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Non-equilibrium conditions give rise to classes of universally evolving configurations of quantum-many body
systems at non-thermal fixed points. While the fixed point and thus full scaling in space and time is generically
reached at very long evolution times, we propose that systems can show prescaling much earlier in time, in
particular, on experimentally accessible time scales. During the prescaling evolution, some well-measurable
properties of spatial correlations already scale with the universal exponents of the fixed point while others still
show scaling violations. Prescaling is characterized by the evolution obeying conservation laws associated with
the remaining symmetry which also defines the universality class of the asymptotically reached non-thermal
fixed point. Here we consider N = 3 species of spatially uniform three-dimensional Bose gases, with identical
inter- and intra-species interactions. During prescaling, the full U(N) symmetry of the model is broken to
U(N − 1) while the conserved transport, reflecting explicit and emerging symmetries, leads to the buildup of
rescaling quasicondensate distributions.
PACS numbers: 03.65.Db 03.75.Kk, 05.70.Jk, 47.27.E-, 47.27.T-

Far from equilibrium, comparatively little is known about
the possibilities nature reserves for the structure and states of
quantum many-body systems. Much progress has been made
recently in the context of prethermalization [1, 2], generalized Gibbs ensembles [3, 4], many-body localization [5], critical and prethermal dynamics [6–9], decoherence and revivals
[10], and (wave) turbulence [11–13].
Quantum systems quenched far from equilibrium can show
relaxation behavior distinctly different from what is known
in classical statistics. In particular, a system can approach a
non-thermal fixed point [14] exhibiting universal scaling in
time and space [15–17]. Universal behavior has been predicted to occur in various different systems ranging from the
post-inflationary early universe [18, 19], via the dynamics of
quark-gluon matter created in heavy-ion collisions [20, 21],
to the evolution of dilute quantum gases starting from a farfrom-equilibrium initial state [15, 22–28]. The concept of
non-thermal fixed points paves the way to a unifying description of universal dynamics. It remains, though, an unresolved
question how in general quantum many-body systems evolve
from a given initial state to such a fixed point. In this work,
we propose prescaling as a generic feature of that evolution.
Universal scaling dynamics associated with a non-thermal
fixed point is characterized by scaling evolution of correlation functions. For example, the occupation number na (k, t) =
hΦ†a (k, t)Φa (k, t)i of an (N-component) Bose field Φa (k, t), at
the fixed point, evolves in a self-similar manner according to
na (k, t) = (t/tref )α fS,a ([t/tref ]β k) ,

(1)

with universal scaling function fS,a (k) = na (k, tref ) depending
on a single d-dimensional variable only, scaling exponents α,
β, and some reference time tref within the temporal scaling
regime [15]. In particular, the scaling exponent β defines the
time evolution of a single characteristic length scale LΛ (t) ∼
t β . Strictly speaking, the fixed point itself is reached only in
a certain scaling limit, such as, for β > 0, at asymptotic times

and infinite volume. However, the question arises how the
scaling limit is reached and to what extent and when scaling
is already seen at finite times.
In equilibrium, fixed points of renormalization-group flows
describe correlations at a continuous, e.g. second-order phase
transition. They correspond to a pure rescaling of the correlations, in momentum or position space, under the change
of the flow parameter such as a scale beyond which fluctuations are averaged over. In the context of critical phenomena as well as fundamental particle physics, renormalization
flows are known which are first attracted to a partial fixed
point [29]. In such situations, still away from the actual fixed
point, scaling violations can occur for some quantities while
others already show scaling and the further flow be strongly
constrained by a symmetry the system is subject to.
Motivated by the general concept of partial fixed points
[30], we propose the existence of prescaling [31]. This means
that certain correlation functions, already at comparatively
early times and within a limited range of distances scale with
the universal exponents predicted for the fixed point which itself is reached only much later in time and in a finite-size system may not be reached at all. During the stage of prescaling,
(weak) scaling violations occur in correlations at distances
outside this range. Such violations only slowly vanish as time
evolves. In analogy to the case of partial fixed points, we expect the underlying symmetries of the system to play a key
role for the realization of prescaling. While part of the symmetries can be broken, symmetries reflecting the conservation
laws associated with the non-thermal fixed point remain intact
during prescaling.
To reveal the existence of prescaling we employ an isolated, (N = 3)-component dilute Bose gas in d = 3 spatial
dimensions, quenched far out of equilibrium. Numerically
solving the field equations of motion within a semi-classical
Truncated-Wigner approach we find that, during the approach
of a non-thermal fixed point, the system prescales. The phe-
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FIG. 1. (a) Time evolution of the first-order coherence function g(1)
1 (r) = g1 (r, t) = hΦ1 (x + r, t)Φ1 (x, t)i at five different times (colored
dots). The shape of the correlation function is reminiscent of an exponential with a multiplicative oscillatory contribution. It clearly exhibits
violations of universal scaling at larger distances, which become weaker in time but still prevail even at long evolution times. At the latest time
shown finite-size effects appear. (b) Corresponding second-order coherence function measuring the spatial fluctuations of the relative phases
†
†
between components 1 and 2, g(2)
12 (r, t) = hΦ1 (x + r, t)Φ2 (x + r, t)Φ2 (x, t)Φ1 (x, t)i for the same evolution times as in (a) (colored dots). The inset
(2) −β
−
α̃
shows the rescaled coherence function t¯ g12 (t¯ r, tref ), with β = 0.6, α̃ = −0.2, and t¯ = t/tref , with reference time tref = 31 tΞ . The collapse of
−2
the data onto a single function, especially at short distances where g(2)
12 (r, t) & 10 , indicates that violations of scaling are considerably weaker
(1)
(0) −1
than for g1 . Time t is measured in units of tΞ = 2π[gρ ] , distances r in units of the healing length scale Ξ = [2mgρ(0) ]−1/2 .

nomenon becomes visible in the short-distance properties of
correlation functions that measure, for example, the spatial coherence of the local phase-angle differences between different
components. We emphasize that scaling violations affect not
only the scaling exponents but in particular also the shape of
the scaling functions.
The spatially uniform Bose gases consist of identical particles distinguished only by a single property such as the hyperfine magnetic quantum numbers of the atoms forming the gas.
The system in three spatial dimensions is described by a U(3)
symmetric Gross-Pitaevskii (GP) model with quartic contact
interaction in the total density,
"
#
Z
2
g † †
3
†∇
(2)
Φa + Φa Φb Φb Φa ,
H=
d x −Φa
2m
2
where we use units implying ~ = 1, space-time field arguments are suppressed, m is the particle mass, and it is summed
over the Bose fields, a, b = 1, 2, 3, obeying standard commutators [Φa (x, t), Φ†b (y, t)] = δab δ(x − y). The gases are thus
assumed to occupy the same space and be subject to identical
inter- and intra-species contact interactions quantified by g.
Universal scaling of the N-component Bose gas at the nonthermal fixed point can be described analytically in terms of a
low-energy effective theory for the phase-angle excitations of
1/2
exp{i δθa (x, t)},
the Bose fields Φa (x, t) = [ρ(0)
a + δρa (x, t)]
(0)
on constant mean background phases θa = 0 and densities ρ(0)
a . After integrating out the density fluctuations δρa ,
the linear modes of this effective model are given by the
PN
total phase a=1
δθa , with Bogoliubov dispersion ωB (k) =
p
(0)
εk (εk + 2gρ ), εk = k2 /2m, and N − 1 gapless Goldstone excitations of the relative phases, e.g. δθa − δθ1 , with
free-particle dispersion ωG (k) = εk . A scaling analysis

of the kinetic equation ∂t fa (k, t) = I[ f ](k, t) governing the
momentum-space redistribution of the phase-angle excitations
fa (k, t) = hδθa (k, t)δθa (−k, t)i at the fixed point provides an
analytical prediction for α and β [32, 33]. Here, I[ f ] is a
quantum-Boltzmann-type collision integral involving scattering terms non-linear in the distributions fa , arising from the
non-linear couplings of the δθa . One obtains, for N → ∞ as
well as N = 1, the values [32, 33]
β = 1/2,

α = β d = 3/2 ,

(3)

consistent with the results of [15, 28] for N → ∞. The relation
between Rα and β reflects the conservation of the d-dimensional
integral k fa (k, t). This particular fixed point has Gaussian
character, i.e., in the limit t → ∞, correlation functions factorize and the scaling of fa (k, t) implies the scaling of na (k, t)
as well as of higher-order correlators of the Φa [32].
Here, we numerically study the evolution of the system towards this fixed point, starting from a far-from-equilibrium
initial condition at time t0 given by large occupations of all
fields, n0  1, constant up to some cutoff scale, i.e. na (k, t0 ) =
n0 Θ(kq −|k|) [34]. The initial phase angles θa (k, t0 ) of the Bose
√
fields Φa (k, t0 ) = n0 exp[iθa (k, t0 )] are chosen randomly on
the circle and thus uncorrelated. In practice, such an initial
condition can be achieved by, e.g., a strong cooling quench
or a transient instability [14, 28]. Note that already this initial state does not obey the full U(3) symmetry but breaks it
to U(2) ' [SU(2) × U(1)]/Z2 as does the evolving state. The
U(3) symmetry of (2) gives rise to conservation laws, consistent with the reduced U(2) symmetry, which will be obeyed
during prescaling [32, 34]. The evolution induced by such an
extreme initial condition is characterized by transport of particles from k . kq towards the infrared, while their energy is
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FIG. 2. Prescaling of position-space correlations. (a) Scaling exponents βn describing the time evolution of kΛ,n (t) ∼ t−βn with
n = 1, 2, 3, 4. The different exponents are deduced from Taylor series coefficients cn (t) = cn [kΛ,n (t)]n which are obtained by means of a
fit of the first-order coherence function g(1)
1 (r, t), shown in Fig. 1a, at
small distances r. The index n marks the corresponding order of the
Taylor series. The jump of the exponents at tref + ∆t ≈ 285 tΞ results
from a sign change of the fitted third and fourth order coefficients.
This indicates that the shape of the scaling form is altered more significantly on large distances as compared to short distances as can
already be expected from Fig. 1a. (b) Scaling exponents βn deduced
from an analogous Taylor series fit of g(2)
12 (r, t) (Fig. 1b). Prescaling is
quantitatively seen by the scaling exponents βn settling in to, within
errors, equal stationary values for the lower orders of the fit. While
(2)
4
g(1)
1 (r), up to order r shows scaling violations, g12 (r) already scales,
to a good approximation, with the predicted exponent β = 1/2 for
tref + ∆t & 250 tΞ . For an individual fit, the βn result from averaging over times [tref , tref + ∆t] with ∆t = 146 tΞ . The final data points
shown are obtained by additionally averaging over a set of fits with
different fit ranges. Errors are given by the corresponding standard
deviation of the exponents of the set [34].

deposited by a few particles at higher momenta, k > kq . In
this way the system, after a few collision times, shows universal scaling indicating the approach of a non-thermal fixed
point [15, 27, 28].
While the scaling behavior at a non-thermal fixed point is
commonly extracted from momentum-space correlators, we
find, however, that prescaling is more clearly seen in positionspace correlations. Based on momentum-space treatments
of non-thermal fixed point scaling it is intuitive to study the
†
first-order spatial coherence function g(1)
a (r, t) = hΦa (x +
r, t) Φa (x, t)i, which is obtained as the Fourier transform of
the occupation number na (k). At large evolution times, close
to the non-thermal fixed point, the coherence function is expected to be spherically symmetric and characterized by a universal function fs (x) as g(1)
a (r, t) = fs (kΛ (t) r), r = |r|. The
inverse coherence length scales as kΛ (t) ∼ t−β .
The time evolution of the first-order coherence function is
shown in Fig. 1a. We observe that the numerically extracted
form clearly differs from a pure exponential, g(1)
a (r, t) ∼
exp{−kΛ (t)r}, which is predicted analytically within the leading approximation of a low-energy effective theory of non-

thermal fixed points [32], with kΛ (t) being the inverse coherence length of the system at time t. Instead, on top of an approximately exponential fall-off, the coherence function also
shows oscillatory behavior in r. The oscillations indicate a
structure developing in the system that causes excitations of
the field to switch its sign over a distance on the order the inverse coherence length kΛ , i.e. the phase strongly varies on
that characteristic scale.
We stress that, as the non-linear term in (2) couples the total
densities, it suppresses total-density fluctuations but not fluctuations of the local density differences between the components. Hence, the spatial Goldstone excitations of the intercomponent phase differences are predicted to become relevant. As the first-order coherence function is insensitive to
the relative phases θa − θb , we additionally study the second†
order coherence function g(2)
ab (r, t) = hΦa (x + r, t) Φb (x +
†
r, t) Φb (x, t) Φa (x, t)i, see Fig. 1b, for (a, b) = (1, 2).
A temporal scaling analysis of the numerically determined
(2)
functions g(1)
1 (r, t), g12 (r, t) provides a direct way to extract
the scaling exponent β via the single scale kΛ (t). As long as,
however, the fixed-point scaling is not yet fully developed, the
time evolution of the correlations is not given by such a single
scale. To account for that we provide a general scheme for
determining how the scaling behavior is being approached. In
order to approximate the correlation functions, within a certain regime of r, without any restriction to a particular scaling form we expand them into a general Taylor series such
P∞ (l)
n
that they take the form g(l) (r, t) = c(l)
n=1 cn (t) (r − r0 ) .
0 +
Here, r0 ≥ 0 marks the expansion point, and l = 1, 2 denotes the two different types of correlators [34]. The timedependent coefficients of the series, dropping the l-index, are
written as cn (t) = cn [kΛ,n (t)]n , rescaling in time according to
kΛ,n (t) ∼ t−βn . In consequence, the coefficients of the expansion rescale as cn (t) ∼ t−n βn . Each order of the expansion can
be seen as a probe for the scaling of the correlations at a different distance r. The corresponding scaling exponents can
be written as βn (t) = β + δβn (t). A particular order of the expansion shows scaling with the fixed-point exponent β when
δβn (t) becomes small and approximately constant in time. The
system prescales when βn ≈ β for at least one order n of the
expansion. The fixed point itself is, in a strict sense, only
reached if the statement holds for all orders of the expansion.
For our system we expect prescaling to emerge on short distances and to subsequently spread towards longer distances.
Therefore we truncate the expansion at the fourth order and
extract the coefficients cn (t), with n = 1, 2, 3, 4, from a fit of
the expansion to the data at various instances of time t. To
focus on short-distance scaling properties of the system the fit
is applied at distances 5 Ξ . r  L, with linear system size
L. The lower bound of the fit range is used in order to not
be affected by the non-universal short-distance thermal peak
around zero distance. Taking the negative of the logarithmic
derivative of cn (t) with respect to t and dividing by n gives the
scaling exponent βn at a particular instance in time. To reduce
fluctuations of the locally in time extracted exponents we average the βn over a fixed time window. Taking into account
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possible fluctuations of the scaling exponents arising from the
choice of the fit range we furthermore average over different
such ranges [34]. Performing the whole analysis procedure
gives the scaling exponents βn shown in Fig. 2, for n = 1, ..., 4,
(2)
for both, g(1)
1 and g12 .
The particular value βn ' 0.5 found, at late times, for the
scaling of kΛ,n (t), for n = 1, 2, parameterizing g(1)
1 , and for
n = 1, ..., 4 in the case of g(2)
,
is
in
good
agreement
with the
12
analytically predicted value of β = 1/2, cf. (3) [15, 28]. Note
that the finite size of the system does not lead to scaling beyond t ' 400 tΞ .
For g(1)
1 we find that scaling in the higher orders of the expansion is not yet fully developed within our time window.
This causes the scaling violations on larger distances observed
in Fig. 1. The converging flow of the scaling exponents indicates the slow approach of a full scaling form. In consequence, the system appears close to the non-thermal fixed
point but is still away from it.
Comparing Figs. 2a and b we conclude that different correlators can enter the stage of prescaling on different time scales.
Therefore, establishing the full scaling function and the associated scaling exponents is observable-dependent. This can
also be intuitively concluded from comparing Figs. 1a and b.
In general, we expect the scaling applying at the fixed point
to first show up in correlators of observables that are most
sensitive to the relevant degrees of freedom of the underlying universal behavior. Hence, our results indicate that the
fixed-point scaling of the model considered is dominated by
relative-phase fluctuations, forming the Goldstone modes of
the broken U(3) symmetry [32, 34]. Note that these excitations are much less energetically constrained than the soundlike excitations of the total density, which are suppressed by
the interaction term in (2) and associated with the overall U(1)
symmetry. If N is large, the relative-phase fluctuations, corresponding to spatial re-shuffling of the local density differences between the different components, will in general dominate the non-equilibrium evolution of the system, also of the
single-component correlators g(1)
1 . As N = 3, however, is
comparatively small, a clear difference in the scaling viola(2)
tions for g(1)
1 and g12 is seen.
We emphasize that the evolution during the stage of prescaling already obeys the conservation laws associated with the
non-thermal fixed point. Both, na (k, t) and the Fourier transform of g(2)
ab (r, t) allow a scaling collapse according to (1) with
exponents α ' d β. This is consistent with number conser-

vation reflecting the U(3) symmetry of the Hamiltonian, as
well as an emerging symmetry which ensures the invariance
(2)
of g(1)
a (0, t) and gab (0, t), respectively [34].
It is remarkable that the N = 3 prescaling exponents βi
(2)
found for g(1)
a and gab as shown in Fig. 2 agree with the (for
N → ∞) analytically predicted value β = 1/2 to a very
good accuracy. This suggests that the universality class of
the model is independent of the number of components N, reflecting that the U(N) symmetry is broken during prescaling
to U(N − 1) and the dispersion of the dominating Goldstone
relative-phase modes is independent of N.
A similar value for the scaling exponent β has been found
in recent experiments on a quasi one-dimensional threecomponent spinor Bose gas [16] which have motivated us to
consider the U(3) GP model. In this experiment, additional
spin-changing interactions and Zeeman shifts break the U(3)
symmetry, freezing out one of the relative-phase degrees of
freedom at low k. Nonetheless, given the experimental parameters, the measured momentum range is within a regime
well described by the U(3) model and prescaling is expected
to be detectable.
Prescaling, observable in the relatively early evolution after
a quench far from equilibrium, is expected to play an important role in universal scaling evolution and its accessibility in
experiments with ultracold atomic gases. Furthermore, from
a renormalization-group perspective and with respect to the
given underlying symmetries we expect prescaling during the
time evolution of various types of quantum many-body systems.
Note added. After the completion of this work, Ref. [35]
appeared, corroborating the prescaling predicted here.
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Supplemental Material: Prescaling in a far-from-equilibrium Bose gas
In this supplemental material we provide further details of the numerical method and parameters used to simulate prescaling
in position as well as momentum space, we discuss the implication of symmetries, summarize the signatures of prescaling in
momentum space, and give more details of how we extract the scaling exponents.
Numerical method and parameters

All computations of time evolving correlation functions have been performed within the semi-classical truncated Wigner
approximation (TWA) which is known to be well justified under the condition of high occupancies dominating the dynamics [36,
37], as they are prevailing throughout the evolution described in our work. For a justification of the semi-classical approximation
in the framework of path integrals, cf., e.g., Ref. [38]. Since the universal scaling evolution towards a non-thermal fixed point is
dominated by transport of particles in the infrared regime of highly occupied low momenta, the TWA is expected to provide a
precise description of the dynamics.
The initial-state occupancy is chosen as n0 ' 2350, corresponding to a momentum cutoff kq = 1.4 kΞ . Here, kΞ = Ξ−1 =
[2mg ρ(0) ]1/2 is a momentum scale set by the inverse healing length corresponding to the total particle density present in the
system. A spectral split-step algorithm is used to solve the coupled Gross-Pitaevskii equations derived from the Hamiltonian
(2), on a grid with Ng = 2563 points using periodic boundary conditions. The corresponding physical volume of our system
is V = Ng Ξ3 . The total particle number is N = ρ(0) V = 6.7 · 109 , i.e., we have Na = 2.23 · 109 particles in each of the three
components. The correlation functions are averaged over 144 trajectories.
Scaling at the non-thermal fixed point

In this section we give a brief summary of the derivation of the universal scaling exponents α and β predicted to characterize
the scaling of the correlation functions at the non-thermal fixed point, i.e., in the scaling limit of ideally infinite evolution time.
For more details, we refer to [32]. The derivation, in a path-integral language, makes use of the representation of the fluctuating
Bose fields ϕa , a = 1, . . . , N (corresponding to the operators Φa ), in terms of the particle densities ρa and phase angles θa ,
p

(S1)
ϕa (x, t) = ρa (x, t) exp ıθa (x, t) .
P
With these, the Lagrangian of the model (2), entering the action and thus the path integral reads, with total density ρ = a ρa ,
X(
i) g
1 h
√
L=−
ρa ∂t θa +
ρa (∇θa )2 + (∇ ρa )2 − ρ2 .
(S2)
2m
2
a
The corresponding equations of motion include a continuity equation relating the density to the particle current ja = ρa ∂x θa /m,
and an equation for the phase θa . In the limit of small fluctuations θa and δρa = ρa − ρ(0)
a about the uniform ground-state densities
†
ρ(0)
a = hΦa (x)Φa (x)i, those equations reduce to the linearized equations of motion
∂t θa =

1

∇2 δρa − g
4mρ(0)
a

X
b

δρb ,

∂t δρa = −

ρ(0)
a
∇2 θa .
m

(S3)

In Fourier space, taking a further time derivative, they can be combined to the Bogoliubov-type matrix wave equation for the θa ,
!
k2 k2 ab
(0)
2
∂t θa (k, t) +
δ + 2gρb θb (k, t) = 0 ,
(S4)
2m 2m
where Einstein’s sum convention is implied. While, for N = 1, we recover the Bogoliubov dispersion, for general N, diagonalization of the coefficient matrix yields the eigenfrequencies of N − 1 Goldstone (G) and one Bogoliubov (B) mode,
s
!
k2
k2 k2
ωc (k) ≡ ωG (k) =
, c = 1, ..., N − 1 ,
ωN (k) ≡ ωB (k) =
+ 2gρ(0) ,
(S5)
2m
2m 2m
P
where ρ(0) = a ρ(0)
a is the total condensate density. Note that the Goldstone theorem [39] predicts, due to the spontaneous
breaking of the U(N) → U(N − 1), 2N − 1 gapless Goldstone modes. However, only N of these modes, with frequencies (S5),

6
are independent due to the absence of Lorentz invariance and thus particle-hole symmetry [40, 41]. Hence, to take account of
this fact and distinguish the modes, we only refer to the quadratic modes as Goldstone ones, whereas the linear one will be
addressed as (hydrodynamic) Bogoliubov mode.
To describe the non-equilibrium transport of the quasiparticle excitations of the time-evolving correlation functions at the nonthermal fixed point, we derive a kinetic equation taking into account the interactions between the phase excitations introduced
above. For this, we note that, at low energies, i.e., for k  kΞ , where kΞ = [2m ρ(0) g]1/2 is a momentum scale set by the
inverse healing length corresponding to the total density, the Bogoliubov mode contribution to the time derivative of fluctuations
dominates, i.e., ∂t δρa (k, t) ∼ ωN (k, t)δρa (k, t). Then, according to (S3), below kΞ , the density fluctuations are decreasingly small
compared to the mean density, δρa (k)/ρ(0)
a ∼ (|k|/kΞ )θa (k)  θa (k), for k  kΞ , such that we can approximate the dynamics by
integrating out the δρa at quadratic order of the expansion of the Lagrangian (S2). Applying the standard procedures we arrive
(3)
(4)
at the effective action S eff = S eff,G + S eff,nG
+ S eff,nG
, with Gaussian (quadratic) as well as three- and four-wave interaction parts


(
)
1  ab kΞ,a kΞ,b /kΞ2 
ρ(0) k2
1


θa (k, t)θa (−k, t) ,
(S6)
S eff,G [θ] =
δ −
 ∂t θa (k, t)∂t θb (−k, t) −
m
1 + k2 /2kΞ2
k 2 gG (k)


)
Z
1  ab kΞ,a kΞ,b /kΞ2  kΞ k0 (k0 − k)
1
(3)
0
0


δ
−
S eff,nG
∂
θ
(−k,
t)θ
(k
,
t)θ
(k
−
k
,
t)
,
(S7)
[θ] =

t a
b
b
1/2 g (k) 
2m
1 + k2 /2kΞ2 kΞ,b
G
kk0 N


)
Z
 k0 (k0 + k) k00 (k00 − k)
1
1  δab kΞ2
1
(4)
0
0
00
00

S eff,nG [θ] =
θ
(k
,
t)θ
(−k
−
k
,
t)θ
(k
,
t)θ
(k
−
k
,
t)
. (S8)
 2 −
a
a
b
b
2m
2m
kΞ,a
1 + k2 /2kΞ2
kk0 k00 2N gG (k)
Z

R
R
1/2
Here, k ≡ dd k/(2π)d , and kΞ,a = [2m ρ(0)
is a momentum scale taking the form of the inverse healing length of a single
a g]
component. The Gaussian part has Luttinger-liquid form, with momentum-dependent coupling function gG (k) = Ngk2 /(2kΞ2 ).
Note that the interaction terms (S7) and (S8) result from a basic three vertex between two phase-angle fields and one δρa , arising
in the expansion of the quadratic kinetic term in the GP model (2), while the cubic and quartic terms in the density fluctuations
arising from the original non-linear term are being neglected. For simplicity, we consider, in the following, only the large-N
limit, while the above action allows to predict scaling exponents also for any finite N ≥ 1. In this limit, we obtain [32]
S eff [θ] =

Z
~k

Z k2
3

X


~ ~
Ξ,a N k1 · k2
~k1 , t) θa (~k2 , t) ∂t θa (~k3 , t) δ
~ki
θa (~k, t) −∂2t − (~k2 /2m)2 θa (−~k, t) −
θ
(
a
2
kΞ 2m gG (~k3 )
2gG (~k)
i=1
1

{~ki }

Z k2
4
X

~ ~ ~ ~
Ξ,a N(k1 · k2 ) (k3 · k4 )
~
~
~ki .
θ
(
k
,
t)
·
·
·
θ
(
k
,
t)
δ
+
a 1
a 4
2
kΞ 8m2 gG (~k1 − ~k2 )
i=1

(S9)

{~ki }

The kinetic description focuses on the evolution of equal-time two-point correlators, specifically on occupation number distributions of quasiparticles in momentum space, which due to symmetry, in our case are equal in all components a,
fa (k, t) = hθa (k, t)θa (−k, t)i.

(S10)

The kinetic equation for the time evolution governs the momentum spectrum fk ≡ f (k, t) ≡ fa (k, t) of phase excitations,
∂t f (k, t) = I[ f ](k, t) ,

I[ f ](k, t) = I3 (k, t) + I4 (k, t) ,

where the scattering integral I[ f ] is obtained, from the action (S9), with [32]
Z
h
i
I3 (k, t) ∼
|T 3 (k, p, q)|2 ( fk + 1)( fp + 1) fq − fk fp ( fq + 1) ,
p,q
Z
h
i
I4 (k, t) ∼
|T 4 (k, p, q, r)|2 ( fk + 1)( fp + 1) fq fr − fk fp ( fq + 1)( fr + 1) .

(S11)

(S12)
(S13)

p,q,r

with the T -matrices expressed in terms of the coupling function, the momenta and the Goldstone dispersion ω(k) = k2 /2m,
2
gG (k) gG (p) gG (q)
(k · p) ω(q)
+ perms
,
m gG (q)
8 ω(k) ω(p) ω(q)
2
(k · p)(q · r)
gG (k) · · · gG (r)
s
|T 4 (k, p, q, r)|2 =
+
perm
.
2ω(k) · · · 2ω(r)
2m2 gG (k − p)

|T 3 (k, p, q)|2 =

(S14)
(S15)
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FIG. S1. (a) Universal scaling of the occupation number n1 (k) ≡ n1 (k, t) = hΦ†1 (k, t)Φ1 (k, t)i. Inset: Evolution starting from a ‘box’
momentum distribution n1 (k, t0 ) = n0 Θ(kq − |k|), identical in all three components a (grey line), with n0 = (4πkq3 )−1 ρ(0) , kq = 1.4 kΞ , at five
different times (colored dots). The collapse of the data to the universal scaling function fS,1 (k) = n1 (k, tref ), with reference time tref = 31 tΞ ,
shows the scaling in space and time. Within the time window tref = 200 tΞ ≤ t ≤ 350 tΞ , we extract exponents α = 1.62 ± 0.37, β = 0.53 ± 0.09,
see Fig. S2a. At momenta k  kΛ (t) we find a power-law fall-off of the distribution as n1 (k) ∼ k−ζ with ζ ' 4. (b) Universal scaling dynamics
of the correlator measuring the spatial fluctuations of the relative phases C12 (k, t) = C12 (k, t) = h|(Φ†1 Φ2 )(k, t)|2 i for the same system. While
no plateau prevails in the IR, a similar fall-off at higher momenta is seen as for na (k), with only slightly modified power-law C12 ∼ k−4 in the
scaling regime. Within the same time window as stated in (a) we extract scaling exponents α = 1.48 ± 0.18, β = 0.51 ± 0.06, see Fig. S2b. The
scaling exponents characterizing the evolution of C12 (k) are closer to the predicted fixed-point exponents β = 1/2, α = 3/2 than for n1 (k).

We now use the kinetic equations derived above to obtain a prediction for the scaling exponents α and β at the non-thermal
fixed point. The fixed point is defined by the quasiparticle distribution obeying the scaling form f (k, t) = sα/β f (sk, s−1/β t)
in space and time. Since gG (k) = s−2 gG (sk) scales quadratically in momentum, the T -matrices scale as |T l (k1 , . . . , kl ; t)| =
s−ml |T l (sk1 , . . . , skl ; s−1/β t)|, l ∈ {3, 4}, with m3 = m4 = 2, resulting in the scaling of the scattering integrals as Il [ f ](k, t) =
s−µl Il [ f ](sk, s−1/β t), with µl = 2 + (l − 2) d − (l − 1) α/β.
The scaling distribution function f , at the fixed point, obeys the scaling form, and thus, for it to be a solution of the kinetic
equation (S11) for a given µ = µl , the scaling
R exponents need to satisfy the relation α = 1 − βµ. In addition, in the presence
of global conservation laws for the integral k f (k, t) (quasiparticle number), the scaling exponents are subject to the constraint
α = βd such that both, I3 and I4 scale with µl ≡ µ = 2 − d. Collecting the above results, we obtain
β = 1/2 ,

α = d/2 .

(S16)

Choosing s = (t/tref )β one obtains the scaling form f (k, t) = (t/tref )α fS ([t/tref ]β k) of the distribution function. Moreover, by
analysing the stationary scaling fS (k) = sκ fS (sk) of the scaling function fS according to the kinetic equation, one derives the
power-law behavior fS (k) ∼ k−d−1 at the non-thermal fixed point [32] which eventually predicts the coherence function of each
(0)
−β
mode to evolve as g(1)
in the scaling regime of large evolution times.
a (r, t) = ρa exp{−kΛ (t) |r|}, with kΛ (t) ∼ t
Scaling and conservation laws as seen in momentum space

In the main text, we emphasize that the evolution during the prescaling stage obeys the conservation laws associated with the
U(3) symmetry which defines the universality class of the non-thermal fixed point. To demonstrate this conservation explicitly,
we present, in the following, the scaling evolution of the correlations in momentum space, corresponding to the position-space
observables displayed in the main text. Note that, in previous work on non-thermal fixed points, as referenced in the main text,
momentum-space correlations have been the usual object of studying scaling in space and time near a non-thermal fixed point,
as they clearly reveal the transport associated with the evolution.
Fig. RS1a shows that, within a range of low momenta, the evolution of the angle-averaged momentum distribution n1 (k, t) =
(4π)−1 dΩk n1 (k, t), with n1 (k, t) = hΦ†1 (k, t)Φ1 (k, t)i, exhibits scaling in time t and radial momentum k = |k| according to
Eq. (1) in the main text. While the inset shows snapshots of the evolution starting from the box initial distribution defined in the
main text, the data shown in the main frame demonstrates the rather precise scaling collapse in momentum space, up to the scale
on the order of the healing-length wave number kΞ above which a near-thermal tail characterizes the higher-energetic particles.
Analogously, the coherence function C12 (k, t) = h|(Φ†1 Φ2 )(k, t)|2 i, see Fig. S1b, shows a similar scaling collapse onto a scaling
function revealing the same kind of universal scaling.
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(b)

C12 (k)

Scaling exponents
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FIG. S2. (a) Scaling exponents α/3 and β obtained from least-square rescaling fits of the occupancy spectra n1 (k) ≡ n1 (k, t) shown in Fig. S1a.
The exponents correspond to the mean required to collapse the spectra within the time window [tref , tref + ∆t] with ∆t = 146 tΞ , and the
momentum window [kmin , kmax ], with kmin set by the lowest non-zero radial momentum at t = tref and kmax = 0.45 Ξ−1 , such that the slight
bend of n1 (k) to a steeper power law is excluded. Error bars denote the least-square fit error. (b) Exponents extracted from the collapse of
C12 (k) ≡ C12 (k, t) shown in Fig. S1b, for the same time window. While n1 (k) still shows scaling violations, C12 (k) exhibits approximate
scaling at tref + ∆t & 300 tΞ as the scaling exponents have settled in to stationary values. The scaling exponents are in good agreement with the
analytically predicted values of β = 1/2 and α = 3/2.

In Fig. S2 we show that, as was found in position space, also the evolution of the momentum-space correlation functions is
subject to scaling violations. Both panels demonstrate that these violations prevail up to the maximum time t ' 400 tΞ , when
finite-size effects have been found to become relevant. During the late period, tref = 200 tΞ ≤ t ≤ 350 tΞ , one obtains the scaling
exponents α = 1.62 ± 0.37, β = 0.53 ± 0.09 for the scaling of n1 (k), with a trend towards a smaller β, cf. similar results found
in [15]. As already observed for the position-space correlations g(2)
12 (r) discussed in the main text, the coherence function C 12 (k)
shows much weaker scaling violations resulting in the scaling exponents α = 1.48 ± 0.18 and β = 0.51 ± 0.06 within the time
window tref = 200 tΞ ≤ t ≤ 350 tΞ , see Fig. S2b. These findings are considerably closer to the exponents β = 1/2 and α = 3/2
predicted for the fixed point, see Eq. (3) and Refs. cited in the main text.
In both cases, the scaling along the k-axis quantified by the exponent β is coupled to the scaling along the vertical axis set by
the exponent α, related within errors by α = d β, with d = 3 being the spatial dimension of the system. This coupled scaling
leaves the total d-dimensional volume enclosed by the curves to a good approximation constant and thus, in each case, reflects a
conserved symmetry during the prescaling evolution.
We emphasize that, due to the steep power law na (k) ∼ k−4 in the infrared (IR) scaling region, the particle number density is
concentrated in this region of low momenta, where spatio-temporal scaling according to Eq. (1) is seen. In contrast, the energy
density is concentrated in the high-momentum tail exhibiting semi-classical Rayleigh-Jeans distributions na (k) ∼ k−2 . Hence,
during the scaling evolution, the scales at which particles and energy are concentrated, separate continuously further in time and
thus, in the infrared (IR) region of momenta, this process is increasingly dominated by quasi-local particle number conservation
only, see, e.g., Ref. [28].
This conservation law is due to the U(3) symmetry of the model describing the dynamics of the system: The initial state as
well as the state during the ensuing prescaling evolution break the full U(N) symmetry of the model to U(N − 1) ' SU(N − 1) ×
U(1)/ZN−1 , where the SU(N − 1) symmetry describes rotations of the resulting state leaving the symmetry-broken mean-density
vector invariant, and the U(1) is the further total phase symmetry, also applying in the case of a vanishing mean-density vector.
The ZN−1 factor accounts for the non-isomorphic centers of U(N − 1) and SU(N − 1) but is irrelevant for the conservation laws
considered here. As a result, there is a remaining global U(1) symmetry corresponding to the local conservation of total particle
density in the N components of the gas. Our model does furthermore not allow for particle exchange between the different
components, such that the particle numbers are actually conserved separately for each component. Differently stated, taking the
generators of the U(3) group, one finds that each of the components carries a separate U(1) symmetry which is conserved also
in the broken state and its further evolution. For the prescaling of na (k, t), this implies the relation α = d β.
Note that our numerics exhibits the same type of conservation law and power-law behavior for the coherence function C12 (k, t),
see Figs. S1b and S2b. Here, the conservation law does not only refer to the conservation of the single-component and total
particle numbers. It furthermore reflects that the local density fluctuations are small. This can be seen by considering the integral
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−
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k [1/Ξ]
FIG. S3. Enlarged representation of the infrared prescaling evolution of the single-component occupation number n1 (k) ≡ n1 (k, t), for the
same evolution times as shown in Fig. S1a (same color coding). The solid black and dashed grey lines show the results obtained by fitting the
corresponding scaling functions to the IR part of the distribution. The extracted parameters for the fit of n1 are (A/C3 kΛ , kΛ , t) = (0.82 ± 0.02,
0.088±0.001, blue), (0.77±0.02, 0.055±0.001, orange), (0.76±0.02, 0.036±0.001, green), and (0.75±0.02, 0.025±0.001, red). Analogously,
the results for the fit of nG are (AG /C3 kΛG , kΛG , t) = (0.82 ± 0.02, 0.118 ± 0.002, blue), (0.76 ± 0.02, 0.070 ± 0.001, orange), (0.71 ± 0.02,
0.044 ± 0.001, green), and (0.69 ± 0.02, 0.030 ± 0.001, red). We emphasize that the thermal tail present in the regime of large momenta, see
Fig. S1a, leads to an effective decrease of the extracted constant C3 as compared to the analytical treatment, where a thermal tail is absent,
such that the ratio A/C3 kΛ differs from the analytically expected value of 1. Extrapolating the position-space correlation functions shown in
Fig. 1a in the main text from distances larger than the thermal peak back to distance r = 0 yields a factor of ≈ 0.8 consistent with the ratios
stated above from the fits. At late times (green and red), the data is close to the scaling function n1 (k, t), defined in (S18), which corresponds
to the first-order coherence function with exponential times cardinal-sine form, (S19). For all evolution times the data distinctly differs from
the scaling function nG1 (k, t) defined in (S20) which corresponds to the purely exponential first-order coherence function (S21). This supports
the observation of the presence of an oscillatory contribution in the first-order coherence function. The fact that the quadratic term in the
denominator gradually scales away is more clearly seen in the inset where we show n1 (k)−1 − n1 (0)−1 , with the respective extrapolated fit value
inserted for n1 (k = 0) in order to be independent of possible deviations due to the buildup of a condensate in the zero mode. The solid black
line in the inset corresponds to the fit of (S18) to the data for the latest time shown (red dots).

of C12 (k) over all k, which corresponds to the density-density correlation function,
Z
†
†
(0) (0)
(0)
Cab (k, t) = g(2)
ab (0, t) = hΦa (x, t)Φb (x, t)Φb (x, t)Φa (x, t)i = hδρa (x, t)δρb (x, t)i + ρa ρb + (δab − 1)Λρa ,

(S17)

k

where Λ is a constant representing the momentum-space volume. As a result of the suppression of density fluctuations,
δρa (k)/ρ(0)
a ∼ |k|/kΞ θa (k)  θa (k) as compared to phase fluctuations θa (k) ∼ O(1) in the IR region of momenta k  kΞ ,
cf. [32], one may neglect the fluctuation contribution which implies an approximate conservation of the momentum integral of
C12 (k, t) in the scaling region, as seen in the relation α = d β between the scaling exponents also for C12 (k, t). Note that this
symmetry is an emerging approximate symmetry which results during prescaling towards the non-thermal fixed point. This
conservation law is expected to quantitatively improve the closer the system approaches the final fixed point.
The power-law fall-off, na (k) ∼ k−κ for kΛ (t) . k . kΞ , with ζ ' 4 is consistent with the analytically predicted exponent
κ = d + 1 in d spatial dimensions, cf. Ref. [28] as well as numerical results presented in [42]. The analytic result is based on an
analysis of the stationary fixed-point kinetic equation governing the spatio-temporally rescaled momentum distributions na (k, t)
[28], similar in character to a momentum scaling analysis in weak wave turbulence theory.
In the main text, we analyze quantitatively the position-space scaling function at comparatively short distances, larger than
the extent of the thermal-peak and smaller than the scale of the first zero of the oscillating function. In order to obtain more
quantitative insight beyond the low-r, near-exponential fall-off, we in the following exemplarily compare two idealized limiting
cases of the momentum-space scaling form. Taking into account the extracted conservation law as well as the power-law fall-off,
the momentum-space distribution na (k, t) is approximately consistent with a scaling form given by
na (k, t) =

C3 kΛ (t)
,
4kΛ4 (t) + |k|4

(S18)

−β
with normalization constant C3 = 8πρ(0)
a and kΛ (t) ∼ t , for k . kΞ , see Fig. S1a. Fourier transforming the function (S18) gives
an exponential × cardinal-sine form of the first-order coherence function,


(0)
g(1)
(S19)
a (r, t) = ρa exp − kΛ (t) |r| sinc kΛ (t) |r| ,

10
(sinc(x) = sin(x)/x) with uniform particle density ρ(0)
a . An alternative functional form, which is also approximately compatible
with the numerically determined momentum distribution, reads
nG
a (k, t) = 

C3 kΛ (t)
kΛ

(t)2

+


|k|2 2

=

C3 kΛ (t)
,
kΛ (t)4 + 2kΛ (t)2 |k|2 + |k|4

(S20)

with normalization constant C3 as above. In contrast to the functional form (S18), a quadratic term ∝ |k|2 is added to the
denominator. Note that the function (S20) corresponds to the angle-averaged spatial first-order coherence function of the Bose
field having the form of a pure exponential,

(0)
g(1)
a (r, t) = ρa exp − kΛ (t)|r| .

(S21)

A comparison of the numerical data and the above two different functional forms is shown in Fig. S3. We find that, at late times,
the data is close to the function (S18). In contrast, our data differs from the function (S20) for all evolution times, which is in
accordance with the observation of the presence of an oscillatory contribution in the first-order coherence function.
Due to the rescaling of the inverse coherence length as kΛ (t) ∼ t−β , the quadratic term in the denominator sets in below a
decreasing momentum scale during prescaling. This can be clearly seen in the inset, where, in the late-time scaling regime and
within the region of momenta relevant in the finite-size system, a single power law prevails in the inverse of the momentum
distribution after subtracting a constant. Note, moreover, that the precise form of the function during the scaling evolution is in
between both limiting cases, i.e., the quadratic term in the denominator is found to have a prefactor smaller than 2. This results
in a scaling function of the form of an exponential × cardinal-sine, with the argument kΛ (t) |r| of the sine being multiplied with
a different factor than that of the exponential.
The scaling violations in n1 (k, t) corresponding to those discussed for g(1)
1 (r, t) in the main text, are seen as a gradual change
in time of the form of the distribution at low momenta, see Fig. S3. In contrast, scaling violations are again weaker for the case
of the relative-phase fluctuations, as quantitatively seen in comparing Figs. S2a and b.

Numerical extraction of the scaling exponents

In the main text we present a general scheme to extract the scaling behavior of the position-space correlators. It is based on
determining the coefficients of a Taylor series expansion by means of a fit. Here, we give details of the extraction procedure.
P∞ (l)
n
We approximate the angular-averaged correlation functions by a Taylor series of the form g(l) (r, t) = c(l)
0 + n=1 cn (t) (r − r0 ) ,
where r0 marks the expansion point of the series and l = 1, 2 refers to the two different correlation functions evaluated in this
work. Due to the presence of the non-universal short-distance thermal peak at very short distances, we choose the fit range to be
limited by the lower bound rl.b. . This lower bound furthermore is taken to be the expansion point of the Taylor series, rl.b. = r0 .
In order to stay consistent during the scaling evolution of the coefficients, r0 is changed in time according to r0 (t) ∼ t β . This
is achieved by taking a fixed value of the correlation function at all considered instances of time and determining the distance
associated with this value, i.e. solving g(l) (r0 (t), t) = g(l)
l.b. for r0 (t). Analogously we choose the fit to be limited by an upper bound
ru.b. , which is defined by the relation g(l) (ru.b. (t), t) = g(l)
u.b. . The upper bound of the fit was chosen in a range sensitive to the
highest order of the expansion used to fit the numerical data.
To ensure equal quality of the fit on short distances, independent of the evolution time and of the choice of the lower bound
of the fit, we optimize the residuals |g(l) (r, t)/g(l)
fit (r, t)| of each fit at distances close to r0 in a way that they symmetrically
scatter around 1 with a maximum deviation of 1%, i.e., we keep 0.99 ≤ |g(l) (r, t)/g(l)
fit (r, t)| ≤ 1.01 in a range of distances
(l)
(l)
(l)
(l)
dmin
(t) ≤ r(t) − r0 (t) ≤ dmax
(t). The length of the interval [dmin
(t), dmax
(t)] is given by d (l) · (t/tref )1/2 , with reference time
tref = 31 tΞ . The parameter d (l) , characterizing the length of the interval at the reference time t = tref , is chosen to be d (1) = 6 Ξ
(l)
(l)
(t) = r0,min
(t) − r0 (t) is given by the difference between the
and d (2) = 4 Ξ. At each instance of time, the minimal distance dmin
(l)
lowest expansion point of all fit ranges used for a particular correlation function, r0,min
(t), and the lower bound of the current fit
(l)
(l)
(l)
r0 (t). Hence, dmin (t) = 0 for the fit corresponding to the expansion point r0,min (t), whereas dmin
(t) < 0 for all other fits This means
that, for fits that belong to the latter class, we ensure that it matches the data well even at distances below the expansion point
(l)
(l)
(l)
(l)
r0 (t). The maximal distance dmax
(t) then directly follows from dmin
(t) and from the fixed length of the interval [dmin
(t), dmax
(t)].
(1)
The exponents presented in Fig. 2 in the main text result from averaging over different fits with fit ranges of 0.55 ≤ gl.b. ≤ 0.65,
(2)
(2)
0.03 ≤ g(1)
u.b. ≤ 0.08 for the first-order coherence function, and 0.25 ≤ gl.b. ≤ 0.40, 0.005 ≤ gu.b. ≤ 0.010 for the second-order
(1)
coherence function, respectively. This defines r0,min (t), at each instance of time and for all fits of the first-order coherence
(1)
(2)
(2)
function, as the solution of g(1) (r0,min
(t), t) = 0.65. Analogously, r0,min
(t) is determined by the solution of g(2) (r0,min
(t), t) = 0.40
for all fits of the second-order coherence function.
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