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Preface
There we are, at the end of the road that brought me here after five years as a Physics
student.
It all started in 2012, as a first year rookie at the University of Trento; I was excited,
eager to learn, always looking for something new to discover. Well, I have to say that –
apart from my age – little has changed in this sense; I’m still the same person I’ve always
been, curious about the way the world around me works. However, Physics definitely
changed my mind; I’ve learned how to approach a wide variety of problems in different
and always new ways, which is important not only as a wannabe scientist but also as an
adult individual. To me, Physics has been a magister vitae.
At the same time, I had the good fortune to make new experiences. The first one
that literally changed my life was my Erasmus+ exchange at the University of Oslo. I’ve
learned how to interface myself with people with a different culture, habits, mindset; it
was extremely instructive. And I’ve also met for the first time the worlds of Computational Physics and Quantum Mechanics. I was so excited that I chose a BSc Thesis
project with a strong computational taste and a good portion of quantum mechanics,
under the supervision of Morten Hjorth-Jensen (UiO) and Francesco Pederiva (UniTN);
it has been a good chance to explore the world of Quantum Monte Carlo computations
and to use it as a tool to study a solid state system – which was quantum dots.
After this stimulating experience, I decided that my Master Degree had to have a
strong international orientation, marked research tendencies and a good education quality with a numerical push. That’s why I decided to enroll in the Joint Programme
UniTN-SISSA. My experience at SISSA has been amazing and I’ve learned tons of new
exciting tools; however, before that, I attended two excellent courses: Non-Equilibrium
Quantum Systems by Giuseppe Santoro (SISSA) and Quantum Optics by Iacopo Carusotto (UniTN). The first one introduced me to the vast world of topology, while the
second one opened my eyes on a world I had never considered before. These two courses
impressed me so much that, even before spending my second year at SISSA, I decided
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that my MSc Thesis had to be a crossover between topology and quantum optics. I’ve
immediately met the interest of Iacopo Carusotto, who is an amazing person and who
I’d like to thank for bearing with me for all of this time.
It’s been a suffered work, but that’s the only important thing: I’ve enjoyed it a lot
and I would do it again! I will for sure continue to work on it during my first year of
PhD at SISSA, under the guidance of Iacopo Carusotto and Massimo Capone.
This work, though, would have not been possible without the help of many people.
First of all my supervisors, which I thank again. But more importantly, I have to thank
my family. They showed me a constant support even in the darker days of my master
program and they checked on my mental sanity, inciting me to hold on. Thank to all
of you: my parents, Irene and Valter, my brothers, Chiara and Alberto, my super-sweet
grandma and all my loved ones who have always believed in me and passed on too soon.
Finally a big thank you to my girlfriend, Angela, whose love gave me all the strength to
overcome many difficult moments.
A thank you to all of my friends, too; those in Trento, those in Trieste, the (former)
first year PhD guys in Condensed Matter at SISSA (who provided me with a desk and
from whom I learned a lot) and all the ones scattered around the world.
Enjoy your reading!
Matteo Seclı̀
Trento, October 2017

Introduction
Topological insulators (TIs) are a hot scientific topic in today’s research; they are a
phase of matter characterized by an insulating bulk and protected conducting edge
states at the interface between regions with distinct topological invariants. TIs opened
new possibilities and frontiers in the quest for novel materials and exotic phases of
matter, which could be used to build new generations of electronic and superconductor
devices or applied in the field of quantum computing. Due to the wide range of new
exciting possibilities that their discovery opened up, Thouless, Haldane and Kosterlitz
were awarded the Nobel Prize in Physics 2016 (NobelPrize, 2016).
The journey of Kosterlitz and Thouless began in 1973, when they revolutionized the
then-current theory of superconductivity with the use of topological concepts (Kosterlitz
and Thouless, 1973); however, it was almost a decade later (Thouless, 1983; Thouless
et al., 1982) that Thouless explained the topological nature of the newly discovered
quantum Hall effect (Klitzing et al., 1980), for which Klitzing was soon awarded the
Nobel Prize in Physics 1985 (NobelPrize, 1985). The quantum Hall effect is a quantized
version of the much more common phenomenon known as the Hall effect, discovered
in 1879 – nearly 100 years earlier – by Hall, which involves the motion of conduction
electrons under the effect of a magnetic field. The lattice version of this problem was
intensively studied by Harper and Hofstadter (Harper, 1955; Hofstadter, 1976) under
the tight-binding approach; Hofstadter, in particular, showed that the spectrum of the
resulting Hamiltonian as a function of the applied magnetic field has a spectacular
recursive structure known today as the Hofstadter butterfly. The energy bands of the
system are characterized by topological invariants, i.e. numbers that cannot change
under smooth distortions and thus provide what it’s called a topological protection.
In recent years, a new field has developed in the meantime: that of artificial gauge
fields. This field is a direct consequence of the discovery of topological systems; people
tried to develop systems analogous to the electronic ones with an external magnetic field,
but without electrons or external magnetic fields at all. The result has been a new zoo of
v
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devices in which the topological features of the system determine the motion of particles
or quasiparticles – bosonic or fermionic – as if they were electrons in a real magnetic
field. The role of the magnetic field is then played by what it is called a gauge field. A
gauge field is not necessarily a direct physical observable; its presence can be mimicked
by engineering the hopping phases between the sites of a lattice, either via spatial or
temporal modulations of the underlying potential or e.g. in photonic systems through a
clever design of the devices that connect different sites. Later in this thesis, I show some
clarifying examples in which devices that implement a Harper-Hofstadter Hamiltonian
are realized in different realms without necessarily using an external magnetic field.
One of the most recent trends in the field of topological insulators is the quest to
build a new type of laser, called a topological laser, in which the topological protection
of the edge modes can be used as a propagation constraint for the light. In such a laser,
a light beam would be forced to propagate unidirectionally, robust against variations of
the composition of the device and without any external device such an optical isolator.
The topological protection would allow to realize a laser in which imperfections, large
defects of the material, thermal deformations and long-term degradation do not affect
the regular operation of the device or degrade its properties. Topological resistance
against backscattering can also help to reduce the speckles found in the light emitted
by a conventional laser, thus producing a much cleaner laser light. The outlook – which
at this point seems like you can have your cake and eat it, but the premises are highly
encouraging – is to obtain a robust, highly efficient device that lasts in time and produces
a near-speckleless laser beam with a minimal loss in energy.
Preliminary works in this direction started no more than a couple of years ago, with a
theoretical proposal for lasing in a 1D resonant photonic crystal (Pilozzi and Conti, 2016)
and one for lasing in a 2D graphene-like honeycomb lattice of helical waveguides (Harari
et al. (2016), modeled after the system in Rechtsman et al. (2013)). More recently,
lasing in a 1D SSH chain was experimentally observed both with polariton micropillars
(St-Jean et al., 2017) and with microring resonators (Parto et al., 2017).
Driven by these early results, this thesis started as an exploration towards the realization of lasing in a Harper-Hofstadter system; the starting point is the Harper-Hofstadter
device implemented in Hafezi et al. (2011, 2013) by Hafezi’s group, which used an array
of optical microring resonators coupled via connecting waveguides. During the work on
this thesis, an announcement was made at the CLEO Conference by Segev’s group; they
showed a preliminary experimental realization of a topological laser that implements
a driven-dissipative Harper-Hofstadter model with microring resonators, the same discussed in this thesis, by amplifying the whole border of the system (Wittek et al., 2017).

vii
The preliminary results they’ve shown are in accordance with the simulations carried
out in this thesis, in particular the fact that the position of the amplified resonators
determines the selection of the lasing mode. While we’re still waiting for a more exhaustive peer-reviewed treatment of their experiment, a new work (Bahari et al., 2017) has
appeared just a couple of weeks before the discussion of this thesis. This works shows
the first 2D experimental realization of lasing in an arbitrarily-shaped cavity by using
photonic crystals; the device operates at room temperature and at telecommunication
wavelengths, and could open new ways to transport information in photonic integrated
devices. The intense activity of the last months is a clear indication of the growing interest in the community around these topics; the hope is that this thesis and the future
work that it will entail can give a small contribution.
The thesis is organized in two parts: Part I introduces the background concepts of
this work, while in Part II I will show my original results.
In the first part I start by introducing the reader to the Harper-Hofstadter (HH)
model, from the ground up (Chapter 1): we will review the derivation of its Hamiltonian, the properties if its spectrum (the Hofstadter butterfly) and the energy bands in
momentum space. The discussion about the HH model is also a good chance to introduce
some necessary topological concepts, such as the Chern number, and their connection
to the integer quantum Hall effect. Chapter 2 is instead devoted to some examples: we
will briefly overview some systems in which the HH Hamiltonian has been implemented,
from ultracold atoms to photonic devices to mechanical systems. The photonic example
that I show is the starting point of this thesis, which is the reason I linger over it a
bit more and I take the chance to introduce a formalism that is different from the one
used in this thesis, but that can still be exploited to extract some of the transmission
properties of the system. Since the final goal is to realize a laser, in Chapter 3 I review
some basic concepts of semiclassical laser theory, from the two-level atom picture to the
idea of amplification of light.
In the second part I start with a little warming-up: in Chapter 4, in fact, I begin
by writing the set of coupled equations of motion that we need to solve and I do a
numerical implementation. This chapter contains my won numerical calculations; the
results obtained in this way are checked against the existing literature as a preliminary
check. Finally, in Chapter 5, I present my new results. First of all, I implement the full
driven-dissipative Harper-Hofstadter model with amplification necessary to observe the
topological lasing. Then, we will see how the system selects the lasing mode based on the
position of the amplified sites, analyze the lasing threshold in different cases and show
that the emitted intensity grows linearly with the amplification power – as expected in
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a laser – and perform some transmission calculations.
A few words at the end of this work are dedicated to an outlook and to possible
future extensions in my upcoming first year of PhD in condensed matter.
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Chapter 1

The Harper-Hofstadter model
The Harper-Hofstadter model (Harper, 1955; Hofstadter, 1976) is one of the best-known
models in which one can observe interesting topological effects, i.e. effects that are due
to the peculiar geometrical properties of the system. Such systems are not a quantum
prerogative, as it’s been recently shown by the realization of e.g. mechanical systems
(Meeussen et al., 2016; Salerno et al., 2016, 2017; Susstrunk and Huber, 2015); nonetheless, the quantum-world cousins of these systems have attracted a great deal of interest
thanks to the large number of possible applications, from the improvement of photonic
devices (Hafezi et al., 2011) to the realization of robust, low-noise sound transport (He
et al., 2016) to the birth of new type of transistors that can be used to improve faulttolerant quantum computing (Wray, 2012).
In this chapter we review the main features of the HH model, for the benefit of the
reader. We mainly follow the discussion carried out by Hofstadter himself (Hofstadter,
1976) and the more extensive review in Salerno (2016) and Aidelsburger (2016).

1.1

Introduction to the model

The description of the HH model starts by considering a Bloch electron1 immersed in
a strong magnetic field on a 2D lattice. To fix the ideas, consider a 2D square lattice
~ perpendicular to the lattice plane,
with spacing a and apply a strong magnetic field B
along the z direction. An effective single-band Hamiltonian for the electron, as shown by
Peierls (1933), can be built by starting from the tight-binding form of the Bloch band,
which is
E(~k) = 2E0 (cos kx a + cos ky a) .
1

Electron in the conducting band of a periodic potential, e.g. a crystal.

3

(1.1)
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The Bloch energy function in (1.1) is then transformed into a single-band Hamiltonian
via the substitution h̄~k −→ p~, where p~ is an operator. If in addition we have a magnetic
field, we must take into account its presence; we can get away with that by considering
~ (i.e. such that B
~ = ∇ × A),
~
the minimal coupling with the magnetic vector potential A
such that the final substitution that we have to do to get the single-band effective
Hamiltonian reads as
h̄~k

−→

~
p~ − eA/c.

(1.2)

This substitution is also called the Peierls substitution (Peierls, 1933).
As always, because of gauge invariance, we have some freedom in choosing the vector
~ = 0, that in our case means
potential. A convenient choice is the Landau gauge ∇ · A
~ = B(0, x, 0). With this choice of the gauge, the Peierls substitution reads as
that A

k
x
k
y

−→

px /h̄

−→

py /h̄ − eBx/h̄c

(1.3)

where, again, px and py have to be seen as operators. Notice also that, when substituting
the expressions above into (1.1) and by rewriting the cosines in exponential form, you
get terms of the form e±ipj a/h̄ (j = x, y) that act as lattice translation operators.
The effect of the magnetic field is clear from the previous expression: it generates in
the effective Hamiltonian an extra x-dependent hopping phase factor for the y-direction.
Namely, if one writes the eigenvalue (Schrödinger) equation2
E(~k)ψ(x, y) = Eψ(x, y)

(1.4)

the latter can be rewritten, after the Peierls substitution, as
n
E0 ψ(x + a, y) + e−ieBax/h̄c ψ(x, y + a)
o
+ ψ(x − a, y) + eieBax/h̄c ψ(x, y − a) = Eψ(x, y).

1.2

(1.5)

The Harper equation

In order to solve (1.5), we assume that in the y-direction the solutions are plane waves.
To this end, one performs the substitutions
x = ma,
2

y = na,

E/E0 = ε,

E(~k) is an effective band Hamiltonian, thus is an operator; E is its eigenvalue.

(1.6)
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ψ(ma, na) = eiνn g(m),

ϑ = eBa2 /2πh̄c

(1.7)

with which (1.5) yields
g(m + 1) + g(m − 1) + 2 cos(2πmϑ − ν)g(m) = εg(m) .

(1.8)

Equation (1.8) is called the Harper equation (Harper, 1955), and you see that if ϑ = p/q
(with p and q coprime integers) it is invariant under m → m + q.

The quantity ϑ has a special meaning, as it’s the magnetic flux per plaquette. To see
this, just notice that the magnetic flux through a plaquette (a lattice square cell of side
a) is ΦB~ = Ba2 , and so
2πϑ =

Φ~
Ba2
= B,
h̄c/e
Φ0

(1.9)

where Φ0 = h̄c/e is the flux quantum. Therefore, more specifically, ϑ is – apart from the
factor 2π – the number of magnetic flux quanta that are contained in the magnetic flux
through a plaquette, although it is commonly referred to as the magnetic flux. More
details can be found in Figure 1.1.

ϑ can be also expressed as other notable ratios. The first way was pointed out by
Felix Bloch in a discussion with Hofstadter (Hofstadter, 1976): Bloch noticed that
ϑ=

a2 m/2πh̄
.
mc/eB

(1.10)

The two quantities at the numerator and at the denominator are two characteristic
periods of the system: the former is the period of motion of an electron in a state with
crystal momentum 2πh̄/a, while the latter is the inverse of the cyclotron frequency.
Another way to write ϑ, which is pointed out in Dalibard (2015), is
2πϑ =

a2
l2~

(1.11)

B

where lB~ =

p
p
h̄/eB = h̄/mωc is the magnetic length, i.e. the length associated with

the cyclotron frequency ωc = eB/m (see e.g. Huber, 2015). In this way, ϑ is expressed
as the ratio (squared) of two characteristic lengths of the system.

6
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n

5

−6πϑ

8πϑ

0

4

2πϑ

3

0

2
ei2πϑ

ei4πϑ

ei6πϑ

1

a

1

2

3

4

5

6

m

Figure 1.1: Lattice of the Harper-Hofstadter model. A particle that hops in the positive y-direction
takes an x-dependent phase factor ei2πϑm , where ϑ = p/q – p, q coprime integers – and m is an
index such that x = am. At the bottom of the figure, the magnetic unit cell is highlighted in
light blue for the case ϑ = 1/4; since the particle takes a phase factor ei2πϑm = ei2πm/4 at every
vertical hop, the system is invariant under m → m + 4 (while in the y-direction it is invariant
under n → n+1). This means that the unit cell has dimensions 4×1. The light brown area at the
center of the figure, instead, highlights a plaquette. The arrows indicate the hopping path around a
plaquette; the corresponding numbers are the phases relative to the hopping phase factors for each
hop. Notice that a particle acquires no additional phase factor when hopping in the horizontal
direction. The total phase acquired after a plaquette round trip is 2πϑ, as you can easily get by
summing the indicated phases for each hop. This holds for any m, as the 2π appears because the
particle hops through two different vertical “lanes”: the m one and the m + 1 one – which differ
by a 2πϑ phase.

1.3. THE HOFSTADTER BUTTERFLY

1.3

7

The Hofstadter butterfly

The Harper equation was intensively studied by Hofstadter in Hofstadter (1976), both
analytically and numerically. Without going into details, he found out three fundamental
properties:
1. The spectrum of ϑ as a function of ε only exists for −4 ≤ ε ≤ 4.
2. The spectrum for rational values of θ, i.e. for coprime integers p and q such that
θ = p/q, consists of q bands.
3. The spectrum for irrational values of θ is homeomorphic to the Cantor set (any
uncountable yet zero-measure set of reals in an interval).
In particular, the spectrum of ϑ vs ε has a spectacular recursive structure called the
Hofstadter butterfly, shown in Figure 1.2.
In real experiments, the resulting Hofstadter butterfly will actually be “blurred”, as
small variations of ϑ will pick irrational values as well as neighboring rational values of
the flux, thus introducing some fluctuations in the spectrum itself.

1.4

Energy bands in momentum space

First of all, let’s rewrite the Harper-Hofstadter Hamiltonian in terms of creation and
annihilation operators a†m,n and am,n :
H=


o
Xn
ω0 a†m,n am,n − J a†m,n am+1,n + e−i2πϑm a†m,n am,n+1 + h.c.
,

(1.12)

m,n

where, in complete generality, ω0 is some on-site energy and J can be interpreted as
a hopping amplitude. Notice that ω0 is simply an energy scale shift, but we’ll keep it
anyway.
Now the goal is to Fourier transform into momentum space, where we hope things
are going to be simpler. To this end, notice that the hopping along the y-direction
(labeled by the subscript n) introduces a phase factor ei2πϑm which is x-dependent; if
ϑ = p/q, then this phase factor is invariant under m → m + q (i.e., it has the same
symmetry property of the Harper equation (1.8)). On the contrary, the Hamiltonian
(1.12) is invariant under lattice translations in the y-direction, i.e. under n → n + 1.
In other words, the unit cell has dimensions q × 1. This kind of unit cell, in which
the magnetic phase is considered, is called the magnetic unit cell (see Figure 1.1). The

8
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Figure 1.2: The Hofstadter butterfly; ϑ is on the vertical axis, and runs from 0 to 1, while
−4 ≤ ε ≤ 4 runs on the horizontal axis. Generated with a MATLAB R code by Daniel Osadchy
(http: // physics. technion. ac. il/ ~ odim/ index. html ).

corresponding cell in momentum space, called the magnetic Brillouin zone, will then by
π π
defined by (kx , ky ) ∈ [− qa
, qa ) × [− πa , πa ).

Since the addition of the magnetic field shrinks the original (i.e. the zero magnetic


field) Brillouin zone, we have the to replace the kx ∈ − πa , πa in the absence of a magnetic
π π
field with kx + 2πϑξ and kx ∈ [− qa
, qa ), and then sum over ξ = 0, . . . , q − 1. The final

ratio of all of this is that the momentum-space field operators are defined by the following
Fourier transform (Ozawa et al., 2015; Salerno, 2016):
am,n =

Z π
Z π
q−1
X
qa
a
a2
dk
dky eikx am eiky an ei2πϑξam akx +2πϑξ,ky .
x
π
4π 2 − π
−
ξ=0

qa

a

(1.13)
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Now, let’s transform equation (1.12) term-by-term.
X

ω0 a†m,n am,n

m,n

Z
X a2 a2 X Z
0
dkx dkx dky dky0 ×
= ω0
2 4π 2
4π
0
m,n
ξ,ξ

i(kx −kx0 )am

0

0

×e
ei(ky −ky )an ei2πϑ(ξ−ξ )am a†k0 +2πϑξ0 ,k0 akx +2πϑξ,ky
y
x
Z π
Z π
n
o
2
X
qa
a
a
= 2
dkx
dky
ω0 a†kx +2πϑξ,ky akx +2πϑξ,ky
(1.14)
4π − π
−π
qa

a

ξ

and the expression in curly braces in the last line it’s the Fourier-space piece of Hamiltonian we’re interested in. By proceeding in a similar way with the other terms, one
obtains
H(~k) =

(
q−1 
X


ω0 − 2J cos(kx + 2πϑξ) a†kx +2πϑξ,ky akx +2πϑξ,ky

ξ=0



− J eiky a a†kx +2πϑ(ξ−1),ky akx +2πϑξ,ky + h.c.



)
(1.15)

The above expression is nice (even if it doesn’t seem so at a first sight) because if we
label the fields operators just with ξ then in can be written in a matrix form. Specifically,
we can expand the full wave-function on single-particle states as
q−1
E X
~
ψ(k) =
ϕξ (~k)a†kx +2πϑξ,ky |0i

(1.16)

ξ=0

so to write H(~k) in the following q × q matrix form:



~
H(k) = −J 



2 cos φ0 − ω0 /J

eiky a

0

···

0

e−iky a



e−iky a
..
.

2 cos φ1 − ω0 /J
..
.

eiky a
..
.

0
..
.

···
..
.

0
..
.







eiky a

0

···

0

e−iky a 2 cos φq−1 − ω0 /J
(1.17)

where φξ = kx + 2πϑξ and ξ = 0, . . . , q − 1.
The diagonalization of (1.17) for different values of ϑ gives the energy bands of the
system. They are plotted in Figure 1.3 for ϑ = 1/4 and ϑ = 1/5.
As expected, for odd q’s you get q bands out of a q × q Hamiltonian matrix, i.e.
there are no degenerate eigenvalues. For even values of q, the central bands touch at
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(a) Harper-Hofstadter energy bands, with ϑ = 1/4.

(b) Harper-Hofstadter energy bands, with ϑ = 1/5.
Figure 1.3: Momentum-space energy dispersion (in units of J) of the Harper-Hofstadter model;
the energies are measured with respect to ω0 /J. The bands are plotted for different values of
ϑ = p/q, and you can indeed recognize q energy levels.
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1.4. ENERGY BANDS IN MOMENTUM SPACE
zero energy in q Dirac points 3 .

As you may guess, as q increases the bands get flatter and flatter. In particular, since
from (1.7) q → ∞ is equivalent to say a → 0, you should recover the classical motion
of an electron in free space under a uniform magnetic field, i.e. an electron rotating at
the cyclotron frequency ωc = eB/m. This was indeed shown to be the case (Cominotti
and Carusotto, 2013): as q increases the lowest bands get flatter and flatter and the
inter-band spacing becomes a constant equal to the cyclotron frequency, thus reducing
the HH energy bands to the well-known Landau levels 4 . In addition, the Berry curvature
– that we are going soon to define in (1.19), tends to a uniform value across the whole
magnetic Brillouin zone5 .

1.4.1

Chern number

Each band is labeled by an index ν = 1, . . . , q; this means that we have q eigenvectors
uν (~k) of (1.17), with corresponding energy Eν (~k), defined as



ϕ0 (~k)


..

uν (~k) + 
.


~
ϕq−1 (k)

(1.18)

The point of having an explicit form of the eigenvectors is that we can calculate one
of the quantities we are most interested in: the Chern number of the ν-th band. One
defines the following quantities (Berry, 1984):
D
E
~ ν (~k) + uν (~k) i∇~ uν (~k) ,
A
k
Z
γν =
S

~ν (~k) · dS =
B

~ν (~k) + ∇~ × A
~ ν (~k),
B
k
I

(1.19)
~ ν (~k) · d~l
A

C

where C is a closed path in the Brillouin zone and S is the momentum-space surface
enclosed by C. The notation used for the above quantities (1.19) is not random: A and
B act as – respectively – a magnetic potential and a magnetic vector in momentum-space
3

Points at which neighborhood a particle would follow a dispersion that resembles the one of a massless
relativistic particle described by the Dirac equation. This behavior was first discovered in graphene by
Wallace (1947), that expanded the dispersion relation near the Dirac-points and found that it follows a
2D Dirac equation. A more extensive discussion can be found in Castro Neto et al. (2009).
4
Which are the quantum energy levels of a free electron under a uniform magnetic field.
5
~ν (~k) ' − h̄ ẑ (Cominotti
As an example, the Berry curvature of the lowest band tends to the value B
eB
and Carusotto, 2013).
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(Berceanu et al., 2016; Ozawa et al., 2015; Price et al., 2014), while γν is equivalent to
a momentum-space “magnetic flux”. These three quantities are called, in order, Berry
connection, Berry curvature and Berry phase. The interesting thing about the Berry
phase γν is that it is gauge-invariant.
A special case is that of S covering the whole the Brillouin zone; upon a normalization
factor of 2π, the Berry phase is then called the Chern number Cν :
1
Cν =
2π

Z

~ν (~k) · k̂z dkx dky ,
B

Cν ∈ Z .

(1.20)

BZ

The Chern number is clearly a gauge-invariant (it follows directly from the gaugeinvariance of the Berry phase).
The Chern number of each Harper-Hofstadter band can be calculated both numerically and analytically, as explained e.g. in Thouless et al. (1982), where a Diophantine
equation is used. From the Diophantine equation, in particular, you can easily obtain
that if ϑ = 1/q then Cν = −1 for ν < q/2 and ν > q/2 + 1. The remaining Chern
numbers are promptly found: if q is even then Cq/2 + Cq/2+1 = q − 2, while if q is odd
then C(q+1)/2 = q − 1.

1.5

The integer quantum Hall effect

The Chern number plays a fundamental role in the description of the integer quantum
Hall effect and in the understanding of the role of the edge states; before going a little
bit deeper into the topic let’s briefly review the (classical) Hall effect6 .

1.5.1

Hall effect: a brief reminder

A simple description of the Hall effect, discovered in 1879 by Edwin Hall, starts by
~ = Ey ŷ
considering a thin conductive plate in the xy-plane with an in-plane electric field E
along the y-direction (Ey < 0), described by a force potential V (y) = −qEy y ŷ. Then,
~ = Bz ẑ, Bz > 0 (see Figure 1.4);
you add a magnetic potential in the z-direction, i.e. B
the total force acting on a charge q at a time t = 0 (the time at which the first electron
enters in the conductive plate) is then
~ + (~v × B)]
~
F~ = q[E
6

(1.21)

A comprehensive introduction on the quantum Hall effect, that also starts from the classical one,
can be found in Tong (2016).
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EH

−

Vy

VH
Figure 1.4: Schematic picture of the Hall effect.

where ~v is the in-plane drift velocity. Assume that the charge carriers are only the
electrons (q = −e); as they flow from the bottom to the top of the conductive plate
along the y direction, the get deflected by the Lorenz force and stack up on the left
side of the plate. This causes the progressive build up of an additional electric field
along the x-direction, with x-component EH < 0 at equilibrium (F~ = 0), such that
~ tot = EH x̂ + Ey ŷ (EH , Ey < 0). The dynamical equilibrium conditions then read
E

0 = E + v B
y z
H
0 = E − v B
y

x

.

z

By solving the first equation in (1.22) for EH and using the general relation ~v =
the drift

velocity7 ,

we get
EH =

(1.22)

Bz
jy .
ne

~j
nq

for

(1.23)

Here, ~j is the current density and nq is the charge density of the charge carrier, so it’s −ne in our
case.
7
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Figure 1.5: Hall voltage VH and voltage drop between the probes Vx as a function of the magnetic
field. From Cage et al. (1985). Notice that, for a given constant current applied to the Hall
device, VH is inversely proportional to σxy .
j

This result is often states in terms of the Hall conductance σxy = − EyH , which is
σxy = −

1.5.2

ne
.
Bz

8

(1.25)

Going quantum

The quantum version of the Hall effect was first observed by Klitzing et al. (1980),
during measurements of the Hall voltage on a 2D electron gas in a MOSFET with a
constant magnetic field. Further measurements were done e.g. by Cage et al. (1985)
with a variable magnetic field; in both cases, they showed characteristic plateaux of the
Hall voltage when the Fermi energy was between two Landau levels (Figure 1.5). In
particular, they find out that the conductance at the plateaux can be expressed as
σxy = −
8

~ where
This relation is just Ohm’s law, ~j = σ E,

σxx
σ=
−σxy

e2
ν,
h

σxy
σyy

(1.26)


.

(1.24)
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where ν is an integer. The expression (1.26) can be easily explained by considering that
the maximum number of electrons that can occupy each Landau level is N =
Lx Ly eB
h ,

Lx Ly
2πl2~

=

B

where Lx,y are the dimensions of the system9 .

If you call ν the number of filled Landau levels, then the total number of conduction
electrons can be written as νN and thus their number density is
n=

νN
eB
=ν
.
Lx Ly
h

(1.30)

By inserting this expression into the classical result (1.25), you immediately obtain the
quantum expression (1.26). This effect is called the integer quantum Hall effect.
This discussion still doesn’t explain the presence of the extended plateaux at these
integer values, i.e. the fact that the Hall conductance is constant over certain ranges of
the magnetic field. This stability is, surprisingly, guaranteed by the presence of disorder
– caused by impurities in the material. Let’s suppose that the strength of the disorder
caused by the impurities is small compared to the Landau levels separation, which is
h̄ωB . Then the net effect of this perturbation is to broaden the Landau levels, i.e. to
break their degeneracy. The density of states is not anymore made up of sharp lines
– corresponding to the Landau levels, as these lines are now slightly spread out in
the neighborhoods of the Landau energies. States close to the center of the bands are
extended states, while states close to the borders of the bands are localized states. So,
if we are in a situation in which we have filled all the extended states of a certain level
and we increase the magnetic field, we begin to populate other localized states of the
same band instead of states of the upper one. However, localized states give very little
9

To get this result you have to diagonalize the Hamiltonian, which e.g. in Landau gauge is
H=

2
1
p2x + (py + eBx)2 .
2m

(1.27)

Indeed, by exploiting the translational symmetry the y-direction, you can write the eigenfunctions as
ψk (x, y) = eiky y fky (x) and reduce the Hamiltonian to the set of decoupled Hamiltonians, one for each
ky ,
p2
1
2
2 2
Hky = x + mωB
(x + ky lB
) ,
(1.28)
2m
2
which are just simple harmonic oscillators and we know how to solve them. The allowed ky ’s are quantized
2
in units of L2πy , while the wavefunctions localization around x = −ky lB
gives the range of the allowed
2
ky ’s as −Lx /lB
≤ ky ≤ 0. This means that the number of accessible states is obtained by dividing the
range of possible ky ’s by the ky ’s quantization step L2πy , i.e.

N=

Ly
2π

Z

0

dk =
−Lx /l2
B

Lx Ly
.
2
2πlB

(1.29)
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contribution (almost negligible) to the process of transporting current from one side of
the system to the other; thus the conductivity remains constant up to the point in which
we fill all the localized states of the current band and we jump to the next one.

1.5.3

Edge states

The presence of edge states 10 in our system is highlighted by a non-zero Hall conductance when the Fermi level is in a band-gap (between two bands). Specifically, the Hall
conductance is related to the Chern numbers of the occupied bands via
σxy =

e2 X
Cν
h

(1.31)

Eν <EF

and the sum the the Chern numbers of all the bands must be zero (because after the
last one there are no available conducting states).
The expression (1.31) is known as the TKNN formula, first derived by Thouless et al.
(1982) starting from the Kubo formula for the Hall conductivity (Kubo, 1956)
σxy = ih̄

X h0 | Jy | ni hn | Jx | 0i − h0 | Jx | ni hn | Jy | 0i
n6=0

En − E0

(1.32)

which applies to a generic system perturbed by a small DC current, where the unperturbed system with Hamiltonian H0 is such that H0 |ni = En |ni and it’s originally
prepared in the state |0i before switching on the perturbation (Tong, 2016).
Notice that the formula (1.31) only involves the form of the eigenstates and the
spacing of the energy levels of the system, and on the side in a every mild way since it
all reduces to the gauge-invariant quantities Cν . These do not depend on the physical
processes at play: in other words, all the systems with the same invariants Cν will show
an equivalent of the integer quantum Hall effect, even if they don’t involve electrons at
all. This suggests that the integer quantum Hall effect is actually a topological feature, as
first noticed by Laughlin (1981), who grasped the connection between this phenomenon
and gauge invariance (after all, since the Chern numbers are gauge-invariants, (1.31) is
a clear signal of this connection).
In deriving (1.26) we’ve considered all the states in the filled Landau levels to contribute equally to the conduction process, and indeed it is. However, as already mentioned before, extended states contribute much more than localized states to the current
10

States living at the physical edge of the system or, more generally, at the edges of the magnetic
domains.
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transport11 , such that the balancing between the two conspires to give exactly (1.26)
(Halperin, 1982; Laughlin, 1981). Furthermore, extended states are guaranteed to live
on the edge of the system rather than on the bulk, and that’s the reason people often
say that the (major) contribution to the conductivity is due to the edge states.
The fact that in a gap the conductance is non-zero can be then explained by the
presence of these conducting edge states that cross the gap. These states do not appear
in the above derivations because we were assuming an infinite system (e.g. a finite
Harper-Hofstadter system with toroidal boundary conditions) to make the analytical
calculations viable (in particular, to Fourier-transform and to expand the wavefunction
in single-particle states). If instead we work with a finite system, these extra states
appear as a natural consequence of finiteness.
Since these states are almost the only ones actively contributing to the conductivity,
their number is simply
Nedge =

X

Cν ,

(1.33)

Eν <EF

where the sign of the quantity inside the absolute value encodes the chirality of the edge
states, i.e. +1 for clock-wise running states (left-handed) or −1 for counter-clock-wise
running states (right-handed).
The intrinsic chirality of these states – easily understandable even in the classical
“skipping orbits” picture – guarantees that the modes propagating through them are
immune to scattering disorders, because all the electrons are forced to move in the same
direction and thus the processes that would scatter electrons in different directions are
highly suppressed. This has been numerically and experimentally confirmed multiple
times even in non-electronic systems12 , as we will see in Chapter 2.

11
We’ve said, indeed, that by filling the localized states the conductivity remains constant over a
certain range of magnetic fields and gives rise to the plateaux.
12
See e.g. Hafezi et al. (2011, 2013); Salerno et al. (2016); Susstrunk and Huber (2015).
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Chapter 2

Experimental probing of
Harper-Hofstadter systems
In the previous chapter, we’ve quickly reviewed some basic properties of the HarperHofstadter model. By manipulating the Hamiltonian in tight-binding form, the problem
of an electron moving on a lattice in an external magnetic field was mapped into the
problem of an electron moving on a lattice that, though, acquires a specific phase if it
moves in a given direction. The magnetic field almost “disappeared” from the problem,
leaving its footprint in the definition of the magnetic flux per plaquette, ϑ. In the
resulting map, the charge of the electron or the fact that it’s a fermion play no role
anymore: a problem with a chargeless boson hopping on a lattice in place of the electron,
as long as ϑ = p/q is the same, is completely equivalent. Indeed, the role played
by the topology is so important that one is even able to recover effects such as the
integer quantum Hall even in uncharged systems. The only, important difference is the
connection between ϑ and the physical quantities into play: a chargeless particle, for
example, cannot experience a magnetic force, thus ϑ must be connected to something
different than a magnetic field.
An important advantage of realizing Harper-Hofstadter systems in realms different
from the electronic one is that it’s possible to explore the whole HH spectrum. The
butterfly in Figure 1.2, indeed, is the result of a numeric computation – as well as the
first butterfly in Hofstadter’s work – that uses the Harper equation (1.8); it’s not a
direct observation stemming from measurements in an actual electronic system with a
magnetic field. The reason is that a direct observation in such a system would require
too high magnetic fields, of the order of 10 × 105 T (Miyake et al., 2013), inaccessible in
19
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typical lattices with today’s techniques1 .
In this chapter, we will briefly review some notable realizations of the HarperHofstadter model and show the connection between the formal model and the physics
behind each of the systems considered.

2.1

Ultracold atoms

Ultracold atoms offer a good toolbox for the investigation of a large variety of phenomena in a controlled environment. Originally used as a showcase for condensation
and superfluidity, they have been recently employed to dig in the realm of topological
systems.

2.1.1

Laser-assisted tunneling

The first necessary ingredient for a lattice topological model with atoms is to create an
optical lattice in which the atoms can be trapped (Dalibard et al., 2011). The potential
landscape is created using several off-resonant lasers, whose interference pattern forms a
grid of trapping sites; the inter-site hopping is guaranteed by quantum tunneling. One
can virtually create any periodic potential landscape, from a simple square lattice to a
more fancy Lieb lattice (Di Liberto et al., 2016) to a graphene-type hexagonal lattice
(Duca et al., 2015).
In those applications in which one needs to control the tunneling phase in order to
realize artificial gauge potentials, the second necessary ingredient is a technique called
laser-assisted tunneling. To briefly see how this works, let’s start by a simple example
illustrated in Figure 2.1 (see Aidelsburger, 2016). Take two orthogonal standing waves
with wavelength λs , which create a square lattice in which all the sites are equivalent.
The tunnel coupling in the two directions is, respectively, Jx and Jy and the hopping
gives no additional phase. Now add, say along the x direction, another standing wave
with wavelength λl = 2λs ; this doubles the periodicity along x, where now we have
two classes of inequivalent sites, and creates staggered energy offsets of magnitude |∆|.
This offset inhibits tunneling along the x direction for ∆  Jx . The tunneling can be
restored by periodically driving the lattice with two additional beams; these two beams
have to be on resonance with the energy offset, i.e. their frequency difference must be
ω = ω1 − ω2 = ±∆/h̄. The additional driving beams modify the Hamiltonian by adding
a periodic potential term; by applying Floquet formalism in the high frequency limit
1

A possible solution, though, is to use superlattices (Dean et al., 2013).
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VK

k2,
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k1-k2

Figure 2.1: Optical lattice setup for the realization of an artificial staggered magnetic field. In
(a), the two standing waves used along the x direction are shown. The red one has double
the wavelength of the blue one, thus creating the potential landscape shown at the bottom. The
tunneling is blocked by the energy offset ∆; to restore it, two additional wave beams are used – as
shown in panel (b). The interference between these two beams creates a local potential, shown in
panel (c) for a fixed time t. This potential travels along the surface of the lattice with a resulting
wave-vector δ~k = ~k1 − ~k2 , shown at the bottom right; the resulting phase fronts directly determine
the hopping phases φm,n . Images from Aidelsburger (2016).

ω  Jx , Jy , the Hamiltonian can be rewritten as an effective Floquet Hamiltonian in
which the time-dependence has disappeared at the cost of having an additional hopping
phase along the x direction. The hopping phase has the form φm,n = 2παn(−1)m+1 ,
where m and n are (respectively) the x and y site indices, and therefore the flux per
plaquette is staggered in the x direction.
To realize the Harper-Hofstadter model, in which the flux is not staggered, one possibility is to slightly change this setup by removing the additional standing wave with
wavelength λl and adding a magnetic field gradient; this was recently done in Aidelsburger et al. (2013); Miyake et al. (2013)2 , and a similar setup was later used to successfully observe the integer quantum Hall effect (Aidelsburger et al., 2014). The recipe
is the similar the one described above. The system is prepared with an ultracold gas of
∼ 104 ÷105

87 Rb

atoms, constrained in an optical (3D) lattice created by standing waves

of laser light. The tunneling along the z-direction is suppressed by increasing the lattice
depth along this axis, thus creating multiple non-interacting planes. A linear potential of
amplitude ±∆ is created by a magnetic field gradient along x both in Aidelsburger et al.
(2013) and Miyake et al. (2013), while an extra standing wave was used in Aidelsburger
et al. (2014)3 . The advantage of the magnetic field solution is that, at the same time,
2
The two groups – MIT and Munich – independently proposed the same implementation scheme at
the same time.
3
As already said, an extra standing wave with wavelength λl = 2λs generates a staggered magnetic
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we obtain two superimposed HH systems: one for the spin-up state |↑i (which feels a
potential +∆m) and one for the down state |↓i (which feels a potential −∆m), where
here the role of the spin is played by the (opposite) magnetic moments of two of the
Zeeman states of

87 Rb.

Since the potential amplitude ∆ must be chosen much greater

than the (bare) hopping along the x-direction, tunneling is suppressed and must be reestablished in another way, i.e. by laser-assisted tunneling. To this end, one can use
e.g. two far-detuned Raman laser beams with frequency difference δω = ω1 − ω2 = ∆/h̄
(on-resonance) and δ~k = ~k1 − ~k2 with |~k1 |' |~k2 |= 2π/λK , as shown in Figure 2.2. This
solution provides, in the high-frequency limit, the effective Floquet Hamiltonian
H↑↓ = −

X


Ke±iφm,n â†m+1,n âm,n + J â†m,n+1 âm,n + h.c..

(2.1)

m,n

~ m,n , R
~ m,n = md~x + nd~y , and the +(−) applies to |↑i(|↓i).
The phases are φm,n = δ~k · R
For a square lattice with spacing a we have φm,n = mφx + nφy , where φx(y) = δkx(y) a;
then if one chooses e.g. δkx = δky ≡ δk, φm,n = 2πϑ(m + n), with ϑ = δk a/2π. As you
see, the phase is not staggered anymore. In general δkx 6= δky but the phase accumulated
around a plaquette is still 2πϑn, with
ϑ=

φy
δky a
=
.
2π
2π

(2.2)

We’ve finally found the meaning of ϑ is this system: it’s directly connected to the phase
difference of the tunneling-restoring laser beams. The magnetic field no longer plays a
role in ϑ, although it’s still present with a different function.
Different values of the magnetic flux per plaquette can be obtained by varying either
λK or the relative angles between the two laser beams. The actual expression for ϑ will
depend on the gauge used. The choice of the gauge, as pointed out in Kennedy et al.
(2015), reflects into a gauge-dependent momentum distribution of the wavefunction;
apart from special cases, the study of these diffraction patterns can be also used to
understand whether a synthetic or a real magnetic field is being used.
The same setup was also used in Aidelsburger et al. (2014) (in Landau gauge) to
measure the Chern number of the lowest HH band for ϑ = 1/4, which is known4 to
be −1. This was possible by exploiting the Hall effect observed in the system: under
a constant force F~ = F ŷ, the atomic cloud undergoes a transverse drift in a non-zero
flux – while we want a uniform flux for the HH model. To solve the problem by keeping this extra wave
without introducing a magnetic field, four driving beams were used instead of two.
4
In the sign convention used here. In the referred work, the sign convention is the opposite and the
lowest Chern number becomes +1.
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Figure 2.2: Optical lattice setup, top view, for (a) |↑i states and (b) |↓i states. The hopping
along x is first suppressed by a magnetic field gradient, that induces an energy difference ±∆
between neighboring sites, and then re-established by two additional laser beams (in red). Here
the lasers are tuned in order to give ϑ = π/2 (the total phase is 2πϑ = π/2), but a generic phase
can be obtained as shown in Miyake et al. (2013). Image from Aidelsburger et al. (2013).

Chern number band. Specifically, the ν-th band contribution to the center of mass
motion of the atomic cloud can be written as
xν (t) =

4a2 F
Cν t,
h

(2.3)

where 4a2 is the area of the magnetic unit cell for the considered case (ϑ = 1/4) and
Cν is the Chern number of the ν-th band. From the experimental measurement of the
perpendicular shift the Chern number of the lowest band was then found to be −0.99(5),
in very good agreement with the theoretical expectation.

2.2

Photonic devices

The advantages of using topological systems for specific purposes are not alien to the
photonics world. A beautiful example in this context is the Harper-Hofstadter system
realized in Hafezi et al. (2011, 2013), which is the starting point of this thesis work. We
are going to review its main features not only as an example of an HH system, but also
for the benefit of our subsequent discussion.
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2.2.1

Coupled resonators

The main motivation for the realization of this device was the improvement of delay lines
obtained with coupled resonators optical waveguides (CROWs), i.e. arrays of resonators
coupled to each other (Mookherjea and Yariv, 2002; Yariv et al., 1999)5 . Delay lines with
CROWs are plagued by multiple problems; if one e.g. considers a CROW made of N ringresonators with radius R and weakly coupled with coupling strength κ then the maximum
achievable delay of a light pulse is τ = Leff /c = N/∆ωuse , where Leff = πRN/|κ| is the
effective length of the CROW6 and ∆ωuse = |κ|c/πR is the usable bandwidth. It is
clear that if one wishes to increase the delay experienced by the light he has to face the
reduction of the usable bandwidth and the increase of losses – which are proportional to
the effective length, whether if he tries to increase the perimeter of the resonators or to
increase their number. These problems were beautifully overcome by using a 2D system
in which the edge states are exploited as delay lines, as we will discuss.
The system under consideration is shown in Figure 2.3.
The ring resonators have degenerate clockwise and anti-clockwise modes; these two
modes behave analogously to spins with spin-orbit coupling in the electronic QSHE
(quantum spin Hall effect), and experience a spin-dependent magnetic field. In other
words, the anti-clockwise mode can be considered as a pseudo-spin up (σ = +1) while
the clockwise mode can be considered as a pseudo-spin down (σ = −1). However, there
is no (real) external magnetic field in the system; its role is played by a synthetic gauge
field, generated by slightly different lengths of the horizontal waveguides. The lengths of
the waveguides are tuned such that the phase that a photon acquires by hopping around
a plaquette is 2πασ, much like the system in (2.1). Here, you see that the anti-clockwise
and the clockwise modes play the same role as the Zeeman levels in the realization with
ultracold atoms discussed above; the sign of the experienced magnetic flux (be it real or
synthetic) by a particle depends on the (pseudo-)spin of the particle itself (which can be
the real spin, a magnetic moment or the chirality of a propagation mode).
If we call â the resonator electric field operator, the Hamiltonian can be written by
heart7 :
H0 = −κ

X


a†σx+1,y aσx,y e−i2παyσ + a†σx,y+1 aσx,y + h.c.

(2.4)

σ,x,y
5

The original work gives a description with the tight-binding analysis in the weak coupling regime.
An equivalent description can be obtained with the transfer matrix formalism, which coincides with the
tight-binding approach in the weak coupling limit (Scheuer et al., 2005).
6
The length that a regular waveguide with the same τ would have.
7
This Hamiltonian can be formally obtained by using the input-output formalism (Gardiner and
Collett, 1985). More details in the original work (Hafezi et al., 2011).
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–2πα (y + 1)
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–2πα y
Connecting
waveguide

2πα y

–2πα (y – 1)

Resonator

2πα (y – 1)
Input

R

T

T′

R′

(a) Sketch model of the Harper-Hofstadter
photonic device (for σ = 1). The grey
disks are ring resonators, interconnected by
waveguides. The vertical waveguides are
symmetric, while in the horizontal ones
the upper and the lower branches differ in
length; this gives a hopping phase in the
x−direction, such that the phase acquired
around a plaquette is 2πασ. Image from
Hafezi et al. (2011).

(b) Scanning electron microscope image of the
device, realized with SOI technology on a silicon
wafer on top of a buried oxide isolating layer.
The white, dashed lines enclose magnetic domains. Image from Hafezi et al. (2013).

Figure 2.3: Photonic Harper-Hofstadter device.

where κ is the hopping amplitude8 . The presence of backscattering impurities (typically
found in a real device) can be taken into account by adding pseudo-spin mixing terms
(Hafezi et al., 2011); we don’t consider them for the current discussion.

2.2.2

T-matrix formalism

Before proceeding, it’s necessary to implement a way to probe the photonic system.
This is done with the T-matrix approach, which provides a numerical recipe and allows
a direct comparison with experiments. This formalism is of interest for our successive
numerical calculations on top of this system, so let’s briefly review it for better clarity;
the main sources for this section are Xu et al. (2000) and the Supplementary Information
in Hafezi et al. (2011), with some generalizations.
The system can be physically probed by attaching two waveguides to it, as shown in
Figure 2.3a, with the coupling weak enough in order not to disrupt the physics of the
8

I’m using α instead of ϑ and κ instead of J just to match them with the figures from the original
work.
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uncoupled system. The total Hamiltonian of the perturbed system is then
Ĥ = Ĥ0 + V̂ ,
where Ĥ0 = Ĥsys +
uide) and

P

k,n ωk

(2.5)

|k; ni hk; n| is the unperturbed Hamiltonian (lattice + waveg-


1 X
V̂ = √
Vnσ,k |nσi hk; n| + Vk,nσ |k; ni hnσ| ,
L nσ,k

(2.6)

L being the length of the waveguide. Here, |k; ni is the input (n = in) or input (n = out)
waveguide mode with wave vector −∞ < k < ∞ (i.e., the incoming or outgoing plane
wave); notice that Ĥ0 |k; ni = ωk |k; ni. |nσi is either |in σi or |out σi, where |in(out) σi
represents the photonic state of the resonator which is coupled to the input(output)
waveguide, in which the light is running counter-clockwise (σ = +1 or ↑) or clockwise
∗
(σ = −1 or ↓). The couplings Vn,k must satisfy Vnσ,k = Vk,nσ
in order to make the

Hamiltonian hermitian, but they can be safely taken real.

Notice also that e.g. the counter-clockwise mode in the input and output resonators
is coupled only to the forward light in the coupled waveguides, where k > 0 (< 0) for
forward (backward) light; the reverse happens for the clockwise mode. In other words,
Vin/out↑,k 6= 0 for k > 0 and Vin/out↓,k 6= 0 for k < 0. Under this assumption, if the light
in the resonators is propagating counter-clockwise and we send a light input (k > 0) in
the input waveguide as shown in Figure 2.3a, R = T 0 = 0 if there is no backscattering;
in general, one can have backscattering effects that cause a small leak in the R and T 0
channels. Here we keep the discussion quite general in order to find a formula also for R
and T 0 independently from Hsys , which may or may not include backscattering effects.

The expression for the output light field |ψi, which is an eigenstate of the total
Hamiltonian, can be found through the Lippman-Schwinger equation as:
|ψ; ni = |k; ni +

1
ωk − Ĥ0 + iε

V̂ |ψ; ni + T̂ |k; ni ,

(2.7)

which defines the scattering matrix T̂ . The above equation can be solved by iteration,
yielding
T̂ |k; ni = |ψ; ni =

∞ 
X
n=0

1
ωk − Ĥ0 + iε

n
V̂

|k; ni .

(2.8)
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If you also define the renormalized Green function Ĝ as
D
E
Gmσ,nσ0 (ω) + mσ Ĝ nσ 0
*
+

l
∞
X
1
1
0
+ mσ
V
nσ ,
ω − H0 + iε
ω − H0 + iε

(2.9)

l=0

and notice that only even powers in (2.8) contribute (the system is linear, so each photon
has to be exchanged an even number of times), you can calculate the T̂ -matrix elements
as
D
E
Tk0 b,ka + k 0 ; b T̂ k; a
= δk0 ,k δa,b +

1 X
1
Vk0 ,mσ Gmσ,nσ0 (ωk )Vnσ0 ,k δm,b δn,a .
ωk − ωk0 + iε L
0

(2.10)

mσ,nσ

By recognizing a geometric series in (2.9), the renormalized Green’s function can be
written as
Ĝ(ω) =

1

(2.11)

ω − Ĥ + iε

where now at the denominator we have the complete Hamiltonian Ĥ instead of the
unperturbed one. Its inverse can be written as
Ĝ−1 (ω) = ω − Ĥsys − Σ̂ ,

(2.12)

where Σ is the self-energy of the coupled system, and its elements are (Xu et al., 2000)
Σmσ,nσ0 =

1X
1
Vmσ,k
Vk,nσ0 .
L
ω − ωk + iε

(2.13)

k

Since the expression for Σ doesn’t contain any system operator that can connect the
input and the output resonators, it’s safe to assume that only its diagonal elements are
non-zero.
To keep things reasonably simple, let’s assume that we are sending a k > 0 wave
in the input waveguide, as shown in Figure 2.3a. Then the considerations made above
allow us to write
Vin↑,k ≡ Vin ,

Vout↑,k ≡ Vout

and

Vin↓,k = Vout↓,k = 0

(2.14)

By transforming the momentum sum in (2.13) into an integral and making a change of
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variable to rewrite it as a frequency integral9 , we obtain
Σ̂ = −i

where νin/out =

2
Vin/out
vg

νin
νout
|in ↑i hin ↑| − i
|out ↑i hout ↑| ,
2
2

(2.15)

and vg is the group velocity at the resonator frequency.

Finally, you see that (2.12) and (2.15) provide a matrix-form expression for the
inverse Green’s function Ĝ−1 , which can be numerically filled and then inverted to find
an expression for the Green’s function Ĝ10 . This, is turn, can be used to numerically
calculate the transport coefficients we are interested in.
Take for example the transmission coefficient. We are using an incoming plane wave
to probe the system, which can be written as
1
ψi (x) = hx; in | ki ; ini = √ eiki x in .
L

(2.16)

Then, by using (2.10), the transmitted wave (in the same input channel) will be
D
E
ψt (x) = x → +∞; in T̂ ki ; in
+∞
X
1 2
1
1
1 iki x
0
in +
Vin Gin↑,in↑ (ωki ) √ eik x in
=√ e
ωki − ωk0 + iε L
L
L
k0 =−∞
Z +∞
1
1
1
eiωk0 x/vg
νin Gin↑,in↑ (ωki ) √
= √ eiki x +
dωk0
2π
ωki − ωk0 + iε
L
L −∞
i 1
h
= 1 − iνin Gin↑,in↑ (ωki ) √ eiki x in
L
i
h
(2.17)
= 1 − iνin Gin↑,in↑ (ωki ) ψi (x),

where we’ve used the fact that in the T channel we have coupling only with the ↑
resonators mode because k 0 > 0, and we’ve transformed the momentum sum into a
frequency integral as we did with the self-energy. Since the transmission coefficient is
defined as
ψt (x) = t(ω)ψi (x),
9

x → +∞

(2.18)

To make the change of variable, one must assume that ω as a function of k is a differentiable function
around the resonator frequency, i.e. it’s smooth enough to make sense out of its derivatives.
10
The matrix has dimensions (2Nx Ny ) × (2Nx Ny ), where Nx (Ny ) is the number of resonators in the
x-direction (y-direction) and the 2 stems from the fact that one needs matrix entries for both the σ = +1
and the σ = −1 modes. In absence of backscattering we already know that R = T 0 = 0, so the matrix
can be reduced to a (Nx Ny ) × (Nx Ny ) array.
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you see that you can identify it as11
t(ω) = 1 − iνin Gin ↑,in ↑ (ω) .

(2.19)

In a similar way, you can define r, r0 and t0 via
ψr (x) = r(ω)ψi (x),

x → −∞,

ψr0 (x̄) = r0 (ω)ψi (x),

x̄ → +∞,

0

x̄ → −∞,

ψt0 (x̄) = t (ω)ψi (x),

(2.20)

where x is referred to the input waveguide and x̄ to the output one. By remembering
that k 0 > 0 in the T and R0 channels and k 0 < 0 in the R and T 0 channels, the final
expressions for the other coefficients are
r(ω) = −iνin Gin↓,in↑ (ω)
r0 (ω) = −iν̄Gout↑,in↑ (ω)

(2.21)

t0 (ω) = −iν̄Gout↓,in↑ (ω),
where ν̄ +

√

νin νout is the geometric mean of the input and output coupling coefficients.

All of this machinery can be useful to evaluate the transport properties of the system,
assess the effects of backscattering impurities, and so on. As a first application, the r0 (ω)
coefficient can be used to extract the Hofstadter butterfly spectrum of the system, and to
study its behavior under various sources of disorder. The key observation is this: Gout↑,in↑
is basically G =

1
ω−Hsys −Σ

evaluated between the input and the output resonator in the

counter-clockwise modes, that should give the highest contribution. Now imagine that
an incoming photon picks a ω that belongs to the spectrum of Hsys : the denominator
in r0 (ω) becomes very small (it’s basically just the self-energy) and thus r0 (ω) becomes
quite big in absolute value. This provides a rule to get the Hofstadter spectrum: given
a certain α, try different values for ω and retain the ones that give high values of r0 (ω)
(i.e., above a certain treshold). This method was used for a numerical simulation in
Hafezi et al. (2011), but can be used as a practical experimental rule e.g. with the setup
in Hafezi et al. (2013).
The other application was to simulate the transport coefficients both for a simple
CROW and the 2D HH device in order to compare them. The results are shown in
Figure 2.4, in which the maximum achievable delay and the transport coefficients for
11

The uppercase coefficients are the moduli squared of the lowercase ones.
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Figure 2.4: Comparison between the 2D topological resonators array (left, 10 × 10 resonators)
and a classical CROW (right, 40 resonators). The systems were engineered to obtain a similar
delay. All the signals shown are averages over 500 realizations, where a Gaussian disorder (nonmagnetic) was added, as a fluctuation on the probe frequency. The intrinsic losses correspond to
non-hermitian terms in the Hamiltonian. The last row also has magnetic disorder (backscattering), under which you see that the edge states still provide a robust transport. Figure from Hafezi
et al. (2011), where you can find more details.

both the 2D topological array (left column) and a regular CROW (right column) are
compared. The first row shows similar achievable delay with both the considered systems;
however the deviations due to the Gaussian disorder (in grey) are almost null in the
frequency ranges corresponding to the edge states of the 2D system, while they are
not negligible at all at the center of the usable bandwidth of the CROW. The second
row shows the coefficient R0 when only a Gaussian disorder is present (i.e., without
backscattering). Again the transmission between the input and the output channel is
robust against disorder in the edge state regions, while shows very large deviations from
the mean value with a regular CROW. The signals R and T 0 are zero because there is
no backscattering (as discussed before), while they show up in the third row where a
backattering disorder was added. This kind of disorder exacerbates the problems that
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one has with the CROWs, while the edge state transport is affected in a more mild
way. The simulation predictions have been experimentally verified later in Hafezi et al.
(2013).

2.3
2.3.1

Mechanical systems
Coupled pendula

The most striking way to convince one that the Harper-Hofstadter model and the quantum Hall effect are a result of topology is to show him classical systems that reproduce
the expected properties. A quite recent example are systems of coupled pendula that,
through different fine-tunings, can be described in terms of an effective Hamiltonian that
is exactly the HH one.
A beautiful example is the one is Susstrunk and Huber (2015): the authors realized
a HH system by connecting pairs of pendula through an ingenious system of springs,
arms and hinges12 . They found topologically protected edge modes, as the one shown
in Figure 2.5.
Another notable realization through the idea of coupled pendula is the one proposed
in Salerno et al. (2016), that uses a different approach to implement the HH Hamiltonian.
We are going to discuss the latter in greater details by closely following the original work,
which I’m particularly attached to as it was my first approach to the Harper-Hofstadter
model. I hope this last example gives a better idea of the implementation process in
such a different realm, and it’s useful to gain some techniques we are going to use in
future manipulations.
It all starts with a 2D lattice of pendula, in number Nx ×Ny and labeled – respectively
– by indices i and j. Each pendulum has a mass mi,j and a frequency ωi,j (t), with mean
value ω̃i,j = hωi,j (t)i. The pendula move all together along the red line in Figure 2.6,
and we indicate with zi,j the displacement along this direction. The couplings between
the nearest-neighbor pendula are springs with constants kx and ky .
The Netwon equations of motion are promptly written as


mi,j żi,j = pi,j


2 (t)z
ex
ṗi,j = −mi,j ωi,j
i,j − 2ξzi,j − Fi,j (t)


P
P


+
k (z
−z )+
k (z
±1

12

x

i±1,j

i,j

±1

y

(2.22)
i,j±1

− zi,j ),

Actually they implemented two different HH models on top of each other, one for each pendulum
in the pairs; then, the two HH systems where coupled through an extra system of springs. This was
necessary in order to create two chiral modes at the edges of the system.
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Figure 2.5: Signal traveling at the edge of the system realized in Susstrunk and Huber (2015)
through a topologically protected edge mode; the picture is taken at the steady state and shows a
bottom view of the pendula (marked by red dots). The input signal is at the center of the right
side: the two pendula of the site are excited with a given phase difference such to pick the counterclockwise propagating mode. The yellow spots indicate the mean deflection of the pendula; the
radius of a yellow spot is directly proportional to the mean deflection of the corresponding pendula.
As you see the bulk pendula are barely involved in the process, and the signal can propagate with
relatively little damping through the whole system edge. Picture from the supplementary material
of Susstrunk and Huber (2015).

kx
ky
Figure 2.6: Top view of the lattice of pendula we are considering. From Salerno et al. (2016).
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ex (t)
where a loss mechanism via a friction coefficient ξ and en external driving force Fi,j

were also included.
By taking inspiration from the quantum harmonic oscillator, one can define the
following (classical) complex variables
r
αi,j =

mi,j ω̃i,j
pi,j
zi,j + i p
2
2mi,j ω̃i,j

(2.23)

and, by re-writing their equations of motion as a Heisenberg evolution α̇i,j = i[H(t), αi,j ],
one can find a tight-binding form for the Hamiltonian
2 (t)
ωi,j
ω̃i,j
H(t) =
− iγi,j + 2Ωx + 2Ωy
+
2
2ω̃i,j
i,j
X

∗
∗
−
Ωx αi,j
αi+1,j + Ωy αi,j
αi,j+1 ,

X

!
∗
αi,j
αi,j

(2.24)

i,j

where µ + mi,j ω̃i,j was assumed constant over all the lattice sites, Ωx(y) + kx(y) /(2µ),
√
ex (t) + F ex (t)/ 2µ = 2f cos(ω t).
γi,j + ξ/mi,j and fi,j
i,j
ex
i,j
In going from (2.22) to (2.24), a number of important assumptions were made. First
of all, we used the standard Rotating Wave Approximation (RWA); we are going to
discuss it with more details in Section 3.1, but the gist of it is that we can neglect the
∗ in the equations of motion for α
counter-rotating terms αi,j
i,j or equivalently, in the
∗ α∗ 13 .
Hamiltonian, we can get rid of the energy non-conserving terms αi,j αi,j and αi,j
i,j

The other assumption is that the ω̃i,j ’s are much larger than all the other frequencies in
the system, except for ωex ∼ ω̃i,j . This is more of a requirement than an assumption,
but it’s a reasonable one because it’s basically saying that we want weak inter-pendula
couplings in order to avoid the complete spoiling of the simple oscillator nature of the
pendula.
The Hamiltonian (2.24) is in a tight-binding form, but it’s still not the HarperHofstadter model. The desired Hamiltonian is recovered as an effective Hamiltonian in
the Floquet picture14 , which can be used when the Hamiltonian is periodic in time. To

13

Here, the assumption is that the natural frequencies of the pendula, ω0 , are much larger than all
∗
the other internal frequencies; then αi,j will rotate at ∼ ω0 while αi,j
will rotate at ∼ −ω0 . In a new
∗
frame that rotates at ω0 , αi,j will then evolve very slowly while αi,j oscillates at a much faster frequency
∼ −2ω0 and quickly averages to zero for a large ω0 .
14
For a soft introduction, see e.g. Santoro (2016).
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Figure 2.7: The spatial modulation used in Salerno et al. (2016).

make the one in (2.24) periodic, one can introduce a space-time modulation
2
ωi,j
(t)

=

2
ω̃i,j



Vi,j (t)
1+2
ω̃i,j


(2.25)

where the spatial dependence is
ω̃i,j = ω0 − 2Ωx − 2Ωy + wS(i),

(2.26)

being S(i) the ”saw function” S(i) = mod (i − 1, s), and the temporal modulation with
a period T = 2π/w is
h
i
Vi,j (t) = V cos(wt + φi,j ) + (s − 1) cos(w(s − 1)t − φi,j ) .

(2.27)

The form of the spatial dependence is equivalent to having a saw-like ceiling while the
pendula are all on the same plane, as shown in Figure 2.7. The point of having saw-like
pendula lengths is that we can create energy barriers for the hopping in the x-direction,
while the y-direction is unaffected. The role of the temporal modulation, then, is to
restore the hopping in the x-direction; it is the equivalent of the blocking-then-restoring
mechanism enountered with optical lattices.
The effective Hamiltonian can be found by first switching to new variables
βi,j (t) = αi,j (t)e

iwt[S(i)−S(ip )] iωex

e

 Z t

0
0
exp i
Vi,j (t )dt

(2.28)

0

and look for the steady state, at which these variables oscillate with the same frequency
of the external driving force. To this end, one can apply the Magnus expansion to the
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lowest order
H EFF =

1
T

Z

T

H(t)dt

=⇒

0

Z
h
i
i
1 Th
β̇i,j = −i βi,j , H EFF = −i
βi,j , H(t) dt
T 0
(2.29)

and, through another set of requirements and redefinitions that are not relevant to the
present discussion, the effective Hamiltonian can be written in a HH form as
(
H

EFF

=

X

h
†
†
− ∆ωβi,j
βi,j − J βi,j
βi,j+1

i,j

+

†
e−i2πϑ(i+j) e−i(πϑ−π/2) βi,j
βi+1,j

+ h.c.

i

)
,

(2.30)

where ∆ω + ωex − ω0 − wS(ip ), ip is the x-index of the pumped site and J is a tunable
parameter that plays the role of Ωx and Ωy .
In going from (2.24) to (2.30), a choice on the phase of the temporal modulation was
performed, as
φi,j = 2πϑ(i + j).

(2.31)

This ad-hoc phase choice guarantees that the phase taken when going around a plaquette is 2πϑ, just as the HH model requires. As promised, we have again an example
of the connection between the “mathematical model” (the HH Hamiltonian) and the
physical quantities behind the system considered: the quantity ϑ is no more related to
the magnetic field of the electronic model (here we don’t have a magnetic field at all!),
but to the phase of the temporal modulation of our choice. Yet, the excitation of a given
pendulum propagates through the system as if it were a lattice electron in a magnetic
field; for this reason, the resulting system is said to have a synthetic gauge field that
mimics, or plays the role of, a real magnetic field.
The energy spectrum of (2.30), as verified in Salerno et al. (2016), is indeed a Hofstadter butterfly similar to the one in 1.2. There’s not surprise in this, since the Hamiltonian has the same form and thus the same energy dispersion. But what about the
quantum Hall effect and the robust transport at the edge states? We’ve discussed them
in the electronic realm, where the magnetic field and the fact that the electron is a
charged particle played a fundamental role; here it seems that all of these things are
completely gone. However we’ve tried to give a hint to the fact that, even if we are in
presence of different physical processes, what it really matters is the resulting effective
model and its gauge invariant properties: the Hall effect is really the result of gauge
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invariance, in a fashion that just by chance was first seen in an electronic system with
a magnetic field. And indeed, numerical simulations on the pendula system by Salerno
et al. (2016) recovered the integer quantum Hall effect and the robust chiral edge transport as shown in Figure 2.8. In Figure 2.8a, the system is coherently pumped at the
central site on the bottom edge of the system. When the pumping frequency is chosen
e.g. equal to ∆ω/J = ±1.7, which is within a band gap and thus excites the edge states
(cf. Figure 4.1), the signal propagates around the perimeter of the system with a chirality determined by the sign of the pumping frequency. This propagation is robust against
defects such as the green square of 3 × 3 missing resonators in panel (c). In panel (d),
instead, the frequency is chosen equal to ∆ω/J = 0.7 – which corresponds to a band; the
excitation goes straight into the bulk and shows no chirality signatures. In Figure 2.8b,
instead, the central site is coherently pumped at a frequency ∆ω/J = −2.7, corresponding to the lowest band with Chern number C = −1. The distribution of the emitted
intensity is central symmetric in the absence of an external force, as shown in panel (a).
In panel (b), on the contrary, a constant external force with modulus Fe is turned on;
the intensity distribution is strained in the direction orthogonal to the external force.
The Hall-like shift observed in Figure 2.8b is related to the Chern number of the
excited band, C, as (Ozawa et al., 2015)

hxi = −Fe


qC
+η ,
2πγ

(2.32)

where q is the denominator in ϑ = p/q, γ are the losses of the system15 and η is a constant
that can be determined by linear-fitting hxi vs γ. As hxi can be determined from the
P
observed oscillations amplitudes Ai,j as hxi = i,j i |Ai,j |2 /I, with I the total oscillation
intensity obtained by summing over all the lattice sites, equation (2.32) can be reversed
and used to obtain a numerical value of the Chern number of the excited band. For
the lowest band in Figure (2.8b), for example, this technique gives a value C = −0.972
for the lowest Chern number, which compares pretty well with the theoretical value
C = −116 .

15
Included here at the master equation level, so not appearing in (2.30) but in the equation of motion
for the βi,j ’s. More details in Section 3.1.
16
We’ve said in 1.4.1 that for ϑ = 1/q the lowest Chern number is always −1.
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(a) Robust edge state transport. The system is pumped by inducing an oscillation on the
pendulum marked with an arrow at the bottom, with a certain frequency ∆ω/J (compare
with (2.30)). The panels (a), (b) and (c) are obtained by tuning ∆ω/J in a band gap,
where only the edge states can contribute to the transport. The panel (d) is obtained
by tuning ∆ω/J in an energy band, thus involving the bulk in the transport process.
Panel (c), in particular, shows the robustness of the edge transport to imperfections in
the system, such as the absence of an array of 3 × 3 pendula.
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(b) Integer quantum Hall effect. Here, the central site is pumped with a ∆ω/J tuned in
the lowest band (Chern number C = −1). In panel (a) there is no external force, while
panel (b) shows that a constant external force in the y direction induces a shift of the
intensity distribution in the x-direction.
Figure 2.8: Edge states and integer quantum Hall effect in a system of coupled pendula, with
ϑ = 1/4. The colors correspond to the oscillation intensities of the pendula, with lighter colors
meaning higher oscillation intensities. Figures from Salerno et al. (2016).
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Chapter 3

Basics of lasers
So far we’ve presented the basics of the Harper-Hofstadter model, originally developed
as an electronic model. However, the peculiar Harper-Hofstadter device that we are
going to examine in the following chapters is a photonic system; the particles that run
in the system are not electrons but photons. Compared to the existing works done on
this system in the photonic realm, the novelty of this thesis lies in the fact that we will
focus on the lasing properties of the device.
For the sake of the following discussion, it then appears useful to review some basic
properties of lasers; we will mainly follow Carusotto (2016) and Walls and Milburn
(2008).

3.1

Two-level atoms

The basics properties of lasers can be understood by starting with the simple model of
a two-level atom, i.e. an atomic system in which the EM field can induce transitions
only between two discrete energy levels. To keep the discussion at a simple level, let’s
call the relevant atomic states |gi and |ei1 corresponding to energy levels ωg and ωe 2 .
Then, the EM interaction Hamiltonian written in the Coulomb gauge (see CohenTannoudj et al., 2004)
Hint = −

X qi
~ ri ) · p~i
A(~
mi

(3.1)

i

1
“g” for “ground” and “e” for “excited”, although in principle we can use any two states connected
by an interaction Hamiltonian that, according to the selection rules, have opposite parities.
2
We use natural units.
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|ei, h̄ωe , ρee
~ h̄ω0
E,

γ

|gi, h̄ωg , ρgg
Figure 3.1: Pictorial representation of a two-level atom. The system is excited by the EM field
(3.4) and has Lindblad losses in the form (3.7), controlled by a loss rate γ.

can be rewritten in the dipole approximation as
~
~ r, t) · d,
Hint = −E(~

(3.2)

where d~ is the dipole operator
*
d~ = d~eg |ei hg| + d~∗eg |gi he| ,

d~eg =

e

+
X

qi~ri g

.

(3.3)

i

~ r, t) as
By writing E(~
~ r, t) = E
~ 0 (~r)e−iω0 t + E
~ ∗ (~r)e+iω0 t + E
~ + (~r, t) + E
~ − (~r, t)
E(~
0

(3.4)

you can rewrite (3.2) as
h
i
~ + (~r, t) + d~eg · E
~ − (~r, t) |ei hg| + h.c..
Hint = − d~eg · E

(3.5)

To simplify things, we now resort to the rotating wave approximation (RWA), which
is standard in the literature3 . To make this approximation more evident it’s better
to go in the interaction picture, where the time evolution of an operator OS (in the
Schrödinger picture) is obtained as OI (t) = eiH0 t OS e−iH0 t . In our case, since |gi and |ei
are eigenstates of H0 with energies ωg and ωe , the time-evolution of |ei hg| goes with a
factor eiωe e−iωg = eiωeg t , where ωeg = ωe − ωg . Now, you see that
~ + (~r, t) = E
~ 0 (~r)e−iω0 t , in the interaction picture, oscillates at a fre• The term E
quency ωeg − ω0 . In the near-resonant case, this frequency is quite small and the
corresponding term evolves slowly enough to contribute to the Hamiltonian.
3

Good reference books are e.g. Cohen-Tannoudj et al. (2004) or Walls and Milburn (2008).
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~ − (~r, t) = E
~ 0 (~r)e+iω0 t , in the interaction picture, oscillates at a fre• The term E
quency ωeg + ω0 . This frequency, in the near-resonant case, it much higher than
ωeg − ω0 ; this means that the correponding term (called the counter-rotating term)
oscillates very fast and quickly averages to zero. Its contribution to the Hamiltonian is negligible for our applications.
A similar discussion can be applied to the |gi he| piece of the interaction Hamiltonian,
~ − (~r, t). To wrap up, the
where now the relevant term is the negative-frequency one E
total Hamiltonian – in dipole + RWA approximation – can be written as
~ + (~r, t) |ei hg| − d~eg · E
~ − (~r, t) |gi he| .
H = h̄ωg |gi hg| + h̄ωe |ei he| − d~eg · E

(3.6)

The Hamiltonian (3.6) is a necessary ingredient if we want to calculate the density
matrix of the atomic system, that we call ρat . From the density matrix, in turn, we
can calculate whatever expectation value (of an operator) we like. The time-evolution of
the density matrix is given by its Heisenberg evolution as an operator; additionally, we
can add some losses in a Lindblad form (see e.g. Carusotto and Ciuti (2013), Walls and
Milburn (2008) or Umucalılar and Carusotto (2011)). The resulting equation is called a
master equation (Walls and Milburn, 2008):
ih̄


dρat
ih̄γ  −
= [H, ρat ] +
2σ ρat σ + − ρat σ + σ − − σ + σ − ρat .
dt
2

(3.7)

Here, σ + = |ei hg| and σ − = |gi he| are, respectively, some sort of absorption and emission
operators. γ is instead the rate at which photons decay from |ei to |gi.
The next step is to find the optical Bloch equations. Define the following quantities:
~ + (t),
Ω(t) + d~eg · E

he | ρat | ei + ρee ,

he | ρat | gi + ρeg ,

(3.8)

and similarly for ρgg and ρge . You easily obtain that, additionally,
ρeg = ρ∗ge

and

ρ̇ee = −ρ̇gg .

(3.9)

By using the above definitions, equation (3.7) can be rewritten as a system of the following two equations (Cohen-Tannoudj et al., 2004):

ρ̇ee = −γρee + i (Ω(t)ρge − Ω(t)∗ ρeg )
ρ̇eg = − γ ρeg + iΩ(t) (ρgg − ρee ) − iωeg ρeg
2

.

(3.10)
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These two equations describe, respectively, the evolution of the population of the excited
state and the one of the population that is migrating from the ground state to the excited
state (called the coherence).

3.2
3.2.1

The amplification of light
External pumping
|ei, h̄ωe , ρee
~ h̄ω0
E,

P

γ

|gi, h̄ωg , ρgg
Figure 3.2: Pictorial representation of a two-level atom with an external pumping at rate P .
Apart from this external pumping, the system is the same as the one in Figure 3.1.

Certainly, having a two-level atom that exhausts its excited population to the ground
state is not of great interest if we don’t add something else. In the hope of having a
continuous decay to the ground state – which is accompanied by the emission of photons,
the objects of our interest – we can think of adding a pumping that restores the electrons
in the excited state from the ground state. This pumping term has virtually the same
form of the Lindblad one, except for the fact that σ + and σ − are inverted. Namely, the
master equation is now
ih̄


dρat
ih̄γ  −
= [H, ρat ] +
2σ ρat σ + − ρat σ + σ − − σ + σ − ρat
dt
2

ih̄P  +
+
2σ ρat σ − − ρat σ − σ + − σ − σ + ρat
2

(3.11)

and the optical Bloch equations are modified into

ρ̇ee = −γρee + P ρgg + i (ΩL (t)ρge − ΩL (t)∗ ρeg )
ρ̇eg = − γ + P ρeg + iΩL (t) (ρgg − ρee ) − iωeg ρeg .
2

.

(3.12)

Here, the subscript “L” is just there to indicate some light source we are using for the
EM field.

43

3.2. THE AMPLIFICATION OF LIGHT
(1)

Amplifying atoms

Ein

r, t

Eout
(2)

Ein

Figure 3.3: Ring-cavity system. The light runs around the cavity and gets amplified at each cycle
by some amplifying material; part of it also leaks out from the upper-right mirror, that possesses
a small transmission coefficient t.

The above equations can be easily solved if we assume a monochromatic beam
ΩL (t) = Ω̃L e−iωL t and we consequently make the transformation ρeg (t) = ρ̃eg e−iωL t ,
ρee = ρ̃ee , ρgg = ρ̃gg ; then, for Ω̃L  γ, P , the electric susceptibility of the atom can be
written as
χat (ωL ) =

|deg |2
(ρ̃0 − ρ̃0ee ),
ωeg − ωL − i(γ + P )/2 gg

(3.13)

where the superscript “0” indicates the limiting case Ω̃L = 0 and ρ̃0gg − ρ̃0ee = (P −
γ)/(P + γ) (cf. equation (B.5); more details in Appendix B).
The important point, now, is that when ρ̃0ee > ρ̃0gg then the imaginary part of the
susceptibility is less than zero, meaning we’ve achieved light amplification! In particular,
the imaginary part of χat reaches its most negative value exactly on resonance, i.e. when
ωL = ωeg .

3.2.2

Lasers

We now have all the ingredients needed to build a laser. We’ve managed to amplify a
weak light source; the only remaining problem is that we have to supply that source.
How can we implement a self-sustaining mechanism? The solution is that of a feedback
loop. It’s like when you’re at a karaoke party with your friends and you incidentally put
the microphone in front of the speaker: the microphone picks the amplified signal, sends
it back to the amplifier which amplifies it again, then it’s picked by the microphone
again. . . and so on until all of your friends – and not only them – are covering their ears
for the hiss!
In quantum optics, this idea can be implemented via e.g. a ring-cavity (see Figure 3.3). The cavity can be made out of mirrors, one of them being semi-reflective
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with transmission t and reflection r (such that |r|2 +|t|2 = 1). The quantities shown in
Figure 3.3 are then related via
(1)

Eout = tEin ,

(2)

(1)

Ein = rEin ,

(1)

(2)

Ein = Ein eikL ,

(3.14)

where the last relation holds because the light makes a round trip in the cavity, which
has total length L. We’ve seen that we have the best amplification for a frequency
in resonance with the amplifying medium (which has a frequency ωeg ), at which the
imaginary part of χat has its most negative value (and the real part is zero). So, it
appears to be a good idea to tune the length L of the cavity such that one of its
frequencies is in resonance with the amplifying medium, e.g. such that it exists a certain
M for which
ωeg L = 2πM.

(3.15)

The relevant contribution to the amplification process is then for ω ≈ ωeg . In this
resonance regime, we can do the expansion (n is the atomic density of the amplifying
medium)

ωp
ω
1 + 4πnχat ∼ωeg
1 + 2πnχat
c
c

ω 
2πωn
+i
Imχat + kR (ω) + kI (ω).
=
c
c

k(ω) =

(3.16)

By using this expansion, you can show that the last two equations in (3.14) yield
h
i
2πωn
(2)
Ein 1 − re− c LImχat = 0

−→


E (2) = 0
in
LImχat
re− 2πωn
c
=1

(the system is not lasing)
(the system is lasing)
(3.17)

So, we have two different solutions that say different things: one is saying we are
not lasing, the other one says we are amplifying light. It turns out that, depending on
the difference in the populations of the atomic levels, only one of the two solutions is
allowed; to see it better, we must keep on with the calculations and look more carefully
at χat . Notice that we are not in the weak coupling case as before, so equation (3.13)
must be modified into the following (see (B.9)):
χat (ω) =

|deg |2
(ρ̃gg − ρ̃ee ),
ωeg − ω − i(γ + P )/2

(ρ̃gg − ρ̃ee ) =

(ρ̃0gg − ρ̃0ee )
1+

2|deg |2 |E|2
(γ+P )2
(ωeg −ω)2 +
4

(3.18)
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which are self-consistent equations. By performing all the necessary substitutions and
considering that ω ≈ ωeg and r < 1, t  1, you can rewrite the non-zero solution of
(3.17) as
(2) 2
Ein



(γ + P )2 4πωnL|deg |2 0
0
−1
=
(ρ̃ee − ρ̃gg )(− log r) − 1 .
8|deg |2
c(γ + P )
(2) 2

The two solutions Ein

(3.19)

= 0 and (3.19) meet at

(ρ̃0ee − ρ̃0gg )threshold = (− log r)

c(γ + P )
,
4πωnL|deg |2

(3.20)

below which the solution (3.19) cannot be taken because the square amplitude of the
electric field becomes negative (which is unphysical). So far, we’ve obtained the following
solutions:
(2) 2

• for (ρ̃0ee − ρ̃0gg ) ≤ (ρ̃0ee − ρ̃0gg )threshold : the only possible solution is Ein

(2) 2

• for (ρ̃0ee − ρ̃0gg ) > (ρ̃0ee − ρ̃0gg )threshold : we have the two solutions Ein

= 0;
= 0 and

(3.19).
(2) 2

Ein

threshold

(ρ̃0ee − ρ̃0gg )

Figure 3.4: Field amplitude as a function of the population difference between the excited and
ground states of an amplifying atom. More details in equation (3.19).

How we can then say whether the system lases or not? It turns out that, above the
(2) 2

threshold (3.20), the branch Ein

= 0 is unstable under small perturbations4 . All in

all, the solution looks like Figure 3.4.
4

This fact will be more evident in the field amplitude formalism we are going to discuss later. Good
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3.2.3

The field-amplitude formalism

The discussion made above is quite involved; a much faster way to find out the behavior
of the system and spoil its lasing nature is to discuss it in terms of field amplitudes under
the slow varying field approximation discussed in Appendix A. For detailed calculations
refer to Appendix B.
Take a cavity with a single mode α(t) of frequency ω0 and amplitude α̃(t) (which
varies slowly compared to ω0 ), i.e. α(t) = α̃(t)e−iω0 t . Then, the equation of motion of
the cavity field is (just take equation (B.15) and call Ẽ + as α̃)
dα̃(t)
1
γ
P
α̃(t)
= iω0 α̃(t) − α̃(t) +
dt
2
2 1 + β|α̃|2

(3.21)

where we have some losses (controlled by γ) in the form of a non-hermitian term in
the effective Hamiltonian and a saturable amplification term that is characterized by a
gain strength P and a parameter β which is the inverse of a saturation parameter (see
(B.10)).
If we look for the steady state ( dα(t)
dt = 0), then the solutions of equation (3.21) are
2

|α| = 0

and

1
|α| =
β
2




P
−1
γ

(3.22)

where, as before, the non-zero solution doesn’t make any sense for

P
γ

< 1 because it

would imply a negative amplitude square. Therefore, the lasing threshold is at P/γ = 1.
|α|2

1

P/γ

Figure 3.5: Field amplitude (at the steady state) as a function of the pumping-over-losses ratio.
references about solution instabilities and biforcations are Guckenheimer and Holmes (1983) and Cross
and Hohenberg (1993).
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To be honest, above P/γ = 1 we still have the |α|2 = 0 solution. However, we said
before that this solution is dynamically unstable; now we can easily see why it it so. Take
a small perturbation δα such that α can be Taylor-expanded near α0 as α = α0 + δα,
where α0 is exactly the |α0 |2 = 0 solution. Then δα(t) oscillates at a proper frequency

ωproper = ω0 + i

P −γ
2


.

(3.23)

The stability condition, since δα(t) evolves as ∼ e−iωproper t , is that Imωproper ≤ 0: in this
case, in fact, the perturbation is damped out as the time runs. If instead Imωproper > 0,
the perturbation keeps growing with time: this means that the system
 wants
 to leave
1 P
2
2
the |α0 | = 0 branch, which is unstable, and jump into the |α| = β γ − 1 one. Just
to recap:
• P/γ ≤ 1: the only possible solution is |α0 |2 = 0;


• P/γ > 1: the stable solution is |α|2 = β1 Pγ − 1 , while the trivial solution becomes
an unstable branch.
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Part II

Edge state lasing
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Chapter 4

Driven-dissipative
Harper-Hofstadter model
In the previous chapters, we’ve reviewed the basic properties of the Harper-Hofstadter
model (Chapter 1) and given a few examples of real systems modeled after its Hamiltonian (Chapter 2). In particular, in this thesis we are interested to photonic systems; in
a brief introduction to the topic, we’ve discussed how one can build a laser by feeding
back the light emitted by a stimulated (two-level) atom (Chapter 3).
The goal of this chapter and the next one is to combine all the concepts discussed
in the previous ones: starting from the Harper-Hofstadter Hamiltonian for a photonic
system, we will try to apply the lasing theory to it in order to create a new type of laser,
in which topologically protected modes are involved.
Here, we start by setting up the numerical calculations and checking against the existing literature. We start from the equations of motion for a regular Harper-Hofstadter
system; then we add a driving and a dissipation mechanism and we briefly discuss the
algorithmic implementation of the full equations of motion. The numerical simulations
are then used to probe the band structure of the system, to visualize edge and bulk
states and to show the realization of the anomalous and quantum Hall effects.

4.1

Equations of motion

In our photonic context, the “prince” system that implements the Harper-Hofstadter
Hamiltonian is the one realized by Hafezi’s group, already described in Section 2.2, to
which we want to add a lasing mechanism. Up to now we’ve kept the discussion mostly
at the Hamiltonian level, by saying that the simulations also included loss mechanisms;
51
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now it is due time to include them explicitly in the equations of motion for the fields.
We start by taking the Harper-Hofstadter Hamiltonian without pumping and losses,
ext associated to an external force:
to which we add a potential Vm,n

H=


o
Xn
ext †
(ω0 + Vm,n
)am,n am,n − J a†m,n am+1,n + e−i2πϑm a†m,n am,n+1 + h.c. . (4.1)
m,n

Here, the labels m and n are – respectively – the x- and y-indices that label the position
of the resonators (and their fields) of our 2D array, just as in (1.12). The field operators are time-dependent, in principle, but this dependence is not explicitly written for
convenience.
Here, the gauge is chosen such that the photons get an extra phase when hopping
in the y-direction, labeled by the indices n. ϑ is a “magnetic” flux1 expressed as a
ratio between two coprime (positive) integers, i.e. ϑ = p/q where p, q ∈ N. We’ve
implicitly selected only one pseudo-spin component, as the other one is simply obtained
by changing the sign of the magnetic flux.
Now we want to simulate this system. The starting point is the Heisenberg evolution
of the field operators:


ext
ȧm,n = i [H, am,n ] = i(−ω0 − Vm,n
)am,n + iJ am+1,n + am−1,n


+ iJ e−i2πϑm am,n+1 + e+i2πϑm am,n−1 . (4.2)
Up to now, am,n and a†m,n have been treated as operators; however, since we want to
add to the system some loss mechanism that results in a non-hermitian term in the
effective Hamiltonian, we have to give up the operator nature of am,n and a†m,n and
treat them as c-numbers. With this caveat in mind, we can now add some losses in a
Lindblad form and a laser pumping via two additional terms in the Heisenberg equations
of motion, obtaining in this way a master equation similar to the one already discussed
in Section 3.1. Namely, the losses are added as an additional term of the form −γam,n ,
while the laser pumping is assumed to be monochromatic with frequency ωex and with
spatial amplitude fm,n ; this results in an additional term +ifm,n e−iωex t (see e.g. Ozawa
and Carusotto, 2014).
To get rid of the temporal dependence of the pumping term, the trick is to define
1
If this was an electronic system, than ϑ would have been a real magnetic flux generated by a magnetic
potential Bxŷ. Here the field is a synthetic gauge field generated by a length difference between the
connecting waveguides of the resonators.
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the following new variables:
ãm,n + e+iωex t am,n .

(4.3)

This transformation also gives an additional term, since the time-derivative yields:
ã˙ m,n = +iωex ãm,n + e+iωex t ȧm,n .

(4.4)

With the addition of pumping and losses and having performed the above transformation, the final equation of motion that we’re interested in is:
ext
ã˙ m,n = i(ωex − ω0 − Vm,n
)ãm,n − γãm,n




+ iJ ãm+1,n + ãm−1,n + iJ e−i2πϑm ãm,n+1 + e+i2πϑm ãm,n−1 + ifm,n
ext
= i(∆ω − Vm,n
)ãm,n − γãm,n




+ iJ ãm+1,n + ãm−1,n + iJ e−i2πϑm ãm,n+1 + e+i2πϑm ãm,n−1 + ifm,n

(4.5)
where ∆ω + ωex − ω0 . Notice that the transformation (4.3) gives no troubles in the
final result, since we just care about the intensity of the field and it remains unchanged
under this type of transformation. As a second point, though we have both ωex and ω0
in the equations we can choose to measure all the frequencies with respect to the proper
resonator frequency ω0 .

4.2

Computational method and checks

The equations (4.5) are a set of coupled Nx × Ny equations (where Nx is the number of
resonators in the x-direction and Ny is the number of resonators in the y-direction) that
can be solved by just integrating in time the equations of motion. In doing that, one has
to be really careful because the numerical solutions tend to diverge from the analytical
ones in quite a fast way. The cure is to choose a small enough integration step h and a
robust integration algorithm rather than a simple forward Euler (global truncation error
O(h)); in our case, we have chosen a fourth-order Runge-Kutta (global truncation error
O(h4 )) that ensures a good convergence. Finally, one should in principle integrate for
a long enough time T (T  1/γ) such that a steady state is reached; in the following
simulations the integration time was 5/γ, but it will be increased in the next ones when
necessary.
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4.2.1

Edge states

As a first check of the goodness of (4.5), I checked the simulations against the existing
literature, specifically Salerno et al. (2016) and Ozawa and Carusotto (2014).
The first step is to understand at which energy (frequency) the bands and the gaps
are located, in order to be able to precisely probe the system as we want. A first way
to do that would be to numerically diagonalize the momentum space Hamiltonian as we
did in Section 1.4; however, that calculation did not take into account the finiteness of
the system or the losses2 . A second way to locate the bands is just to pump coherently
the central site of the system3 and take a snapshot from above, which shows the emitted
intensity at every site. By summing the intensity emission of all the sites, one obtains
the intensity emission spectrum. This is more computationally expensive but losses
and finiteness of the system are automatically taken into account and the result can
be directly compared with experiments. Practically, one should solve the equations of
motion over a set of different values of ∆ω until the steady state is reached4,5 ; for each
simulation, one has then to sum the field amplitudes at the steady state of all the lattice
P
resonators to get the total emitted intensity as I(∆ω) = m,n |am,n (∆ω)|2 . The result is
shown in Figure 4.1, where you can see peaks that correspond to the bands and troughs
that correspond to band gaps, where the edge states live.
You also see that lower losses resolve better the energy discretization of the bands.
The discretization is due to the fact that we are dealing with a finite system: if – say –
the system has length L, then the k-space spacing is 2π/L and in turn the energy spacing
between two successive points in the energy dispersion is ∆ω = vg ×2π/L, where vg is the
group velocity. This energy spacing is not resolved as long as γ > ∆ω; however, as soon
as the intrinsic losses are lower than this value, the discretization becomes visible (as it
happens in Figure 4.1). This statement can be recast by saying that the discretization
is resolved when a signal travels across the system in a time which is smaller than the
characteristic time of the losses.
2
Actually, the momentum-space diagonal elements can be adjusted to include losses by adding an
imaginary frequency to them.
3
The coherent pump is placed at the center to avoid border effects.
4
This is determined, in principle, by requiring that the field amplitude variation in each site is lower
than a certain threshold. However, one may encounter a non-equilibrium situation in which the steady
state is never reached; to see what’s going on, a good idea is to “record a movie” of the system by storing
the field amplitudes at a constant rate. I implemented a very basic recording feature in my simulation,
that allows one to actually see the time evolution of the system and make further analysis upon that.
5
Another option that doesn’t involve any integration at all is to rewrite (4.5) for the steady state as a
linear algebra problem and then perform just a matrix inversion; this solution is fast but is not feasible
as soon as you add non-linear terms.
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Figure 4.1: Total intensity emitted by the system over a broad range of frequencies, normalized to
1. The data was taken by simulating a 25 × 25 lattice with ϑ = 1/4 and loss coefficients (in units
of J) shown in the legend, by pumping the central site, until the steady state was reached. The
black line is based on simulations obtained in Salerno et al. (2016) from the driven-dissipative
Haper-Hofstadter model discussed in Umucalılar and Carusotto (2011) and Ozawa and Carusotto
(2014); as you see, there is a perfectly good match.
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(a) Monochromatic pump located at the
middle of the lower edge, with ϑ = 1/4 and
∆ω/J = 1.7 corresponding to a left-handed
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and ∆ω/J = −1.7 corresponding to
handed edge state that propagates
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(c) Monochromatic pump located at the
middle of the lower edge, with ϑ = 1/4 and
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(d) Monochromatic pump located at the center, with ϑ = 1/9 and ∆ω/J = 0 corresponding to a bulk state in the middle of
the central band.

Figure 4.2: Amplitude square distributions at the steady state for different frequencies and pump
location. The system is made of 25 × 25 resonators and losses γ/J = 0.05.
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Figure 4.3: Total intensity emission spectrum similar to Figure 4.1. Here the lattice is 41 × 41
with the central site pumped, ϑ = 1/5 and γ/J = 0.05. No external force is acting on the system.

With Figure 4.1 in mind, we can then try to excite a band state or an edge state of
the system by pumping it at the corresponding frequencies. Some examples are shown
in Figure 4.2, where I tried to reproduce some of the Figures shown in Salerno et al.
(2016).

4.2.2

Anomalous and quantum Hall effects

Another interesting check is to try to reproduce the observation of the anomalous Hall
effect and the quantum Hall effect, as shown in Ozawa and Carusotto (2014). Here
“anomalous” means that the transverse Hall shift is proportional to the local Berry
curvature, while in the quantum Hall effect is it proportional to the Chern number.
In the aforementioned work the magnetic flux used is ϑ = 1/5, so the first step is to
calculate the spectrum with the previous method of recording the total emitted intensity
for a certain range of frequencies. The intensity emission spectrum for ϑ = 1/5 is shown
in Figure 4.3.
The Chern numbers of the Harper-Hofstadter bands for ϑ = 1/5 are, in order, −1,
−1, +4, −1, −1 (see Subsection 1.4.1); therefore, according to (1.33), we have 1 edge
state between the 1st and the 2nd band and 2 edge states between the 2nd and the 3rd
band with right-hand chirality, and 2 edge states between the 3rd and the 4th band and
1 edge state between the 4th and the 5th band with left-hand chirality. For the purposes
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Figure 4.4: Normalized amplitude distribution at the steady state for a 41 × 41 lattice, with
ϑ = 1/5 and γ/J = 0.01. The central site is pumped with ∆ω/J = −2.95. Own reproduction of
Figure 1 in Ozawa and Carusotto (2014).

of this section, we choose a frequency ∆ω/J = −2.95 within the lowest band and we
require that the losses are smaller than the gap width between this band and the next
one.
In order to see a quantum Hall effect, we have to add ad external force. The formalism
ext 6= 0 –
is already in place in (4.5), so the only thing we have to do is to take Vm,n

up to now it was zero – and model it as a potential associated to a constant force
pointing in the negative y-direction. Namely, if the force is F~ = −Fe ŷ (Fe > 0) then the
potential V ext such that F~ = −∇V ext is V ext = Fe y. In our lattice notation, it’s simply
ext = F (n − n ) where n
Vm,n
e
ex
ex is the y-index of the pumped site. Notice that in this way

we have also shifted the potential in such a way that it’s zero at the pumped site, but the
force is unchanged since an additional constant doesn’t matter in the derivative. The
nice result is shown in Figure 4.4; as you see, as soon as the external force is switched
on, the amplitude distribution – which is central-symmetric in case of zero external force
– gets strained in the direction orthogonal to the force.
The x- and y-shifts can be quantified by just doing a weighted sum over all the sites
as:
hxi =

X (m − mex )|am,n |2
P
2
m,n |am,n |
m,n

and

hyi =

X (n − nex )|am,n |2
P
,
2
m,n |am,n |
m,n

(4.6)

where mex and nex are the indices of the pumped site. Then, the x-shift can be used to
determine the Chern number of the desired band (cf. equation (2.32)) or the local Berry
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Figure 4.5: hxi as a function of Fe for a 41 × 41 lattice, with ϑ = 1/5 and γ (in units of J)
shown in the legend. The central site is pumped with ∆ω/J = −2.95. Own reproduction of Figure
1e in Ozawa and Carusotto (2014); the black triangles in the background are the data from the
aforementioned work, with which you see there is a perfect agreement.

curvature. Specifically, if γ  ∆width (where ∆width is the bandwidth of the energy
band) then the transverse shift can be written as
hxi ≈

qCν Fe
,
2πγ

(4.7)

where q is the integer entering in ϑ = p/q and Cν is the Chern number of the probed
ν-th band. If instead γ  ∆width then the transverse shift can be written as
hxi ≈

B̄ν (∆ω)Fe
,
2γ

(4.8)

where B̄ν (∆ω) is the average of the Berry curvature of the probed ν-th band over the
E(~k) = ∆ω locus and E(~k) is the energy dispersion.
A picture of the behavior of hxi as Fe changes is given in Figure 4.5, for two different
values of γ/J.

4.2.3

Final remarks

These last simulations conclude this chapter. We’ve gone through the equations of
motion for the resonators fields, which have to be treated as c-numbers if one wants
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to add a loss mechanism. Then, we’ve coherently pumped the center of the system at
different pump frequencies, in order to obtain an overall intensity emission spectrum that
can be used to locate the bands of the system with respect to the pumping frequency.
On this basis, we’ve been able to selectively pump the system on the border and excite
modes that propagate along the perimeter or go straight into the bulk, in accordance
with the results obtained in Salerno et al. (2016). Finally we’ve directly experienced
the effect of an external force applied to the system, which causes a transverse shift
perpendicular to the force itself and that can be related to the global Chern number of
the selected band – as in the integer quantum Hall effect – or to the local Berry curvature
as analyzed in Ozawa and Carusotto (2014). The manifestation of this transverse shift is
a clear signature of the topological nature of the Hall effect – that we’ve briefly sketched
in Section 1.5.
In the hope that I’ve convinced enough the reader about the robustness of the simulation method I’ve used, the next step of this journey is to modify the system by adding
a gain mechanism on some of the resonators; the final goal of this addition is to reach a
lasing regime, which will be discussed in the next chapter.

Chapter 5

Topological lasing in the
Harper-Hofstadter model
Having set-up the numerical calculation in the previous chapter, the current one is
devoted to the addition of an amplification mechanism to the resonators in order to
reach a lasing regime. This goes in the spirit of semiclassical laser theory, from which
we will borrow the form of the equations of motion.
Driven-dissipative topological system have been recently shown to lase: the first
experimental realizations implemented a SSH chain first with polariton micropillars (StJean et al., 2017) and then with microring resonators (Parto et al., 2017). Proposals for 2D topological lasers have been made in honeycomb photonic lattices (Harari
et al., 2016), while a very recent experimental realization using resonant photonic lattices achieved topological lasing in arbitrarily-shaped cavities (Bahari et al., 2017). A
proposal based on the Harper-Hofstadter device realized by Hafezi’s group (Hafezi et al.,
2011, 2013) had not yet been realized when the work for this thesis began; however, a few
months ago, Segev’s group announced at the 2017 CLEO Conference that they achieved
topological lasing in the Hafezi’s HH system in preliminary experimental samples (Wittek et al., 2017). Similarly to their previous work with the honeycomb lattice (Harari
et al., 2016), they amplified the whole border of the HH device by illumination through
a mask. The first results seem pretty much aligned with the simulations done in this
chapter.
In this little journey into topological lasing, we will start from the Heisenberg equations of motion for the resonators field amplitudes. The driven-dissipative nature of the
system will show up in non-hermitian terms, in a fashion similar to the equations obtained in Chapter 3. We will then try to amplify some resonators on the border, finding
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that above a certain threshold for the gain strength we have a lasing regime in which
the lasing frequency is selected by the position of the amplified resonators. Finally, we
will study some transmission properties of the system.

5.1

Addition of a gain

The starting point for the next discussion is to add a gain term, on the footsteps of the
discussion made in Subsection 3.2.1 and Subsection 3.2.3. By just looking at (3.21), you
see that a gain term can be implemented by adding the term
P
ãm,n
1 + β|ãm,n |2

(5.1)

on the rhs of equation (4.5), thus getting the new equations of motion
ext
ã˙ m,n = i(∆ω − Vm,n
)ãm,n − γãm,n




+ iJ ãm+1,n + ãm−1,n + iJ e−i2πϑm ãm,n+1 + e+i2πϑm ãm,n−1

+ ifm,n +

P
ãm,n
1 + β|ãm,n |2

(5.2)

where P acts as a gain parameter and the form of the gain term ensures that the
amplification is saturable. Notice also that the transformation (4.3) to get rid of the
temporal dependence of the pumping term doesn’t change the shape of the gain term.
Here, there are some caveats. First of all, the photons running in the ring resonators
are interacting with the material that is used to manufacture the waveguides. If this
medium has also optical non-linearities, equation (5.2) has to be be modified by adding
the following non-linear term
−ig|ãm,n |2 ãm,n

(5.3)

on its rhs. This term can be obtained from a Gross-Pitaevskii equation – look for
example at equations (37) and (49) in Carusotto and Ciuti (2013) and in Appendix B.
The second point is that we are under the hypothesis of the rotating wave approximation,
that breaks down at ultrastrong light-matter coupling; in that case one should also keep
the counter-rotating terms, increasing the complexity of the resulting equations.
At this point, we can switch off the coherent pump1 . The system is initialized with
some numerical Gaussian noise on each resonator (which happens to be 6 ÷ 9 orders of
magnitude smaller than the final emitted intensity). The gain is added on one resonator
1

If not otherwise stated, it is understood that we don’t have any additional external potential either.
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Figure 5.1: Lasing from a single amplified resonator at (1, 13) in a 25 × 25 lattice. The system
automatically selects one of the two available chiralities, without showing any preference (see also
Figure 5.3); the left-handed chirality lasing is shown in Figure (5.1a), while the right-handed one
is shown in Figure (5.1b). The settings used are: ϑ = 1/4, γ/J = 0.05, β = P/J = 1; all the
other parameters are 0. The field intensity distribution is shown.

exactly in the middle of the left border; for a lattice of 25 × 25, the middle site of the
left border has coordinates (1, 13). As already stated, we have to integrate enough time
to reach the steady state; because of the gain term now it will take longer, so we choose
100/γ instead of the previous 5/γ. Later on, we can check if this integration time is
good enough or not.
To see what happens in the system, we make a movie by taking a snap of the
system every 50 integration steps, where each integration step advances 0.01 in time. For
γ/J = 0.052 , the total number of frames is thus 4000. In the final video, the framerate
is 30 FPS. From the video SM_-_Chirality.mp4 that you find in the Supplementary
Material, you see that the system is already at the steady state after 50 ÷ 60 seconds,
i.e. 1500 ÷ 2000 frames; by taking it to be 2000 frames just to fix the ideas, you see that
the steady state is reached by integrating just up to T = 50/γ instead of T = 100/γ.
The steady-state snapshot of the system is shown in Figure 5.1.
From the simulation, it’s also possible to extract the steady-state frequency at which
the field oscillates in Figure 5.1. Let’s take Figure 5.1a, which shows LH chirality and
therefore we know
that the frequency

 is positive. At the steady state, the fields are ã(t) =

|ã|eiωss t = |ã| cos(ωss t) + i sin(ωss t) ; by fitting this expression to the numbers obtained
from the simulation, we get (after a time of roughly 50γ) the value ωss /J = 2.4661
2

Throughout all this work, the parameters are always expressed in units of J even if not explicitly
indicated.
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(b) Steady state emission (after 50/γ) with
a coherent pump at (1, 13) at a frequency
ωss /J.

Figure 5.2: Steady state intensity emission obtained in two different ways. In Figure 5.2a, an
amplified resonator at (1, 13) was used; in Figure 5.2b, instead, we have a coherent pump at
frequency ωss /J and no gain.

with virtually a 100 % confidence level. This frequency is at the outermost boundary
of the band gap, as you see in Figure 4.1. Therefore, its propagation on the border is
suppressed with respect to a frequency that lies in the middle of a band gap. Still, the
position of the resonator selects the propagation mode; we will later see further examples
of this feature.
Just to convince the reader of the goodness of this frequency estimation, we can turn
off all the gains and pump coherently at site (1, 13) (the position in which we had the
amplified resonator up no now) with a frequency ωss /J = 2.466. The result is shown in
Figure 5.2.
As expected, the two figures are completely identical; coherently pumping the site
(1, 13) at ωss or amplifying it are equivalent to each other.
We’ve commented before that the system automatically selects one of the two available border chiralities without showing any preference whatsoever; 50 % of the times it
selects the LH chirality, 50 % the RH one. Just not to leave this assertion unproven, we
can do a small statistics test; I’ve run 200 simulations with the same settings as before,
with the only caveat that now we integrate only up to T = 50/γ because it’s fair enough
for the steady state. The results are shown in Figure 5.3; you see that 200 runs are
already enough convincing that the chirality is randomly selected from the two available
ones, with no preference, because the deviations from the expected mean value (100) are
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Figure 5.3: Selection of chirality statistics based on the steady state emission distributions of 200
independent runs.

within one standard uncertainty for the process (which is 7).
As already said, the position of the amplified resonator determines the evolution of
the system. Just to show an extreme case, we can try to amplify the resonator on the
top-left corner; as you can see in SM_-_Corner.mp4 in the Supplementary Material, the
initial random noise will fade out with a nice pattern that goes straight into the bulk
(Figure 5.4).
A comparison between the time-evolution of the two cases can be visualized by
plotting the intensity emission over time, as shown in Figure 5.5.
The difference between the two cases is clear. In Figure 5.5b there is an exponential
damping with oscillations at a well-defined frequency3 , and the initial intensity decreases
by 14 orders of magnitude; thus, there is no lasing. In Figure 5.5a there is an exponential
growth up to a plateau region (i.e., the steady state) without oscillations, and the initial
3

The oscillation frequency on top of the exponential damping can be found as follows. We make a
linear fit of the log of the intensity; then, we subtract it to the data. In this way, one has obtained the
intensity deviation from the mean at each time (in log scale). Finally, we fit the resulting data with a
function of the form
y(x) = ae−bx sin(cx + d).
The frequency parameter is c, that with this process turns out to be (by excluding the first 200 points
which are outliers and rescaling the result from the ”frame” domain to the actual time domain) c =
0.162 12(1) (in units of J) with 95 % confidence level.
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Figure 5.4: Field intensities for a single amplified site in the top-left corner after a time 50/γ.
The system never reaches the steady state.

intensity increases more than 5 orders of magnitude by undergoing a lasing process.

5.2

Lasing thresholds

Now that our little gain experiment has shown the possibility of edge lasing, we go a
bit deeper and study the properties of the lasing threshold, i.e. the value of the gain
parameter P at which the system starts lasing. This is exactly the equivalent of the
lasing threshold studied in Subsection 3.2.2 and Subsection 3.2.3. We start by studying
the lasing threshold of a single resonator, and then we extend it to an actual HarperHofstadter system.

5.2.1

Single resonator

For the single resonator lasing threshold, there’s actually no need to do any further
calculation. In fact, from equation (3.22) you see that the lasing threshold value for
P is P0 = γ, at which the non-zero solution becomes available4 . Nonetheless, we can
run a set of simulations as a preliminary check. Let’s take a 1 × 1 lattice with ϑ = 1/4
(which doesn’t matter anyway, since we have just a single resonator) and let’s probe it
for P/J ∈ [0.001, 1.0]. The losses are γ/J = 0.05, so we expect the lasing at P0 /J = 0.05,
while all the other parameters are zero. The result is shown in Figure 5.6.
A first thing that you notice is that the integration was done up to a time 500/γ.
This is much higher than the previous 50/γ, because near the lasing threshold there
4

Throughout all the next simulations we will use P0 as the single-resonator lasing threshold, which
is equal to the intrinsic losses γ, in order to compare systems with different intrinsic losses.
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(a) Intensity over time when amplifying the center of the left border.
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(b) Intensity over time when amplifying the top-left corner.
Figure 5.5: Time evolution of the total emitted intensity for a single amplified resonator in a
25 × 25 lattice with ϑ = 1/4 and losses γ/J = 0.05. The position of the amplified resonator has
dramatic consequences over the time evolution, for in Figure 5.5a the system eventually reaches
the lasing regime while in Figure 5.5b the total intensity is progressively damped out. Both systems
start from a background emitted intensity with Gaussian distribution and modulus of the order
of 10−5 . The time evolution is shown in the “frame domain”, where the time-distance between
two successive frames is 0.025/γ; thus 2000 frames correspond to an integration time of 50/γ.
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Figure 5.6: Emitted intensity vs gain P/J for a single resonator, with γ/J = 0.05. Integration
up to 500/γ.

is a critical slowing down and the system needs more time to reach the steady state.
Another nice thing is that in Subsection 3.2.3 we’ve analytically found two possible
solutions above the lasing threshold, a linear one and the null one. We’ve also shown,
however, that the null solution is dynamically unstable above the threshold; Figure 5.6 is
a numerical confirmation of this instability, as the system prefers to evolve by jumping
into the stable branch of the solution if one waits enough time. Finally, a linear fit
(or just a visual inspection) of the linear branch of the solution gives P0 /J = 0.05 as
expected, with 95 % confidence level.

5.2.2

Whole lattice

The next logical step is to amplify all the lattice sites for a non-trivial lattice (i.e., for a
lattice bigger than 1 × 1. The key point is that we should recover the single-resonator
behavior, because the whole amplified lattice is just a size-extension of an amplified 1 ×1
lattice. With the same settings as before, we now extend the system to a size 25 × 25;
the results are shown in Figure 5.7
The threshold is indeed the same, although the emitted intensity (per resonator) is
slightly suppressed. Another signature are the ripples on the right side of the figure, on
top of the linear solution. These ripples are not due to a poor integration time, since
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Figure 5.7: Emitted intensity vs gain P/J for a whole amplified lattice, with γ/J = 0.05 and P0
the single-resonator lasing threshold (Figure 5.6). Integration up to 500/γ.

a long integration time is only needed near the lasing threshold5 ; they are due to the
interplay of the internal dynamics of the resonators.

5.2.3

Strip on a border

Now the goal is to amplify a strip of resonators on the left border of the lattice and
compare the lasing threshold with the single resonator one. As before, we take a 25 × 25
lattice with ϑ = 1/4 and we amplify e.g. 7 resonators at the center of the left border,
i.e. from the resonator at (1, 10) to the one at (1, 16) – extrema included.
We also increase the losses to γ/J = 0.1 just for the purpose of comparing with later
calculations6 ; this translates into a shift of the single-resonator lasing threshold, that we
know is P0 /J = γ/J = 0.1. For this reason, from now on we will rescale P to P0 in the
plots. The result is shown in Figure 5.8.
A linear fit of the linear part of Figure 5.8 (or simply a visual inspection) gives the
following value for the lasing threshold:
Pth ' 0.2087(2) [J]
5

i.e.

Pth /P0 ' 2.087(2).

Using an integration time of 500/γ over all the range is a bit of an overkill; you could just integrate
up to 50/γ almost everywhere except in the neighborhood of the lasing threshold, where you should
increase even by a factor 10 or more.
6
In Section 5.3 is shown that’s better to have slightly higher losses to gain in stability.
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Figure 5.8: Emitted intensity vs gain P for an amplified 1 × 7 strip on the left border of the
lattice; the settings are given in the main text. P0 = 0.10 [J] is the single-resonator lasing
threshold, which is also the lasing threshold when the whole lattice is amplified (see Figure 5.7).
The integration was done up to 500/γ, except in the region 0.205 ÷ 0.215 where was refined up
to 1000/γ.

The lasing threshold, therefore, is increased with respect to the single-resonator case or
the one in which we amplify all the lattice. Our expectation is that between P0 and Pth
there’s a region of convective instability (or spatial instability), in which a perturbation
on top of the null solution is damped at any stationary point but you can find a reference
frame – moving at the group velocity of the perturbation – in which it grows exponentially
(Deissler, 1985; Louvergneaux et al., 2004). The region above Pth , instead, is a region
of absolute instability (as we’ve tried to show in 3.2.3) because any perturbation would
grow exponentially in any stationary point. In our case, the group velocity is determined
by the energy dispersion of the state excited by the amplification; the details are still
under numerical investigation.
Since by amplifying the whole lattice we also know that the lasing threshold is the
same as the single resonator one, we expect that by increasing (decreasing) the number of
amplified resonators in the strip we also lower (increase) the lasing threshold. I’ve tested
the lasing thresholds of a number of different strip lengths, some of which are reported
in Figure 5.9. As you see, the emitted intensity per number of amplified resonators
is a straight line above the lasing threshold, with the same slope in all cases. This
means that we cannot increase the lasing efficiency simply by increasing the number
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of resonators, except for the small offset given by the shift of the lasing threshold. As
expected, as we increase the number of amplified resonators the lasing threshold lowers
towards the single-resonator lasing threshold (see the lower inset in Figure 5.9); the
way this approach occurs, though, is determined by the pattern that we use to amplify
resonator-by-resonator the whole lattice7 .
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Figure 5.9: Lasing thresholds for strips of different lengths (indicated in the legend) on the left
border. The losses are γ/J = 0.1. The numerical integration was done up to 500/γ, except near
the lasing threshold were was refined up to 1000/γ. The upper inset shows the behavior of the
steady state frequency as the number of resonators in the strip is increased. The black dashed
line reproduces the intensity emission spectrum (in arbitrary units) in the considered frequency
range, and you can identify the center of the nearest band in the frequency interval ≈ 2.70 ÷ 2.75.
The variations of the steady state intensity are clearly negligible when compared to the location
of the nearest band. The lower inset, instead, shows (in log-log scale) the decrease of the lasing
threshold as the number of amplified border resonators is increased; the threshold gets nearer and
nearer to the single resonator lasing threshold.

Increasing the number of resonators in the strip doesn’t seem to change in a dramatic
way the steady state frequency, either. As an example I’ve calculated the oscillation
frequencies for the steady states shown in Figure 5.10. These frequencies are |ωss |/J '
2.470, |ωss |/J ' 2.480, |ωss |/J ' 2.480 and |ωss |/J ' 2.482 for strips of length 1 × 5,
1 × 7, 1 × 9 and 1 × 11 (respectively)8 . So, it seems that increasing the number of
7

For example, amplifying more and more resonators starting from the border is quite different that
starting from the center.
8
The steady-state frequencies are given in absolute value because the sign just determines the chirality.
The confidence level is virtually 100 %, in the sense that the system is in a steady state which is exact
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Figure 5.10: Steady states (RH) of amplified strips of resonators on the left border. The strips
have dimensions (left to right, top to bottom): 1×5, 1×7, 1×9, 1×11. The losses are γ/J = 0.1
while the gain is P = 0.4J = 4P0 , well above the lasing threshold for all the considered cases.

amplified border resonators slightly shifts the frequency towards the outermost bands,
up to the point at which an in-band frequency is reached; however, given the finiteness
of the system we have a limit on the number of border resonators we can amplify, and
this limit is probably never reached in real situations (see the upper inset in Figure 5.9).
Further calculations seem also to show that the steady state frequency increases as the
losses are reduced.

within the numerical precision of the calculation. In other words, the given quantities have a (numerical)
error; however, it is so small that it’s basically negligible.
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Figure 5.11: Snapshot of the system at a time 500/γ when an array of 3 × 3 (left) and 5 × 5
(right) resonators is amplified. In the first case, the system has reached by far the stationary
state; in the second one, it hasn’t. The losses are γ/J = 0.1 while the gain is P = 0.4J = 4P0 ,
well above the lasing threshold for the 3 × 3 case.

5.2.4

Cluster at the center

Another trial one can think of is to amplify a cluster of resonators at the center of the
system. In the light of the previous tests, we expect that now the system selects an
in-band steady-state frequency; due to the reduced group velocity with respect to the
edge states we also expect to have a lower lasing threshold, i.e. we expect that the region
of convective instability of the null solution is reduced.
Let’s take a 3 × 3 square of amplified resonators right at the center of the system;
the settings are the same used during the amplification of the strip. The analysis of the
steady state (shown in Figure 5.11 on the left) reveals that the the selected frequency is
|ωss |/J ' 2.729, right in the middle of one of the two outermost bands (that have Chern
number |C|= 1, see Figure 4.1).
The 5×5 cluster, instead, doesn’t seem to reach the stationary state even after a long
integration time. A snapshot of it is shown in Figure 5.11, on the right, after 500/γ 9 .
The calculation of the lasing threshold for the 3 × 3 case yields, as expected, a lower
threshold than for the amplified strip case. In Figure 5.12 the comparison is done with the
1 × 9 strip, which has the same number of resonators, although the bulk threshold is still
lower even for the 1 × 11 strip. Above the lasing threshold, the behavior is not linear as
in the previous cases; the first derivative slightly increases with P , and seems to saturate
9
This value of the integration time should be plenty enough for the steady state, since we are amplifying at P = 4P0 and the lasing threshold for the 3 × 3 array – which should be higher than the lasing
threshold for the 5 × 5, if any – is below 1.5P0 .
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Figure 5.12: Comparison of lasing thresholds for 9 amplified resonators. In one case, they are
arranged as a 1 × 9 strip on the left border of the system; in the other one, they are packed as
a 3 × 3 array in the center. The system is the same as the one used so far: 25 × 25 lattice with
ϑ = 1/4 and losses γ/J = 0.1. The numerical integration was done up to 500/γ, except near the
lasing threshold were was refined up to 1000/γ.

to a fixed value at a certain P . By linear-fitting the last 30 points for each branch, you
get a linear coefficient equal to 0.9392(7) for the 3 × 3 case and 0.988 55(5) for the 1 × 9
strip, which is a difference of about 5 %. Apart from this difference, which suggests
that at high enough P it might be more efficient to place the resonators on the border
– for a fixed number of resonators, the fact that the above-threshold behavior is not a
straight line but gets progressively steeper indicates that the null solution switches from
a convective instability regime to an absolute instability regime before than expected.
We still have no explanation for this behavior, which requires further investigations.

5.3

Stability of lasing with a coherent pump

Having amplified the border, it’s useful to ask what happens if we switch on again the
coherent pump. As an example, let’s take again a 25×25 lattice with a coherent pump at
(1, 5) and some gain from the resonator at (1, 13) to the one at (1, 19), extrema included.
The intrinsic losses are γ/J = 0.05, the gain parameter is P/J = 1.0 (P/P0 = 20, well
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Figure 5.13: Blue line: emitted intensity at the top-left corner after a time 50/γ. Dashed line:
emission spectrum as in Figure 4.1, for the current value of γ. Both data are shown in relative
scale; the dashed line is shown just for the convenience of the reader, in order to easily identify
band or gap frequencies. The settings are given in the main text.

beyond the lasing threshold) and the amplitude of the coherent pump is f = 1.010 . We
then record the emission from the top-left corner after a time 50/γ, which is well above
the time needed to reach the steady state (in the absence of a coherent pump) at such
a gain. We probe the whole frequency region of our spectrum with the coherent pump,
from ∆ω/J = −4 to ∆ω/J = 4; the result is shown in Figure 5.13.
For negative frequencies, the coherent pump excites (in the gap) the right-handed
mode, which then propagates away from the amplified strip. Because of intrinsic losses,
the signal fades away before reaching the amplified strip from above and thus we have
(except for the coherent pump) zero emitted intensity. In the negative-frequency regions
corresponding to the bands we still have a little emission, because the light emitted from
the coherent pump can propagate into the system without chirality constraints.
In the positive-frequency region corresponding to the gap the pump excites the lefthanded mode, which then immediately encounters the amplified strip on its way. This
triggers an amplification process, which can be seen by the high values of the relative
intensity in that region. However, all that glitters is not gold; in a wide frequency
10
In the equations of motion used in the numerical simulation, this value was actually doubled because
of a different initial definition of the pump amplitude. The difference is marginal and is not important
here.
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range in the gap, the emitted intensity dramatically oscillates. By looking at the movies
of the time-evolution, it’s evident that the system doesn’t reach the steady state; the
reason appears to be an interference between the coherent pump mode and the selflasing one, with the productions of beats. A test which has been done in our simulations
is to turn off the coherent pump at a certain point; the emission from the amplified
strip reaches almost immediately the steady state (see SM_-_Pump_switchoff.mp4 in
the Supplementary Material).

In the first tests done to identify the culprit, we’ve tried to vary the pump amplitude.
For smaller pump amplitudes, the intensity oscillations become more evident up to the
point in which there is no interval in which the intensity behaves as a smooth function
of the frequency. The situation improves the more we increase the pump amplitude, but
the intensity still oscillates noticeably near the maximum. This does not appear to be
a convincing solution anyway, in particular in the light of the next simulations that we
want to do – in which it is important that the pump amplitude is as small as possible.

Another possible cure that one can think of is to increase the intrinsic losses of the
resonators; in this way, we decrease the interaction effect between the coherent pump
and the amplified strip because we reduce the distance that a signal can cover in the
system. Beware that increasing the losses also means to increase the single-resonator
lasing threshold; then, if we always use the same nominal value for P , the distance from
the single resonator lasing threshold – i.e., the ratio P/P0 will vary depending on the
chosen losses. This suggests that another good test that can be done is to decrease the
ratio P/P0 .

As a matter of fact, increasing the losses by also increasing the gain such that the
ratio P/P0 stays constant improves the situation; however, decreasing P/P0 helps as
well. A clarifying set panels is shown in Figure 5.14. In panel (a) we have used the
same value for the losses used in Figure 5.13, but we’ve reduced P/J from 1 to 0.5; in
panel (c) we have instead kept the same value for the gain but we’ve increased the losses
from 0.05 to 0.1. In both cases the ratio P/P0 was decreased from 20 to 10, although in
different ways; you see that for an identical P/P0 , the case with higher losses looks more
promising. This is even more evident in the second column (panels (b) and (d)) where,
for the same value of the losses discussed before, the ratio P/P0 was further reduced
from 10 to 5.

77

5.3. STABILITY OF LASING WITH A COHERENT PUMP

1

Intensity / Max Intensity

Intensity / Max Intensity

1
0.8
0.6
0.4
0.2
0

0

1

2

3

0.8
0.6
0.4
0.2
0

4

0

1

2

/J

0.8
0.6
0.4
0.2

0

1

2

4

(b) γ/J = 0.05, P/J = 0.25 (P/P0 = 5).
1

Intensity / Max Intensity

Intensity / Max Intensity

(a) γ/J = 0.05, P/J = 0.5 (P/P0 = 10).
1

0

3

/J

3

/J
(c) γ/J = 0.10, P/J = 1 (P/P0 = 10).

4

0.8
0.6
0.4
0.2
0

0

1

2

3

4

/J
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Figure 5.14: Emitted (normalized) intensity for different values of the intrinsic losses and of
the gain parameter – cf. Figure 5.13 for a more detailed description. The losses increase from
γ/J = 0.05 to γ/J = 0.1 when moving from the first row to the second one, while the ratio P/P0
decreases from 10 to 5 when moving from the first column to the second one.
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5.4

Transmission measurements

Now that we are aware of possible stability problems when we have both an array of
amplified resonators and a coherent pump – and we know how to address them, we
are ready to perform a transmission measurement of the system. Let’s take again the
amplified strip we’ve used in Subsection 5.2.3, i.e. 7 amplified resonators at the center
of the left border from (1, 10) to (1, 16) and intrinsic losses γ/J = 0.1. We measure the
transmission coefficent in two different ways.
As a first way, we place a coherent pump at (1, 1) and a detector at (1, 25), and we
solve the equations of motion as before; the transmission is then just the ratio between
the output field intensity and the input one. We take P = 1.5P0 , which is in the
convective instability region (see Figure 5.8); we said that in this region we don’t have
lasing, but we expect that the presence of the coherent pump ignites an amplification
process even under the lasing threshold.
Just a note: here we speak of transmission across the system, which is the interesting
quantity, and not of transmission in the same input channel. What we call here the
transmission T is, therefore, what is called R0 in Subsection 2.2.2 – i.e. the transmission
coefficient between the output channel and the input one coupled to the same light mode.
The second way to measure the transmission is through the input-output theory
discussed in Subsection 2.2.2 with the T-matrix formalism. Here, as already said, the
transport coefficient we are interested in is R0 – which we rename as T in this section.
This method of calculating the transmission has its pros and cons. First of all, intrinsic
losses can be included in the calculation by just adding a non-hermitian diagonal term
in the matrix representation of the system Hamiltonian. The system Hamiltonian can
be further modified to include hopping pseudo-spin-flip and in-plane Zeeman effects that
couple different pseudo-spins of the resonators (i.e. the clockwise and counter-clockwise
modes) as in Hafezi et al. (2011). These additional effects are not included in the present
analysis, but it’s something we will consider in future extensions of this discussion. All
of these effects can be included at the Hamiltonian level, which is then used to construct
a numerical matrix representation of the inverse Green’s function through (2.12); this
matrix is then inverted to obtain the total Green’s function, which in turn can be used
to directly extract the transport coefficients we are interested in by just looking at its
elements. This procedure involves no integration at all, the most expensive operation
is just a numerical inversion; thus it is extremely fast compared to the integration of
the equations of motion. However, it has its drawbacks: the only effects that can be
included are the ones that can be added at the single particle (effective) Hamiltonian
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level (no matter if the effective Hamiltonian stays hermitian or not) or such that the
equations for the field amplitudes can be rewritten as a linear algebra problem. Nonlinear effects such the one in (5.3) or, even simpler, the saturable gain term, cannot be
included with this formalism. These terms are purely at the master-equation level, and
must be accounted for through the integration of the equations of motion. Solving the
equations is, therefore, a much slower method but more powerful if you want to include
such additional effects and visualize what’s happening in your system.
The fact that we cannot simulate a saturable gain at the Hamiltonian level might
seem a problem; however, we can still compare the results obtained with the two methods
by making sure that the gain term does not reach the saturation regime at all. The
expression of the saturable gain term can be found in (5.1); you see that the saturating
part is controlled by a parameter β and the intensity of the resonator field. If we put
β = 1 and we make sure that the resonator intensity is much below this value, then we
can make the asymptotic equivalence (in ãm,n )
P
ãm,n ∼0 P ãm,n
1 + β|ãm,n |2
which then can be included at the Hamiltonian level via a non-hermitian term with
opposite sign with respect to the intrinsic losses. To ensure this low-intensity regime, we
must make sure that the pump amplitude f is low enough; careful convergence tests have
shown that a pump amplitude of . 10−1 is already a good value. We also have to be
careful with the coupling coefficients νIN/OUT between the waveguides and the system.
The reason is that when we solve the equations of motion we read out the input and the
output intensities at no cost, i.e. without an actual instrument to which the system can
leak. When instead we want to use some waveguides as input/output probes, we have to
take into account the fact that the system can leak into the waveguides themselves; if the
coupling is too strong, then the behavior of the system we want to probe is completely
disrupted by the probes themselves11 . The cure is to ensure a weak coupling between
the system and the probing waveguides, which is controlled by the magnitude of the
coefficients νIN/OUT . We’ve also performed some convergence tests in this case, and
we’ve established that a coupling of the order of . 10−3 is enough to probe the system
without influencing its properties, both with and without an additional gain on the
11

This, of course, could also be simulated in the equations of motion. However, in contrast to a real
experiment, we do not need any actual instrument to read out the emitted intensity of each resonator;
thus this problem can be ignored in the equations of motion. In the T-matrix formalism, instead, we
cannot ignore the coupling with the waveguides even at the theoretical level, thus we have to deal with
it.
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border.
With all of these premises, we choose for simplicity f ≡ νIN ≡ νout = 10−4 and
simulate the system both with the integration of the equations of motion and with
the input-output formalism, which agree perfectly12 . Since this agreement makes us
more confident on the results obtained via the input-output method under the limits
we’ve made, we can now exploit the speed of this mechanism to analyze the effects of
a Gaussian disorder on top of the proper resonator frequency, with standard deviation
σ(U )/J = 0.4. The simulation is done 500 times for each frequency, and then the result
is averaged. This analysis via the integration of the equation of motion would require
ages, since you have to repeat the simulation a high enough number of times for a good
statistics13 .
From this analysis we notice that, first of all, the best frequency range for the transmission is indeed the one corresponding to the gap. This is even more evident in the
calculation with the addition of a noise, which shifts the “sweet” frequency for the
transmission towards the center of the gap. The second thing to notice is that the transmission of the system is robust against the disorder, at least for the Gaussian one: in
the disordered case the maximum of its mean value is reduced by 24 % and has consistent fluctuations, which is not negligible but not even dramatic. Consider also that the
Gaussian noise has a standard deviation of 0.4 in units of J, quite strong compared to
the gap width – which is ∼ 1 in units of J.
Both the shift and the reduction of the maximum can be explained by the following
argument. In the non-disordered case, the position of the maximum was right at the
boundary between the gap and one of the central bands, let’s say at a frequency ∆ω/J =
1.2; when the disorder is turned on, the transmission at this frequency also picks up
contributions, in one standard deviation, from frequencies up to 1.6 – at which the
transmission is 86 % of the maximum, and down to 1.2 at which instead the transmission
is only 25 % of the maximum. This fact reduces a lot the mean transmission at this
frequency value. By the same mechanism, at a frequency 1.5 the effect of the disorder
is to pick up contributions in the interval (in one standard deviation) 1.1 ÷ 1.9; in this
case, these contributions vary from 69 to 95 percent of the maximum, thus resulting in
a higher value compared to the one at a frequency 1.2. The maximum in the disordered
12

The transmissions calculated in these two ways differ by a multiplicative factor; within the discussion
done so far there is no way to find an analytical expression for it, so we take it as a phenomenological
parameter.
13
As a rough estimate, I’ve calculated that for the considered system the calculation (with my laptop)
via the integration of the equations of motion with a Gaussian noise would require 2 months, while the
input-output method takes at most 2 hours.
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Figure 5.15: Transmission coefficient for an array of amplified resonators on the border, calculated in different ways with and without the addition of some Gaussian disorder. The dashed line
is the same as the one in Figure 4.1 for γ = 0.10, and serves just as a reference for the spectrum
(scale on the right vertical axis).

case is indeed around this frequency value; however, it is reduced compared to the nondisordered case right because of this mechanism.

5.5

Conclusions

These last measurements conclude this chapter and the work done on this model for my
master thesis project.
We’ve started in Section 5.1 by adding a non-linear (and non-hermitian) saturable
gain term in the equations of motion, modeled after the well-known semiclassical laser
theory. The gain was selectively placed only on some resonators of our Harper-Hofstadter
photonic system; based on the position of the amplified resonator, we’ve seen that the
system automatically selected either a frequency in a gap or a frequency in the band.
In particular, just a single amplified resonator on a border was enough to trigger a
lasing mechanism; the lasing has chiral properties, in the sense that the emitted light
propagates along the perimeter of the system either clockwise or anti-clockwise.
By increasing the number of amplified resonators on the border, we’ve been able
in Section 5.2 to reduce the lasing threshold without compromising the slope efficiency
of the laser, i.e. such that for different numbers of amplified resonators the emitted
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intensity per resonator above the threshold was still linear with the same angular coefficient. In addition, the steady state frequency was relatively stable upon extending the
amplification along the border. This was definitely not the case for amplified resonators
in the bulk of the system; upon extending the amplified region, we’ve met very soon a
case in which a steady state was not reached. The stability of lasing along the border vs
the bulk of the system is indeed a consequence of the topological protection of the edge
modes selected by the lasing along the perimeter; this topological protection ensures a
unidirectional propagation of the light and prevents the penetration into the bulk.
The region between the single-resonator lasing threshold and the threshold of the
extended system in which only some sites are amplified is a convective instability region,
which is not present in the description that we’ve made in Subsection 3.2.3 for a single
cavity. In this region, the non-lasing solution is still not absolutely unstable – like it
is instead in the lasing region – but it’s not either stable – like it is below the singleresonator lasing threshold. Still, we can trigger an amplification process as done in
Section 5.4 with the help of a coherent pump, with the caveat that the pump and the
amplified light can interfere and so we have to be careful when selecting the magnitude
of the gain parameter; a safe selection is a gain parameter which is below the threshold
of absolute instability. Under a Gaussian disorder the transmission along the border is
reduced, although not in a dramatic way, and the frequency which gives the transmission
maximum tends to shift towards the center of the gap.

Outlook and final considerations
We’ve finally reached the end of this walked journey into topological lasing; I hope it
was interesting enough!
We’ve started by exploring the basic underlying concepts of this discussion: the
Harper-Hofstadter model, which is a tight-binding model for a conducting electron under
a magnetic field, its recursive spectrum and its energy bands, the connections with the
integer quantum Hall effect and some topological quantities. Then we’ve gone a little
further by saying that since topology plays a main role, we can implement the HarperHofstadter Hamiltonian in systems which do not involve electrons at all, and where the
magnetic field has been replaced by what it’s called a synthetic gauge field.
The system of interest in this thesis was the one realized by Hafezi: he implemented
an array of ring resonators, where the light can travel clockwise or anti-clockwise, which
are interconnected by waveguides. These waveguides have slightly different lengths in
one direction, such that they give a controlled hopping phase to photons hopping from
one site to the neighboring ones in that specific direction. The system shows, as expected,
conducting modes along the magnetic domain edges; these conducting modes are robust
against ambient perturbations, impurities in the material composing the waveguides
or the resonators, or larger defects such as missing resonators. The robustness of these
edge modes can be exploited for a variety of applications when used as a signal transport
device: the original work had in mind to improve delay lines, while in this thesis the
goal was to use the topological protection of the edge modes to possibly improve current
laser technologies.
In order to reach that goal, we’ve briefly reviewed the semiclassical laser theory, which
provides a set of equations for the evolution of the electric fields amplitudes. A similar
set of equations was derived for the generalized driven-dissipative Harper-Hofstadter
model with amplification and then numerically implemented; we did the first checks
of the method by comparing with the existing literature, finding a perfect agreements.
Similarly to preliminary experimental results on the same system, which appeared when
83
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this thesis was still a work-in-progress, we’ve found that lasing in the edge modes can
be achieved by placing the amplification along the border of the system. The position
of the amplified resonators act as a selector of the lasing mode, as shown in the main
text. Upon increasing the number of amplified resonators along the border the selected
lasing mode is not changed, and it maintains the same slope efficiency. Finally, we’ve
briefly checked the transmission properties of the border modes via a scattering-theory
analysis of the system.
All the simulations we’ve performed seem to be pretty convincing of the advantages
promised by the full realization of a topological laser: a highly efficient device that lasts
in time and it is robust against ambient disorder, backscattering impurities and larger
defects.
This thesis, of course, is still a work-in-progress in a larger sense. It leaves a number
of open questions, like what happens in the region of convective instability (which is the
region between the single-resonator lasing threshold and the threshold of a non-trivial
Harper-Hofstadter device), the effects of Gaussian and magnetic disorder on the lasing
threshold, those of optical nonlinearities in the gain medium, how to select a “better”
lasing frequency that improves the efficiency of the device – in the main text, it is
shown that by amplifying the border resonators a frequency corresponding to an edge
mode is indeed selected, but it lies in the immediate vicinity of a band. In addition,
my simulations include at most the effects due to a Gaussian disorder; it would be
interesting to see what happens when a stronger kind of disorder – like the magnetic one
– is included, much on the lines of Hafezi’s work.
I plan to answer these questions – and the many others I’m sure I’ll be faced with
while carrying on with this work – under the supervision of Iacopo Carusotto and Massimo Capone during the next year at SISSA, Trieste, where I’ll start a PhD program in
“Theory and Numerical Simulation of Condensed Matter”. I hope that SISSA’s scientific
fervor and my supervisors’ guidance will inspire me with new ideas along these lines,
in order to perfect my current work and give my small contribution to reach new, still
unexplored horizons that can improve the world around us.
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Appendix A

Slowly varying field
approximation
Here follows the derivation of the equations for a slowly varying field (e.g., the field in a
ring cavity). The derivation closely follow Scully and Zubairy (1997), but is presented
here for completeness and in a more harmonized notation with the rest of this thesis.
The calculation starts from the Maxwell’s equations1
~ = 0,
∇·D

~ = −∂t B,
~
∇×E

(A.1)

~ = 0,
∇·B

~ = ∂t D,
~
∇×H

(A.2)

~ and Hare
~
where the auxiliary fields D
defined as:
~ = ε0 E
~ + P~ = ε0 (1 + χe )E,
~
D

~ = µ0 H.
~
B

(A.3)

A useful relation connecting ε0 and µ0 is ε0 µ0 = 1/c2 . Now take the electric field in
a ring cavity, as shown in Figure 3.3. Call x̂ ≡ k̂ the direction in which the light is
propagating, and ŷ the in-plane transverse direction; z is then going out of the plane.
~ = 1 k̂ × E.
~ Now assume that
Also remember that B
c

• The light is propagating just in one direction; this can be accomplished by a
medium with a high loss rate for one of the two components (forward and backward) of the field, achieved by a composition gradient (Xu et al., 2012) or more
simply by placing an intracavity optical isolator.
1

Here, the compact notation ∂q +

∂
∂q

for the derivatives is used.
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• The electric field variations in the transverse direction can be neglected.

Then the electric field can be written as
h
i
~ r, t) = E(z, t)x̂ = E0 (z, t)ei(kz−ωt+φ(z,t)) + E0 (z, t)e−i(kz−ωt+φ(z,t)) x̂
E(~
h
i
= E + (z, t) + E − (z, t)

(A.4)

where we assumed that E0 is real. Similarly, the polarization vector P~ can be written
as
P (z, t) = P0 (z, t)ei(kz−ωt+φ(z,t)) + P0∗ (z, t)e−i(kz−ωt+φ(z,t))
= P + (z, t) + P − (z, t).

(A.5)

Here, we assumed that E0 (z, t), P0 (z, t), and φ0 (z, t) are slowly varying functions. Under
these assumptions, the wave equation that one gets from the Maxwell’s equations (A.2)
can be written as



1
∂t + ∂z
c




1
∂t − ∂z E = −µ0 ∂t2 P
c

(A.6)

Under the approximations
∂t O  ωO

and

∂z O  kO

(A.7)

where O = E, P, φ (which is the same statement as before, i.e. that these three quantities
are slowly varying functions of space and time), you get



1
∂t − ∂z E ' −2ikE.
c

(A.8)

By plugging in (A.4) and (A.5) into A.6 and neglecting the variations of P0 and higher
order derivatives you get
(
i
1
µ0 h 2
∂z E0 + iE0 (k + ∂z φ) + i E0 (−ω + ∂t φ) = + i
ω − 2ω∂t φ ReP0
c
2k
h
i
+ i ω 2 − 2ω∂t φ ImP0

)
(A.9)

By using the real part of the equation for E0 and the imaginary one for φ, you get the
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two equations:

∂z +

∂z +


k
1
ImP0
∂t E0 = −
c
2ε0

1
ω
k −1
E ReP0
∂t φ = − k +
c
c
2ε0 0

(A.10)
(A.11)

You can then recombine (A.10) and (A.11) for the full E + (z, t) = E0 (z, t)ei(kz−ωt+φ(z,t))
in equation (A.4); with the addition of a phenomenological loss parameter κ, you finally
get the simple result



1
k +
∂z + ∂t E + = −κE + + i
P ,
c
2ε0

(A.12)

where remind that E + and P + are fully complex quantities, with slowly varying amplitudes and such that the time evolution is basically given by an oscillation at a frequency
ω.
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Appendix B

Semiclassical laser theory

The goal of this appendix is to develop a semiclassical theory of lasers. The main sources
are Scully and Zubairy (1997) and Cohen-Tannoudj et al. (2004).
Specifically, we want to write (A.12) in a more useful form. The starting point are
the optical Bloch equations (OBEs) for a pumped two-level atom (3.12), that I rewrite
here:


ρ̇ = −γρ + P ρ + i (Ω (t)ρ − Ω (t)∗ ρ )
ee
ee
gg
ge
eg
L
L
ρ̇ = −γ ρ + iΩ (t) (ρ − ρ ) − iω ρ
eg
m eg
gg
ee
eg eg
L

where I’ve defined γm +

γ+P
2

(B.1)

for convenience. Recall that ρgg +ρee = 1 and ρeg = ρ∗ge . As

we did in the main text, make the transformation ΩL (t) = Ω̃L e−iωL t , ρeg (t) = ρ̃eg e−iωL t ,
ρee = ρ̃ee , ρgg = ρ̃gg which gives

ρ̃˙ = −γ ρ̃ + P ρ̃ + id E (ρ̃ − ρ̃ )
ee
ee
gg
eg 0
ge
eg
ρ̃˙ = −i(ω − ω − iγ )ρ̃ + iE (ρ̃ − ρ̃ ) .
eg
eg
m eg
0
gg
ee
L

(B.2)

and, by decoupling the equations for ρ̃ee and ρ̃gg as much as possible, you get



ρ̃˙ = P − (γ + P )ρ̃ee + ideg E0 (ρ̃ge − ρ̃eg )

 ee
ρ̃˙ gg = γ − (γ + P )ρ̃gg − ideg E0 (ρ̃ge − ρ̃eg )



ρ̃˙ = −i(ω − ω − iγ )ρ̃ − iE (ρ̃ − ρ̃ ) .
eg
eg
m eg
0
ee
gg
L
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(B.3)
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From the last equation, in the stationary state you get that

ρ̃eg = −

h
i
deg E0 (ωeg − ωL ) + iγm
2
(ωeg − ωL )2 + γm

(ρ̃ee − ρ̃gg ) .

(B.4)

From the first two, in the zero-pumping regime (in which variables are denoted with an
extra superscript “0” to indicate zero-pumping), which is in the initial state before the
pumping is turned on, we get
ρ̃0ee − ρ̃0gg =

P −γ
.
P +γ

(B.5)

Now substitute back (B.4) in the first two equations for (B.3) to get the so-called rate
equations:

ρ̃˙ = P − (γ + P )ρ̃ − R (ρ̃ − ρ̃ )
ee
ee
ee
gg
ρ̃˙ = γ − (γ + P )ρ̃ + R (ρ̃ − ρ̃ )
gg
gg
ee
gg

(B.6)

where the rate R is given by
R=

2d2eg γm
E02 .
2
(ωeg − ωL )2 + γm

(B.7)

The stationary state solution of the rate equations (B.6) gives
(ρ̃ee − ρ̃gg ) =

P −γ
R
−
(ρ̃ee − ρ̃gg )
P + γ γm

which is, together with (B.5),

ρ̃0ee − ρ̃0gg
(ρ̃ee − ρ̃gg ) =
.
1 + R/γm

(B.8)

By using (B.7), the population difference can be finally rewritten as
ρ̃0ee − ρ̃0gg
(ρ̃ee − ρ̃gg ) =
1 + βE02
where
β=



2d2eg
1
+
2
2
(ωeg − ωL ) + γm
Rs

and Rs have the meaning of a saturation factor.

(B.9)

(B.10)
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Now we can go back to (A.12). Since the polarization amplitude P0 can be written
as P0 = deg ρ̃eg (Scully and Zubairy, 1997), from the second OBE in (B.3) you get
P0 (t) =

−id2eg

Z

t

h
i
0
e−i(ωeg −ωL −iγm )(t−t ) E0 (t0 ) ρ̃ee (t0 ) − ρ̃gg (t0 ) .

(B.11)

−∞

If we assume that we are in the good cavity limit, i.e. that the field amplitude and the
population difference don’t vary too much in a time 1/γm 1 , we can factor out both of
them and perform a simple integral of just an exponential, getting

P0 (t) = −d2eg E0 (t)

h
i
(ωeg − ωL ) + iγm h
2
(ωeg − ωL )2 + γm

i
ρ̃ee (t) − ρ̃gg (t)

(B.12)

with the condition that Im(ωeg − ωL − iγm ) ≤ 0, which is consistent with out definitions.
This result can be generalized to the full P + and E + , that include complex phases,
because they have the same phase.
Then equation (A.12) can be written, by using (B.9)2 , as
1
1 ωL +
Ė + = − ΓE + + i
P
2
2 ε0
h
i
h
i
(ω
−
ω
)
+
iγ
eg
m
L
1
1 ωL 2 +
= − ΓE + − i
deg E
ρ̃
−
ρ̃
ee
gg
2
2
2 ε0
(ωeg − ωL )2 + γm
h
i

1 ωL 2 + (ωeg − ωL ) + iγm ρ̃0ee − ρ̃0gg
1
+
= − ΓE − i
d E
2 1 + β|E + |2
2
2 ε0 eg
(ωeg − ωL )2 + γm
1
G
1
E+ ,
= − ΓE + +
2
2 1 + β|E + |2

(B.13)

where G is a gain parameter that depends on the initial population difference as
G=


ωL 2 γm − i(ωeg − ωL ) 0
0
deg
ρ̃
−
ρ̃
.
ee
gg
2
ε0
(ωeg − ωL )2 + γm

(B.14)

Notice that only the real part of G actually behaves as a gain strength; its imaginary
part stems from the fact that the refraction index of the amplifying material has a
1

This means that we are assuming that the atoms respond fast enough to the variations of the field
amplitude. This is not the slowly varying field approximation that we discussed in Appendix A, but an
additional requirement that becomes exact in the steady state – which is what we’re interested, after all.
2
κc → Γ/2, where Γ can be generalized to include the losses due to the cavity mirrors. I also dropped
the time-dependence of E0 and ρ̃• , to make the expressions more human-readable. Finally, notice that
|E + |= |E0 |.
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dependence on the laser intensity thrown at it and it’s the culprit for the appearance of
non-linear terms in the equations for the field amplitudes, as the one briefly introduced
in Section 5.1. In general, for the reasons discussed in the main text, one wants to be
on-resonance with the amplifying atoms in order to maximize the amplification power.
At resonance (ωL = ωeg ), the imaginary part of G just goes away and you’re left with
just the real part which behaves as a real gain strength.
If you want to write an equation for Ẽ + , where E + = Ẽ + e−iωL t , just plug this
expression into (B.13) and you get
Γ
G
1
Ẽ˙ + = iωL Ẽ + − Ẽ + +
Ẽ + .
2
2 1 + β|Ẽ + |2

(B.15)
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