψ0 |2 + 2gx R
+ E0 −

Ek−q :=

2~2
m∗ ∆x2

2~2
[cos(q∆x) − cos((k − q)∆x)]
m∗ ∆x2
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cos(q∆x). Defining
(6.26)

the Bogoliubov spectrum becomes:
~Γ
~ω± (k) = −i
±i
2

"

~Γ
2

#1/2

2
− Ek−q (Ek−q + 2µb )

(6.27)

that, for q = 0 and in the limit of k −→ 0, is equal to the usual Bogoliubov dispersion found in
(2.24), and it has the same stability properties of the long wave modes. It is useful to look at the
different behaviours for different values of the initial wave number q. We will consider µb > 0.

(a) Real part of the elementary excitations spectrum,
positive k only

(b) Imaginary part of the elementary excitations spectrum

Figure 6.5: Various spectra parametrized by the initial wave vector q, the system is a lattice with 64 points
with µb > 0. Used parameters: ∆x = 1µm, P/Pth = 2, gp /(~R) = 0.2, gx /(~R) = 0, ~γ =
100µeV , m = 15 · 10−5 me

Differently to the case of the condensate at rest q = 0, the real part is different from zero for all
k 6= 0, that means that the unstable modes grow in a oscillatory way. For q < kcritical the imaginary
part of the spectrum is less than zero for all k, which means stability. We can notice that the typical
shape with the bifurcation into two branches, where one of them is the so called Goldstone branch,
remains the same as in the static case, q = 0. When q = kcritical the two branches in the imaginary
part become and flat. The Goldstone branch now is identically zero. For q > kcritical the real part
of the spectrum becomes again equal to the case q < kcritical while the imaginary part exhibits the
typical shape of the unstable regime, in which the Goldstone branch is positive (and so exponentially
unstable) for low k. When µb < 0 the reasoning is the same, with the only difference that the stable
states are the which ones with k > kcritical , and the unstable ones with k < kcritical .
The simulation reported in figure (6.6) has λM I ' 31µm and tM I ' 10τp , and it represents a
system which is relaxing from an high k state to a lower one, under the effect of the dynamical
instability. Furthermore the relaxation process, that leads the system to a lower k state, depends
on µb , like the strength of instability in section (2.3), and it follows the same rules. If the effective
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Figure 6.6: Temporal evolution of a one dimensional polariton condensate flowing on a lattice of 64 points.
Used parameters: P/Pth =2, ~γ=50 µeV , ~γR = 100µeV , gp /R = 0.2, gx /R = 0, m=9 · 10−5 me ,
L = 64µm, q = kmax − 4π
L

interaction is too weak, or if the size of the system is too small, the instability could be too weak to
push the condensate to another global flowing state, and it continues to flow with the initial speed
but with some weak density modulation, or, in certain cases, the finite size effect is so strong that
nothing happens and the system remains perfectly stable.
To observe the dynamical instability on a lattice, we would have a way to change the wavenumber
k of the condensate. We propose here a way to do it making a connection between the wavenumber
k and the velocity of lattice itself. We use a semiclassical argument: suppose a wavepacket on the
lattice, and suppose that, with some approximations, the acceleration of the reference frame a will
change the group velocity with the following Newton law

a=−

dvg
,
dt

(6.28)

which means the wavepacket acts as a classical particle; so
a=−

dvg
1 d∂k k
1
dk
=−
= − ∂k2 k
dt
~ dt
~
dt

(6.29)

This shows us the possibility to change the quasi momentum of the condensate changing the speed
of the lattice. This works in theory but in practice these lattices for polaritons are fixed structures,
as we explained in the introduction, so to make an experiment on this side it seems quite unlikely.
Energy relaxation and breakdown of π condensation
As we discussed in chapter (5), it is possible to include in the model an energy relaxation mechanism,
for which, the lower energy states are favourite. This mechanism, if included in the theory, is
preserved by the tight binding approximation, and so it is also present in the lattice dynamics.
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This has important consequence on the π-state condensation, because, despite it is favoured by the
dynamical instability, it is highly unfavoured by the energetic instability induced by relaxation. It
is quite easy to find regimes in which the dynamical instability, from the hole-burning effect, is
balanced by the relaxation, and so, the total effect is to avoid from π condensation, and to leave
the system in a chaotic state, similar to the turbulent state which we saw in the continuum. We
report here a clear example, in figure 6.7. Without relaxation, α = 0, the situation is quite smooth,
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(a) Time evolution of density, after t =
300τp the system is still chaotic.
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(b) Energy-momentum density. All
the modes of the spectrum all excited,
there is no clear condensation, even
if the largest part of excitations are
around the bottom of the dispersion,
at k=0.
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(c) Time average distribution in k
space. Despite all the modes are excited, a peak is visible in k=0.

Figure 6.7: Chaos in a lattice of 64 points, induced by competition between energy relaxation and dynamical
instability. Used parameters: P/Pth =2, ~γ=50
 µeV , ~γR = 100µeV , gp /R = 0.01, gx /R = 1,
m=15 · 10−5 me , L = 192µm, q = kmax − 4π
, α = 0.1
L

and, after a few τp , the system condenses on the π-state, as you can see in figure 6.8.

6.3

Lieb lattice

These stability/instability properties, related to polariton-polariton and exciton-polariton interaction, are a generic feature of these non equilibrium systems. We have seen that the instability, caused
by the hole-burning effect, is preserved by the tight binding approximation and can be present in
the lattice systems. We have seen that in the linear chain, the system remains in a turbulent state
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Figure 6.8: Condensation on the π-state in a lattice of 64 points, without energy relaxation the dynamics
is fully controlled by dynamical instability, which drives the system to condense at the edge
of the Brillouin zone. Used parameters: P/Pth =2, ~γ=50
 µeV , ~γR = 100µeV , gp /R = 0.01,
gx /R = 1, m=15 · 10−5 me , L = 192µm, q = kmax − 4π
,α=0
L

(a) Schematic representation of the
structure of the Lieb lattice.

(b) Picture of the Lieb lattice taken from [3]

Figure 6.9

only for a limited period of time, and then reaches condensation in the π − state. We have also seen
that the presence of negative mass states in the spectrum of the theory, which do not exist in the
continuum system, constrains stable condensation to occur only above or only below the inflection
point of the dispersion depending on the sign of µb . But it is not so evident what happens if we
choose a different geometry for the lattice. So we focus on a less simple situation, in which we
have a multicomponent elementary cell, and thus the spectrum admits more than one band. A very
interesting type of one dimensional lattice is the Lieb lattice. This choice is also related to stay close
to the actual experimental trends, [3]. For its peculiar geometry it admits three different energy
bands in the spectrum with three different effective masses defined in the center of the spectrum,
respectively: a positive mass band, a negative mass band and an inf inite mass one. The elementary cell consist of three pillars a, b, c organized in an ’L’ shape, see figure 6.9. The geometry of the
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(a) Schematic representation of
the f ull pumping scheme.

(b) Schematic representation of
the upper pillars pumping
scheme.

(c) Schematic representation of
the lower pillars pumping
scheme.

Figure 6.10

Lieb lattice permits to pump the system in three different ways: the f ull pumping, in which we
pump all the different pillars, the upper pillars pumping scheme, and the lower pillars one, see on
figure 6.10. In certain circumstances the pumping scheme is very important in the band selection,
as it will be shown in the next sections. But, to understand the full dynamics of the Lieb lattice,
and to find simple characterization of the band selection are a very difficult tasks and we will not
discuss it in this work. As one can see from [3], and as we know from some private discussions, the
estimated blue shift due to exciton polariton interaction at P/Pth ' 2 in that experiment is
Ex ' 400µeV,

(6.30)

while the contribution due from the polariton-polariton interaction, is
Ep ' 1µeV.

(6.31)

If we look at the general criteria (2.45), we can have an idea on why condensation is on the upper
band (or in the flat band), but they didn’t see condensation in the lower band. We use some
parameters kindly suggested by Florent Baboux (which can be derived fitting the tight binding
model discussed in [3]): the effective mass at the center of the lower band is m+ ' 10 · 10−5 me , we
consider the lattice size as L ' 30µm, so mink6=0 k ' 10µeV , try to put η = 1, i.e. suppose the
system is stable:
Ex
= 400 > 18
Ep

(6.32)

The system is unstable! And, since in the upper band it can reach negative mass states, which are
stable, we expect that the turbulent dynamics will push the system to condense in the upper band.
But the Lieb lattice is a complicate system, so it is better to study it in a more careful way, before
formulating some hurried conclusions.
What we will do here is to give brief overview of the main features of the Lieb lattice, to explain
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Figure 6.11: Schematic representation of the hopping between different pillars

how the interactions participate in the process of condensation, and how they favour different bands
in function of the values of the couplings, trough the mechanism discussed in the previous sections.
We will see three different pumping schemes, and we will present some simulations in order to
understand the stability properties of states condensed in different bands. The intuitive approach
consists in looking at the pumping like an external force on a system of coupled oscillators, for which
it could be in resonance or out of resonance with the system. But, when non linear interactions are
strong enough, the resonance could be broken, or, on the contrary, a non-resonant scheme could be
turned in resonance. Of course this picture is very naive, because the pumping is not truly external
with respect to the system and it participates directly to the non linear dynamics, but, nevertheless,
it is useful just to have a simple picture of the achievable steady states in the system. We will see
in the next section when it is possible to think at the system in these terms.
In order to investigate the properties of the system, we build a phenomenological model starting
from the non dissipative tight binding hamiltonian in a full quantum picture:

ĤLieb :=

N
X
j=1
w={a,b,c}

N h
N
i X
h
i
X
Ew wj† wj −
t1 (a†j bj ) + t2 (b†j cj + c†j bj+1 ) −
t0 b†j bj+1 + c†j cj+1 + a†j cj + c†j aj+1 +h.c.
j=1

j=1

(6.33)
t1 represent the hopping probability between a and b as first neighbouring, t2 is the hopping probability between b and c as first neighbouring and t0 is the hopping probability between second
neighbouring pillars, figure 6.11. (Now a, b, c are operators on the Fock space!). We are approaching the system starting from the full quantum non dissipative one just to have a more intuitive
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insight on the basic feature of the system, but in the end we will reach the same description as in
(6.16). Using the Heisenberg equations of motion for w = {a, b, c}:
∂t w =

i
[ĤLieb , w],
~

(6.34)

and turning to Fourier space (considering as usual that F[wj±1 ] = e±ik∆x w̃k ), we find the dynamical
equations in Fourier space for the pillar annihilation operators {a, b, c}:
  
ak
Ea
  
 
i~∂t 
−t1
 bk  = 

ck
−t0 1 + e−ik∆x

  
ak
 

 
−t2 1 + eik∆x 
  bk 
Ec − 2t0 cos(k∆x)
ck
−t0 1 + eik∆x

−t1
Eb − 2t0 cos(k∆x)

−t2 1 + e−ik∆x

(6.35)

Diagonalizing the above dynamical matrix we arrive to the spectrum of the non interacting, non
dissipative Lieb model. Considering for simplicity t0 = 0 and Ea = Ec =: E0 the spectrum is:

σ(HLieb ) :=
T :=

E0 + Eb
−
2

(E0 −Eb )2 +4t21
,
4

and the respective eigenvectors:


~v− :=


q
q
E0 + Eb
+ T + 2t22 (1 + cos(k∆x))
T + 2t22 (1 + cos(k∆x)) , E0 ,
2
(6.36)



t1
t2 (1+eik∆x )


 (E −E )+√4T +8t2 (1+cos(k∆x)) 
− 0 b
 ~v∞
2


2t2 (1+eik∆x )





− tt12


:= 


1+
0
1

1

e−ik∆x



 ~v+ :=






t1
t2 (1+eik∆x )


 (E −E )−√4T +8t2 (1+cos(k∆x)) 

− 0 b
2


2t2 (1+eik∆x )



1

(6.37)
λ− and λ+ define two dispersive bands, with, respectively, positive effective mass and negative
effective mass, [4]. λ∞ represents a flat band with infinite effective mass. The first component of
each eigenvectors represents the density in k space of the a pillars, the second one the b pillars and
the third one the c pillars.
The importance of this analysis is that the phenomenological model has the same band structure,
and the knowledge of the structure of the eigenmodes provides a very useful insight to study the
full model. Based on the tight binding approximation, the phenomenological model is made using
the dynamical system, defined in (6.35), in real space, with {a, b, c} as c-numbers, because it is a
mean field theory, and adding the interaction terms and pumping/losses terms. The result is the
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Figure 6.12: Band structure of the spectrum of the Lieb lattice, without considering second neighbouring
hopping.

following ODE system:



RPa
Pa
i~
0 (c + c
a
−
t
b
−
t
)
+
−
γ
ai
E0 + gp |ai |2 + 2gx γR +R|a
i
1
i
i
i−1
a
2
2
2
γR +R|ai |



 i|
Pb
RPb
i~
0 (b
=
Eb + gp |bi |2 + 2gx γR +R|b
bi
b
−
t
+
b
)
−
t
(c
+
c
)
+
−
γ
i
i+1
i−1
2
i
i−1
b
2
2
2
i|

γR +R|bi |


RPc
Pc
ci − t0 (ai+1 + ai ) − t2 (bi+1 + bi−1 ) + i~
− γc ci
=
E0 + gp |ci |2 + 2gx γR +R|c
2
2
γR +R|ci |2
i|
(6.38)

i~∂t ai =
i~∂t bi
i~∂t ci



Also in this case all the simulations are done with the same rescaling for the pillar wave f unctions,
{ai , bi , ci } as the DgCGLE in the previous sections. As we said, the Lieb lattice admits three different pumping schemes, and in each pumping scheme we have many different dynamical behaviour,
depending mostly on the interactions and the in-site energy, {Ea , Eb , Ec }. A complete characterization of the Lieb lattice in function of the whole parameters is far away from the aims of this work.
But we can fix most of the parameters using some recent data, [3], and then exploring the dynamics
only in function of the interaction coupling constants. To keep things as simple as possible, we will
set γa = γb = γc , and we will use only homogeneous pumping (no finite spot).

6.3.1

Linear analysis of the Lieb lattice

The first thing that we can learn from the Lieb lattice is how the different pumping schemes favour
the modes from the three bands. To this end we consider the linear analysis around the zero density
state, ψ = 0. In this way we can see which modes become unstable above the pumping threshold,
and so which modes will be exponentially amplified. If we set the pump power slightly above
threshold, the polariton density is so small that all the nonlinear interactions are negligible, and we
can think that the dynamics is dominated by the gain/losses terms and the kinetic terms (hopping).
So the linear analysis becomes a good description of the whole dynamics and the steady state is
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determined by the most unstable mode. The linear theory of the full model (6.38) around a, b, c = 0
is given by:





RPa
E0 + 2gx γPRa ai − t1 bi − t0 (ci + ci−1 ) + i~
−
γ
a ai
2
γR




RPb
=
Eb + 2gx γPRb bi − t0 (bi+1 + bi−1 ) − t2 (ci + ci−1 ) + i~
−
γ
b bi
2

 γR


RPc
−
γ
=
E0 + 2gx γPRc ci − t0 (ai+1 + ai ) − t2 (bi+1 + bi−1 ) + i~
c ci
2
γR

i~∂t ai =
i~∂t bi
i~∂t ci

(6.39)

As in the previous section the eigenvalues of this system determine the stability. The eigenvalues
in function of k could be written in this form
~ω(k) = (k) + iΓ(k),

(6.40)

(k) represents the energy of the k-th mode, and Γ(k) is the loss/gain of each mode.
In the pumping scheme in which we pump all the pillars, Pa = Pb = Pc , all the modes become
equally unstable, which means that, when the pump is sufficiently weak, condensation could occur
in at any k, dependently from the initial conditions, see figure 6.13.
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(a) (k), energy spectrum in k space. Pa =
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(b) Γ(), loss/gain in function of the energy.
Pa = Pb = Pc = P .

Figure 6.13: Spectrum and modes stability for a 16 elementary cells Lieb lattice, pumped on all the pillars,
Pa = Pb = Pc = P . Parameters: ∆x = 3µm, P/Pth = 1.001, gp /(~R) = 0, gx /(~R) = 1, ~γ =
0.05meV , ~γR = 0.1meV , t1 = 0.17meV , t2 = 0.22meV , t0 = −0.04meV , Eb = E0 − 0.15meV .

The blue shift introduced by the exciton-polariton repulsive interaction, 2gx γPRa , 2gx γPRb , 2gx γPRc ,
is equally present in every pillars, so it doesn’t affect the dynamics in any way, apart from an offset
of the energy. As expected, and as it has been stressed many times, without interactions the system
misses a mechanism to select the mode in which to condense. Only in this case, we don’t report
any example to compare the results of the linear theory with the full dynamics because of technical
difficulties, see the appendix B to a further discussion.
When only the "a" pillars are pumped the flat band is highly favoured, and this is expected,
because the eigenstates of the flat band have the density of the "a" pillars larger than the other
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pillars, so this pumping scheme has the best with the flat band. We can clearly see that, using

0.8

0.005

0.6

0

0.4

-0.005
Γ - meV

E - meV

gx = gp = 0, the mode with more gain is the k=0 state of the flat band, figure 6.14. In this scheme
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(a) (k), energy spectrum in k space. Pa =
P, Pb = Pc = 0, gx = 0.
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(b) Γ(), loss/gain in function of the energy.
Pa = P, Pb = Pc = 0. gx = 0

Figure 6.14: Spectrum and modes stability for a 16 elementary cells Lieb lattice, pumped only the "a" pillars,
Pa = P, Pb = Pc = 0. Parameters: ∆x = 3µm, P/Pth = 1.2, gp /(~R) = 0, gx /(~R) = 0, ~γ =
0.05meV , ~γR = 0.1meV , t1 = 0.17meV , t2 = 0.22meV , t0 = −0.04meV , Eb = E0 − 0.15meV .
See the comparison with the full simulation in figure 6.16.

the exciton-polariton interactions play an important role also in the linear system. In fact using
gx 6= 0, a blue shift is introduced, but only on the on-site energy of the "a" pillars. It makes the
flat band a bit more dispersive, with a large negative mass, and it changes the stability property:
now the most unstable mode is the state of the upper band on the edge of the Brillouin zone, as it
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is represented in figure 6.15. We checked both the case with gx = 0 and gx 6= 0 with the numerical
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(a) (k), energy spectrum in k space. Pa =
P, Pb = Pc = 0. gx 6= 0
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(b) Γ(), loss/gain in function of the energy.
Pa = P, Pb = Pc = 0. gx 6= 0

Figure 6.15: Spectrum and modes stability for a 16 elementary cells Lieb lattice, pumped only the "a" pillars,
Pa = P, Pb = Pc = 0. Parameters: ∆x = 3µm, P/Pth = 1.2, gp /(~R) = 0, gx /(~R) = 1, ~γ =
0.05meV , ~γR = 0.1meV , t1 = 0.17meV , t2 = 0.22meV , t0 = −0.04meV , Eb = E0 − 0.15meV .
See the comparison with the full simulation in figure 6.17.

simulations using the full model, finding good agreement (we also checked that the result doesn’t
depend on gp , in agreement with the expected behaviour of the weak pumping limit), figure 6.16.
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(a) Energy-momentum density.
P, Pb = Pc = 0. gx = 0

Pa =

(b) Final density configuration.
Pa = P, Pb = Pc = 0. gx = 0

(c) Final phase configuration. Pa =
P, Pb = Pc = 0.

Figure 6.16: Final flat band state, after t = 1000τp , starting from the zero density state. Simulation done
on a 16 elementary cells Lieb lattice, pumped only the "a" pillars, Pa = P, Pb = Pc = 0.
Parameters: ∆x = 3µm, P/Pth = 1.001, gp /(~R) = 0, gx /(~R) = 0, ~γ = 0.05meV , ~γR =
0.1meV , t1 = 0.17meV , t2 = 0.22meV , t0 = −0.04meV , Eb = E0 − 0.15meV .

When only the "b" and "c" pillars are pumped the flat band is again the favoured one. Using
gx = 0 the most unstable mode comes from the edge of the Brillouin zone of the flat band, figure
6.18. Instead, when gx 6= 0, the most unstable mode is the k=0 eigenstate of the flat band, figure
6.19. In this pumping scheme, the exciton-polariton interaction introduces a blue-shift only in the
"b" and "c" pillars, changing their on-site energy. Because of this change of the on-site energy, the
curvature of the flat band changes sign, and it becomes slightly dispersive, with a large positive
mass.
Again we find good agreement with the full simulations; in figure 6.20 there is the case gx = 0,
in figure 6.21 there is the case gx 6= 0.
From this analysis comes out that π-states, from the upper and the flat band, and k=0 flat band
state are the most favoured modes at low pumping (slightly above threshold). In order to understand
the dynamics at finite pumping intensity, we have to consider also the effects of the nonlinear
interactions, which become non-negligible. Unfortunately, the linear analysis of the various steady
states is a difficult task, because we do no longer have analytic expressions of the steady state. So
we will proceed in a different way with respect to the previous chapters. To understand the role of
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(a) Energy-momentum density.
P, Pb = Pc = 0. gx 6= 0

Pa =

(b) Final density configuration.
Pa = P, Pb = Pc = 0. gx 6= 0

(c) Final phase configuration. Pa =
P, Pb = Pc = 0. gx 6= 0
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Figure 6.17: Final π-state of the upper band, after t = 1000τp , starting from the zero density state. Simulation done on a 16 elementary cells Lieb lattice, pumped only the "a" pillars, Pa = P, Pb =
Pc = 0. Parameters: ∆x = 3µm, P/Pth = 1.001, gp /(~R) = 0, gx /(~R) = 1, ~γ = 0.05meV ,
~γR = 0.1meV , t1 = 0.17meV , t2 = 0.22meV , t0 = −0.04meV , Eb = E0 − 0.15meV .
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(a) (k), energy spectrum in k space. Pb =
Pc = P, Pa = 0. gx = 0
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(b) Γ(), loss/gain in function of the energy.
Pb = Pc = P, Pa = 0. gx = 0

Figure 6.18: Spectrum and modes stability for a 16 elementary cells Lieb lattice, pumped only the "a"
pillars, Pb = Pc = P, Pa = 0. Parameters: ∆x = 3µm, P/Pth = 1.01, gp /(~R) = 0,
gx /(~R) = 0, ~γ = 0.05meV , ~γR = 0.1meV , t1 = 0.17meV , t2 = 0.22meV , t0 = −0.04meV ,
Eb = E0 − 0.15meV . See the comparison with the full simulation in figure 6.20.

the interactions, in particular the exciton-polariton interaction and the hole-burning effect, we will
present a series of key examples from some full model simulations.
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(b) Γ(k), loss/gain in k space. Pb = Pc =
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Figure 6.19: Spectrum and modes stability for a 16 elementary cells Lieb lattice, pumped only the "a"
pillars, Pb = Pc = P, Pa = 0. Parameters: ∆x = 3µm, P/Pth = 1.01, gp /(~R) = 0,
gx /(~R) = 1, ~γ = 0.05meV , ~γR = 0.1meV , t1 = 0.17meV , t2 = 0.22meV , t0 = −0.04meV ,
Eb = E0 − 0.15meV . See the comparison with the full simulation in figure 6.21.

(a) Energy-momentum density.
Pc = P, Pa = 0. gx = 0

Pb =

(b) Final density configuration.
Pb = Pc = P, Pa = 0. gx = 0

(c) Final phase configuration. Pb =
Pc = P, Pa = 0. gx = 0. In this
plot the phase is shifted by ∼ 0.5.

Figure 6.20: Final π-state of the flat band, after t = 1000τp , starting from the zero density state. Simulation
done on a 16 elementary cells Lieb lattice, pumped only the "a" pillars, Pb = Pc = P, Pa = 0.
Parameters: ∆x = 3µm, P/Pth = 1.001, gp /(~R) = 0, gx /(~R) = 0, ~γ = 0.05meV , ~γR =
0.1meV , t1 = 0.17meV , t2 = 0.22meV , t0 = −0.04meV , Eb = E0 − 0.15meV .
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(a) Energy-momentum density.
Pc = P, Pa = 0. gx 6= 0

Pb =

(b) Final density configuration.
Pb = Pc = P, Pa = 0. gx 6= 0

(c) Final phase configuration. Pb =
Pc = P, Pa = 0. gx 6= 0. In this
plot the phase is shifted by 1.5.

Figure 6.21: Final π-state of the flat band, after t = 1000τp , starting from the zero density state. Simulation
done on a 16 elementary cells Lieb lattice, pumped only the "a" pillars, Pb = Pc = P, Pa = 0.
Parameters: ∆x = 3µm, P/Pth = 1.001, gp /(~R) = 0, gx /(~R) = 1, ~γ = 0.05meV , ~γR =
0.1meV , t1 = 0.17meV , t2 = 0.22meV , t0 = −0.04meV , Eb = E0 − 0.15meV .

6.3.2

Pumping every pillar, the full scheme

The first scheme consists of pumping every pillars with homogeneous pumping (for the sake simplicity we are considering only an infinite homogeneous flat pumping spot), Pa = Pb = Pc .
The dynamics is made non-trivial by the difference between the state where losses and gain
compensate each other and the stationary states of the non interacting-non dissipative Lieb lattice.
As we can see from (6.37), the eigenmodes of the f ree Lieb lattice have very different densities in
each different type of pillar. But, for this pumping scheme, the losses/gain term vanishes only if


|ai |2 = |bi |2 = |ci |2 = γRR PPth − 1 , which means homogeneous density in all the pillars. Pth = γγRR .
At this point, in order to have a steady state that it is not a superposition of states from different
bands, we can only imagine a complicate interplay between non linear pumping and interference
due to hopping.
For example, let’s try to make a brief analysis using t1 = 0.17 meV , t2 = 0.22 meV , E0 − Eb =
0.15 meV (these parameters are taken from [3]). It is useful, just to have an idea, to see some
numbers. With these parameters, if we take k = 0, the eigen states of the Lieb lattice (6.37)
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(6.41)

So, if we suppose homogeneous density in each type of pillar, the upper band condensate is
characterized by the density in the pillars organized as
|a|2 < |b|2 < |c|2 ,

(6.42)

|a|2 < |c|2 < |b|2

(6.43)

|c|2 < |a|2 , |b|2 = 0.

(6.44)

the lower band one

and the flat band

The peculiar structure of the flat band k = 0 eigenmode, with bi = 0, suggests us that condensation in the flat band is not stable in this pumping scheme. In fact, despite the fact that interference
processes could suppress the density in one particular pillar type, we expect that these effects are
not sufficient to deplete the bi pillars such that the state approach to the considered eigenmode.
We present now two cases that show the importance of the interactions in the condensation
process. The two simulations start with constant density in all the pillars, plus some weak white
noise. In the first case, figure (6.22), we used gp /(~R) = 1 and gx /(~R) = 0, and the opposite in
the second case, gp /(~R) = 0 and gx /(~R) = 1, in figure (6.23). As we can see from the energy
density in k space, figure 6.22, when the system is dominated by the polariton-polariton interaction,
condensation in the lower band is highly favoured, even though there remain some small components
from the other bands. When the system is dominated by the exciton-polariton interaction, figure
6.23, the system is pushed to the upper bands, because they have negative mass, and they are stable
under the holes-burning effect (because of the second neighbouring hopping the flat band is slightly
dispersive with very large negative mass).
In this scheme we didn’t find any way to have a condensed state only in the upper band, without
any contribution from the flat band. We can select conditions that put the system mostly in the
upper or mostly in the lower band, but to understand how to excite only a single mode in a single
band is really a difficult task. This is related to the complicate interplay between the conservative
dynamics of the Lieb lattice and the gain/dissipative dynamics due to the non linear pumping.
Using an anti-energy relaxation term in the model (as we discuss in chapter (5), but reversing the
sign of α) allows to condense into the upper band at k=0, independently from the initial conditions.
To add an anti-relaxation energy term seems quite artificial or even unphysical, and we don’t want
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(b) After t = 1000τp the state is mostly condensed in the center of the lower band, there are
also components in the flat and upper band, but
their amplitude is at least two order of magnitude less than the lower band mode

(a) After a short time the lower band is occupied
mostly in k=0, the flat band, located between 0
and 0.5 meV is almost filled, the upper band,
instead is empty

Figure 6.22: Energy-momentum density of a 16 unitary cells Lieb lattice. Parameters: ∆x = 3µm, P/Pth =
2, gp /(~R) = 1, gx /(~R) = 0, ~γ = 0.05meV , ~γR = 0.1meV , t1 = 0.17meV , t2 = 0.22meV ,
t0 = −0.04meV , Eb = E0 − 0.15meV .

(b) After t = 1000τp the state is mostly condensed in the center of the flat and upper bands,
there is still a mode excited in the lower band,
but its amplitude is more than two order of magnitude less than the other two

(a) After a short time the lower band is all excited, the flat band, located between 0 and 0.5
meV is almost filled, with a strong concentration of density in the center, the upper band,
instead is less excited

Figure 6.23: Energy-momentum density of a 16 unitary cells Lieb lattice. Parameters: ∆x = 3µm, P/Pth =
2, gp /(~R) = 0, gx /(~R) = 1, ~γ = 0.05meV , ~γR = 0.1meV , t1 = 0.17meV , t2 = 0.22meV ,
t0 = −0.04meV , Eb = E0 − 0.15meV .

to discuss it here. But, for completeness, we add a plot of a typical density and phase profile for
a condensate in the upper band at k=0, in figure 6.24. The structure of the density respects the
picture that we gave in (6.41). The relative phase between pillars "a" and "c" is zero, instead the
pillars "b" exhibits a relative phase ∆θ = π with respect the other two types.

87

(a) Density profile of the upper band k=0 condensed state

(b) Relative phase profile of the upper band condensate at k=0

Figure 6.24: Upper band condensed state at k=0 of a 16 unitary cells Lieb lattice. Parameters: ∆x = 3µm,
P/Pth = 2, gp /(~R) = 0, gx /(~R) = 1, ~γ = 0.05meV , ~γR = 0.1meV , t1 = 0.17meV ,
t2 = 0.22meV , t0 = −0.04meV , Eb = E0 − 0.15meV , α = −0.05.

6.3.3

Pumping the "a" pillars only, the upper pillars scheme

The second pumping scheme consists is pumping only the a pillars. Without interactions, the
condensate state in the flat band represents a stable steady state of the system. Doing several
numerical simulations we have checked that, in this pumping scheme, condensation in the flat band
does not depend on the initial condition: starting with very noisy configuration, after sufficient time,
the system condenses in the flat band. Looking again at (6.41) we can see the density structure of
the k=0 flat band eigenstate. Pumping only the a pillars the system is in resonance with the k=0
flat band eigenstate, in which the a pillars have the largest density. One more time interference
plays a crucial part in deplete the b pillars. The main structure of flat band k=0 eigenstate is:
c < a, b ' 0

(6.45)

If we turn on only the polariton-polariton interaction, gp 6= 0 but keeping gx = 0, we find that
the steady state remains in the flat band but instead of being condensed in the k=0 mode, it is
broadened on the whole band, as can be seen from figure 6.25. On the contrary, if we use gp = 0
and gx 6= 0, we have the opposite situation: using gx /(~R) = 1, the exciton-polariton interaction
helps to condense in the flat band. The explanation could be seen in the fact that, because of the
second neighbouring hopping, the flat band is not really flat, but it is weakly dispersive, with a
large negative effective mass. The exciton-polariton interaction stabilizes the state with negative
mass via the hole − burning ef f ect, as it is discussed previously.
Using both gp 6= 0 and gx 6= 0 it is possible to tune the two parameters in order to compensate
each other to have condensation in the center of the flat band, figure (6.26). The stable steady state
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(a) Using gp /(~R) = 1 and gx /(~R) = 0 after t =
1000γ, the state is broadened on the whole band

Figure 6.25: Energy-momentum density of a 16 unitary cells Lieb lattice. Parameters: ∆x = 3µm, P/Pth =
2, gp /(~R) = 1, gx /(~R) = 0, ~γ = 0.05meV , ~γR = 0.1meV , t1 = 0.17meV , t2 = 0.22meV ,
t0 = −0.04meV , Eb = E0 − 0.15meV .

(a) Using gx /(~R) = 1 and gp /(~R) = 0 after t =
1000γ, the state is condensed on the center of the flat
band

Figure 6.26: Energy-momentum density of a 16 unitary cells Lieb lattice. Parameters: ∆x = 3µm, P/Pth =
2, gp /(~R) = 0, gx /(~R) = 1, ~γ = 0.05meV , ~γR = 0.1meV , t1 = 0.17meV , t2 = 0.22meV ,
t0 = −0.04meV , Eb = E0 − 0.15meV .

has the same density structure as the k=0 eigenvector of the flat band, but the "b" pillars are not
completely depleted due to second neighbouring hopping and interactions, as you can see in figure
6.27. The neighbouring pillars "a" and "c" are in anti − phase, they have constant relative phase
∆θ = π.

6.3.4

Pumping "b,c" pillars only, the lower pillars scheme

The last pumping scheme that we will study it is the one in which we pump only the pillars b and
c. Turning on the polariton-polariton interaction, gp 6= 0, and, starting from a k=0 upper band
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(a) Density profile of each type of pillars.
gx /(~R) = 1 and gp /(~R) = 0 after t = 1000γ

Using

(b) Relative phase profile between different types of
pillars. Using gx /(~R) = 1 and gp /(~R) = 0 after
t = 1000γ

Figure 6.27: Flat band condensed steady state of a 16 unitary cells Lieb lattice. Parameters: ∆x = 3µm,
P/Pth = 2, gp /(~R) = 0, gx /(~R) = 1, ~γ = 0.05meV , ~γR = 0.1meV , t1 = 0.17meV ,
t2 = 0.22meV , t0 = −0.04meV , Eb = E0 − 0.15meV .

state, the system passes trough a phase transition similar to which happens in the linear chains,
with creations of defects, and in the end it reaches a stable steady state in the lower band at k=0,
figure 6.28. As it happened in the linear chain system, after a certain value of gx the lower band
condensate becomes unstable and the system is led to populate higher energy states. In the end the
system will be in the upper band at k=0, see figure 6.29. So, also without using the linear analysis,
it is possible to understand how the stability property of the steady states of the Lieb lattice is
influenced by the interaction, in particular by the hole-burning effect. Of particular interest is to
see what happens with the dynamics of the lower band, in this particular scheme, if we include in
the model the process of energy relaxation discussed in chapter (5). This situation was studied in
a recent experiment not yet published and it is why we consider it so interesting. When the energy
relaxation is turned on, it works against the hole-burning effect, which would push the system to
the negative mass states, which are higher in energy. The dynamics now remains chaotic, because
the negative mass states become unstable due the energy relaxation, as can be seen from the figure
in 6.30.
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(a) Energy-momentum density. It shows us that the
final state is condensed on the lower band at k =0

(b) Time evolution of the density profile of the "b"
and "c" pillars types. Even lattice sites are the bj
pillars, odd lattice sites are the cj pillars. We can
clearly distinguish the moment in which the instability
saturates and leads the system to another state, as it
happens in the linear chain

(c) Density profile for the different types of pillars.
The final density has the structure of the lower band
k=0 eigenstate of the free Lieb lattice

(d) Relative phase profile between the different types
of pillars.

Figure 6.28: Starting from a k=0 upper band state, after t = 300γ the system passes trough a phase transition, due to the instability of the upper band coming from the repulsive polariton-polariton
interaction. Parameters: ∆x = 3µm, P/Pth = 2, gp /(~R) = 1, gx /(~R) = 0, ~γ = 0.05meV ,
~γR = 0.1meV , t1 = 0.17meV , t2 = 0.22meV , t0 = −0.04meV , Eb = E0 − 0.15meV .
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(a) Energy-momentum density. After short time evolution, t = 18τp , the state is broadened on the lower
band

(b) Energy-momentum density. At t = 40τp , the state
is moving on the edge of the Brillouin zone of the lower
band, and some modes are growing in the upper band

(c) Energy-momentum density. At t = 100τp the system is fully condensed in the upper band at k=0.

(d) Time evolution of the density profile of "b" and
"c" pillars.

Figure 6.29: Evolution of a state with the same homogeneous density in every pillars. Parameters: ∆x =
3µm, P/Pth = 2, gp /(~R) = 0, gx /(~R) = 1, ~γ = 0.05meV , ~γR = 0.1meV , t1 = 0.17meV ,
t2 = 0.22meV , t0 = −0.04meV , Eb = E0 − 0.15meV .

Figure 6.30: Time evolution of the density of the "b" pillars. Parameters: ∆x = 3µm, P/Pth = 2,
gp /(~R) = 0, gx /(~R) = 1, ~γ = 0.05meV , ~γR = 0.1meV , t1 = 0.17meV , t2 = 0.22meV ,
t0 = −0.04meV , Eb = E0 − 0.15meV .
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Chapter 7

Conclusions
We started by showing how to build a theoretical description of a non-resonant pumped polariton
system, which admits Bose-Einstein condensation out of the equilibrium. We presented the linear
analysis of the non-resonant model, which consists in a system of two coupled equations (gGPE and
reservoir-equation), and we show that there are some regimes in which the homogeneous steady state
is no more stable. In these regimes the dynamics becomes turbulent, with a certain degree of chaos.
Moreover we entered deeper into the description of the turbulent dynamics, using a simplify model,
the gCGLE, which is a reduction of the non-resonant model, using the adiabatic approximation.
We derived a criterion to establish if the system is in a turbulent regime or if admits a stable
homogeneous steady state. Manipulating the non-resonant model in the regime of weak density
fluctuations, under the adiabatic elimination of the density fluctuations, we derived an equation
to describe the phase dynamics only: the Kuramoto-Sivashinsky equation. We found a mapping
between the KSE and the KPZ equation, the idea is to map the chaotic properties of the KSE into
the stochastic properties of the KPZ equation. We computed an expression for the decay of the
coherence due to chaos, expressed by the long-range field-field correlation function.
To understand better the possible relation with the experiments, we studied the effect of using
a small pumping spot, and we found that it introduces an effective finite size, which suppresses the
unstable regime. Also the role of disorder was investigated. It was found that that the presence of
disorder hides the unstable regime when the polariton life-time is short, while, when the polariton
life-time is long enough, it makes an evident difference between stable and unstable regime. In the
last chapters we studied two lattice systems of polariton. We found that the unstable regime can
be present also in lattice systems, but it loses the chaotic dynamics, and it becomes an effect which
participates in the selection of the band in which the system will condense. So the criterion of
instability becomes a criterion on band selection.
The present work is far from giving a complete description of this unstable regime, and it
misses, for example, the discussion on the decay of coherence in the strong density fluctuations
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regime, which could be very important in the experiments. A deeper analysis of the full nonresonant model, without adiabatic approximation, could possibly still give rise to other regimes,
with different phenomenology. All these topics could be the subjects of some future works.
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Appendix A

Numerical methods, rescaling and units
First of all, we introduce the rescaling of the gCGLE.
ψ̃ =

q

ñR =

R
γψ

R
γ nR

(A.1)

t̃ = γt
m̃ =

m
~2

The gCGLE becomes:
"

gp
∇2
gx P
1
i
i∂t̃ ψ̃ = −
+
|ψ̃|2 + 2
+
γ
2m̃~γ ~R
~R Pth 1 + γ |ψ̃|2 2
R

!#
P
1
−1
ψ̃
Pth 1 + γγ |ψ̃|2
R

(A.2)

The free parameters are:
m̃, P/Pth , ~γ, ~γR ,

gp gx
,
.
~R ~R

(A.3)

Since the mass of polaritons is typically given in terms of the free electron mass, it is useful to
report its rescaled value:
m̃e =

me
' 13.13 (µeV µm2 )−1
~2

(A.4)

To run the simulations we use the following units:
[Energy] = µeV, [Length] = µm.

(A.5)

In all the plots energy is converted in meV . Density and time are always shown in rescaled units,
so in all our plots density is adimensional, while time is given in polariton life-time units.
In chapter 6.3, the parameters used come from the article [3].
In chapters (2-3-4-5 -6.2), all the simulations of the time evolution of the system are done using
the so-called split step algorithm. The idea is to evolve ψ as a single particle wave function, using
95

the Heisenberg operator:
ψ(t + dt) = e−iĤdt ψ(t).
Defining:
T̂ := −
V̂ :=

(A.6)

∇2
2m̃~γ

(A.7)

gp
gx P
1
|ψ̃|2 + 2
~R
~R Pth 1 + γγ |ψ̃|2
R

(A.8)

P
1
−1
Pth 1 + γγ |ψ̃|2
R

(A.9)

Ŵ :=
we have

i
Ĥ := T̂ + V̂ + Ŵ .
2

(A.10)

From the Trotter decomposition:
1

e−iĤ∆t ' e−iT̂ ∆t e−iV̂ ∆t e 2 Ŵ ∆t + o(∆t2 ).

(A.11)

The algorithm works as follows:
1

F F T [ψ 0 (t,x)]

2

k
∆t
i 2m̃~γ

ψ(t, x) → ψ 0 (t, x) = e−iV̂ (x)∆t e 2 Ŵ (x)∆t ψ(t, x) −−−−−−−−−→ e

iF F T [ψ 0 (k,x)]

ψ 0 (t, k) −−−−−−−−−→ ψ(t+∆t, x).
(A.12)

The typical time-step ∆t, an grid-step ∆x, used in time and space discretization are:
∆t ∈ [10−5 , 10−3 ]
∆x ∈ [10−2 , 1]

(A.13)

This method implements itself the periodic boundary condition, so the evolution is done on a circlelike effective geometry. In our simulations we typically work changing the value of gx and keeping
fixed γR , note that the opposite situation gives exactly the same results, so, in order to explore
the behaviour of the system described from the gCGLE it is really the same thing. In chapter (4)
we introduced more dissipation on the boundaries, in order to have zero flow on the boundaries.
Because of the strong ejection of polaritons out of the pumping spot, there are high flows in the
system. With periodic boundaries these flows come back from the other side of the system giving
rise to interference effects. To avoid these effects we needed to dissipate the flows on the boundaries.
In chapter (6.3), all the simulations for the time evolution are done using the Runge − Kutta
algorithm. We used the time evolution to compute the steady states of the different configurations,
but also we used the time evolution to compute the spectra of the various configurations. Here a
brief explanation of the Runge-Kutta algorithm which we used. Consider an ODE system of the
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form:
d~y
= f~(t, ~y ).
dt

(A.14)

Introducing the general notation:
x(t) =: xn

tn := n∆t

(A.15)

in which the subscript n indicates a point on the time-grid evolution. The R-K algorithm consist
in:
~yn+1 = ~yn +


∆t  ~
~ 2 + 2K
~3+K
~ 4 + o(∆t4 )
Kn + 2K
n
n
n
6

(A.16)

where
~ n := f~(tn , ~yn )
K

(A.17)

~ n)
~ n2 := f~(tn + ∆t , ~yn + ∆t K
K
2
2

(A.18)

~ n3 := f~(tn + ∆t , ~yn + ∆t K
~ 2)
K
2
2 n

(A.19)

~ 4 := f~(tn + ∆t, ~yn + ∆tK
~ 3)
K
n
n

(A.20)
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Appendix B

Comments on the Lieb lattice time
evolution
All the dynamical simulations in chapter (6.3), are done with the R-K algorithm. It is well known
that the R-K introduces some artificial dissipations/relaxations and dispersions, which depend from
the time step and from the grid step. Typically this was not a problem, a part for the simulations
in the weak-pumping regime (linear regime) of the pumping scheme in which we pumped every
pillars. As explained in chapter (6.3.1), in the weak-pumping regime, and pumping every pillars,
all the modes are equally favoured to reach condensation. But, because of dissipation/relaxation
induced by the algorithm, in the full simulation the modes of the lower band are mostly favoured.
We checked that this effect disappears, lowering the time step, but, since the time required to do
such a simulation was too long for our time-scales, we decided to avoid from that example.
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