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Condensation and thermalization of an easy-plane ferromagnet in a spinor Bose gas
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The extensive control of spin makes spintronics a promising candidate for future scalable quantum
devices [1]. For the generation of spin-superfluid systems [2], a detailed understanding of the build-up
of coherence and relaxation is necessary. However, to determine the relevant parameters for robust
coherence properties and faithfully witnessing thermalization, the direct access to space- and time-
resolved spin observables is needed. Here, we study the thermalization of an easy-plane ferromagnet
employing a homogeneous one-dimensional spinor Bose gas [3| [4]. Building on the pristine control
of preparation and readout [5] we demonstrate the dynamic emergence of long-range coherence
[6] for the spin field and verify spin-superfluidity by experimentally testing Landau’s criterion [7].
We reveal the structure of the emergent quasi-particles: one ‘massive” (Higgs) mode, and two
‘massless” (Goldstone) modes - a consequence of explicit and spontaneous symmetry breaking,
respectively. Our experiments allow for the first time to observe the thermalization of an easy-
plane ferromagnetic Bose gas; we find agreement for the relevant momentum-resolved observables
with a thermal prediction obtained from an underlying microscopic model within the Bogoliubov
approximation [8HI0]. Our methods and results pave the way towards a quantitative understanding
of condensation dynamics in large magnetic spin systems and the study of the role of entanglement
and topological excitations for its thermalization.

In recent years analog quantum simulators with ul-
tracold atoms allowed for unprecedented insights by im-
plementing building blocks of complex condensed mat-
ter systems [I1], 12]. This opens up new possibilities for
studying pressing questions concerning quantum many-
body dynamics and thermalization [I3H2I]. For probing
these phenomena in macroscopic systems often either the
timescales are too short or the control to extract infor-
mation is not given such that direct observation of the
dynamical processes is not possible.

Many dynamical phenomena emerging in the many-
body limit, such as the build-up of long-range coherence,
superfluidity or spontaneous symmetry breaking, can be
studied in Bose-Einstein condensates (BEC) [22]. Here,
the macroscopic occupation of the ground state together
with a spontaneously broken symmetry manifests itself in
a globally well-defined phase of the complex-valued order
parameter in each realization. This phase can be probed
experimentally by interferometric measurements, which
has been demonstrated with different platforms [23H25].
In an easy-plane ferromagnetic system the order param-
eter is characterized by a well-defined magnitude in the
transversal plane whereas all orientations in the plane
are equally likely. Theoretically, this is due to a spatial
anisotropy, breaking the full rotational SO(3) symmet-
ric part of the Hamiltonian down to a transversal SO(2)
symmetry. In condensed matter physics prototype mod-
els include the XXZ model [26], which recently has also
been realized with ultracold atoms in lattice systems [27]
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and Rydberg atoms [28] 29].

Here, we realize a spinor BEC of 8"Rb with easy-
plane ferromagnetic properties [3, B0] in a quasi-one-
dimensional box trap [3I] (see Fig. 1la). It consists of
three internal states, labelled by their magnetic quan-
tum number m € {0,£1}. The system features ro-
tationally invariant ferromagnetic spin-spin interactions
described by H, = ¢ [av IA72/27 where ¢; < 0 is the
spin-spin interaction constant and F denotes the spin
operator (see Methods for details). A quadratic Zeeman
shift ¢ induced by the magnetic field plays the role of
the isotropy-breaking term; it shifts the energy of the
m = =1 levels (see Fig. 1b) and is explicitly given by
7:[(, =q[dV (Ny1+ N_1). We adjust ¢ by using off-
resonant microwave dressing [32] such that the mean-field
ground-state exhibits easy-plane ferromagnetic proper-
ties (0 < ¢ < 2n|ci|; n is the atomic density) and
our initial conditions restrict the dynamics to the spa-
tially averaged longitudinal (z-) spin being zero. In
addition to the spin interactions, our system exhibits
SO(3)-invariant density-density interactions described by
7:ld = code N2/2, with interaction constant ¢y and
lco/c1] & 200 [3].

The capability to extract the relevant order-parameter
field [5] allows us to study the build-up of long-range co-
herence in a time- and space-resolved fashion; accessing
the full structure factor of the observables defining the
Hamiltonian is the handle to faithfully witness thermal-
ization. We experimentally examine the order parame-
ter, which is the transversal spin degree of freedom, by
acquiring many realizations of the complex-valued field
F\(y) = Fy(y) + iFy(y) using spatially resolved joint
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FIG. 1. Homogeneous spinor Bose gas and easy-plane
ferromagnetic properties. a, We realize a homogeneous
spinor BEC of 8"Rb in a box-like trapping potential by a com-
bination of an elongated attractive potential (red) and two
repulsive end caps (green; see Methods for details). The total
density (grey shading) is flat over the extent of the cloud. b,
Level structure of the F' = 1 hyperfine manifold. We control
the offset energy between the m-states by microwave dressing
(blue shading) such that the system features easy-plane ferro-
magnetic properties in its ground state. c, The spatial degree
of freedom is continuous, however, in the analysis discretized
by the finite pixel size of the camera and the imaging resolu-
tion (= 1.2 ym). Each imaging volume (boxes) contains ~ 500
atoms which are described by continuous fields for density and
spin. The spins orient themselves in the (easy-)plane orthog-
onal to the external magnetic field B. d, The transversal spin
features two different types of excitations: A Goldstone mode
and a Higgs mode related to the excitation of the orientation
¢1, and length |F| |, respectively. e, Histogram of the local
spin normalized by the atom number, combining all spatial
points and experimental realizations. In every realization the
phase of the central spatial point is subtracted. The dashed
line indicates |F | = 0.75.

measurements based on positive operator valued mea-
sures (POVM) [B[33]. We obtain a value for the transver-
sal spin F| (y) = |F| |e”** with length |F| | and orienta-
tion in the plane ¢y. The position y along the long axis
of the cloud is discretized by our imaging resolution; in
each typical imaging volume we infer the spin from an
average over ~ 500 atoms which are described by a spin
field, i.e. taking nearly continuous values (see Fig. 1b),
which we identify as the macroscopic order-parameter
field describing the spin condensation.

For studying the condensation dynamics, we initialize
the system far from equilibrium without well-defined spin
length, and fluctuations solely in the plane. We visualize
the emergence of a spin (F| ) field by evaluating the his-
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FIG. 2. Emergence of long-range coherence and super-
fluidity. a, Absolute value of first order coherence |g1(x,y =
0)| of transversal spin F'| ; reference point (y = 0) is chosen
at the left edge of the cloud with system size L = 74 ym. We
observe a build-up of long-range order, i.e. for long times the
system features non-zero coherence over its whole size. (In-
set) Two-dimensional coherence function |g;(z,y)| after 27s
evolution time. For long times we find the correlations to
be translation-invariant. b, Second order coherence of the
transversal spin showing the evolution and character of spin
length fluctuations. ¢, Superfluid properties of the spin con-
densate. Standard deviation along the cloud of spin length
(purple) and density (grey) for different speeds v of the local
perturbation. The rapid increase at finite speed indicates su-
perfluid properties of spin and density. Insets show represen-
tative single realizations of the spin length and total density
in the different regimes.

togram of F'| taking into account all spatial positions and
realizations (see Fig. le). After 5s, which corresponds to
~ 10x the typical time scale of the spin interaction en-
ergy ts = h/(n|e1]), the spin is still far from equilibrium
and shows large fluctuations in orientation and length.
After 30s (= 60 x ;) of evolution time we find that the
fluctuations settle around a well-defined spin length |F, |
and the phase ¢, becomes well-defined over the whole
sample, i.e. long-range order emerges. This is expected
for a thermal state incorporating spontaneous symme-
try breaking in the transversal spin degree of freedom
and can be intuitively grasped by looking at the under-
lying mexican-hat-like free-energy potential (see Fig. 1d
and [34]).

To test for eventual spin condensation, we char-
acterize the coherence properties of the transver-
sal spin by evaluating first and second order coher-
ence functions [6] with ¢;(z,y) (FI(;U)F}_(@/)} and
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FIG. 3. Local spin and density control enables probing of quasi-particle properties. a, Schematics of the three
Bogoliubov dispersion relations. b-d, Time evolution of orientation (b,), total density (c,) and spin length (d,) after local
perturbation of the spin condensate. The upper panels show all evolution times and lower panels selected 1D cuts. We find a
splitting of the imprinted wavepacket for phase and total density according to the expected linear dispersion relations (green
and blue); solid lines are Gaussian fits. Strikingly, the speed of sound differs by one order of magnitude reflecting the energy
scales (solid black line corresponds to v = 110pum/s and dashed line to v = 1100um/s). In contrast, the spin length excitation
disperses. e, Results of Gaussian fits to spin length excitation. 1o width (circles), the amplitude a (diamonds) and the integral
x ao (squares) are shown. We find an increasing (decreasing) width (amplitude) while the integral stays nearly constant; this
is in accordance with an underlying gapped quadratic dispersion. f, Oscillation of the m = 0 population after perturbing the
k = 0 mode of the spin length. The oscillation frequency is a measure of the gap A of the quadratic mode identified in d. All

shown error bars are 1 s.d. of the mean.

g2(,y) o (1 () F1 (y) FL(x) FL(y)), respectively (see
Methods for details). In contrast to earlier experiments
observing the emergence of long-range coherence in one-
component BECs [23] [35] 36], we do not rely on spatial
interference as we access the relevant spin field directly
by joint measurements entailing interference in the inter-
nal degrees of freedom [5, [37]. We find that coherence
is built up dynamically and the system finally features
long-range order, i.e. non-zero |gi(z,y)| over the whole
extent of the atomic cloud (see Fig.2a). At the same
time the spin length fluctuations, quantified by g2 (z,y)
(see Fig. 2b), settle close to unity at zero distance as ex-
pected for a weakly interacting Bose-Einstein condensate

[38-142].

To characterize the final state, we first test for super-
fluidity of the spin as well as the density; in the spirit of

Landau [7], we drag a well-localised obstacle (see Meth-
ods) coupling to density and spin through the BEC [43-
[45] and measure the response of the system. We quantify
the response by evaluating the mean standard deviation
of the total density and the transversal spin length along
the cloud. The breakdown of superfluidity is signalled
by a rapid increase of the response at a non-zero critical
velocity. We find two different critical velocities for spin
and density (see Fig.2c). While the spin shows superflu-
idity up to v s ~ 3 x 1072 mm/s, the density tolerates a
moving barrier for up to 10 times faster speeds. This is
consistent with the interaction strengths and the corre-
sponding stiffness of the degrees of freedom.

In the following we address the underlying structure
in more detail. With two spontaneously broken symme-
tries, the U(1) symmetry of the total density and the
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FIG. 4. Structure factors of different observables at late times.
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We show experimental structure factors (green

diamonds; error bars smaller than plot marker) after 30s evolution time where the system behaves stationary. Experimental
uncertainties are smaller than marker size. We compare to a thermal prediction within number-conserving Bogoliubov theory
(green line; grey band indicates 68% confidence interval of statistical and systematic uncertainties; for details on the fit and
parameters see Methods). Grey diamonds indicate reference noise level of a coherent spin state prepared from a single component

gas by a global spin rotation.

SO(2) symmetry of the spin orientation, we anticipate
two Goldstone-like modes with linear dispersions in the
infrared. The different energy scales of density and spin
interactions are reflected in two associated sound speeds;
they are theoretically expected to differ by more than an
order of magnitude which is consistent with the observed
critical velocities. Additionally, the symmetry explicitly
broken by 1+, leads to a Higgs-like gapped mode (see
Fig.3a). Compared to two-component BECs we find an
additional mode due to the increased number of degrees

of freedom [46], 47].

Experimentally, we probe the three different modes by
applying local perturbations (see Fig. 3 and Methods for
details). After the perturbation we observe and ana-
lyze the temporal evolution to learn about the underlying
structure of the dispersion relations. First, we probe the
linear mode associated with the spin orientation by im-
printing a spatially varying orientation ¢ pattern onto
the thermalized state. The probing scheme is based on
our capabilities to combine global and local radio fre-
quency spin rotations with fixed relative phases. The ini-
tially imprinted Gaussian wavepacket splits up into two
wavepackets travelling with velocities of +v; — a clear

indication for a linear dispersion relation. To access the
density degree of freedom we imprint a Gaussian-shaped
density reduction of ~ 5% and observe again a splitting
of the initially prepared wave packet. The difference in
energy scales of density and spin is reflected in the two
observed sound speeds vg and vy which we find to be
vq/vs = 10 &~ y/|co/c1|. Finally, the gapped mode is
associated with excitations of the spin length which we
perturb with a Gaussian length modulation. Strikingly,
we find no splitting but a decaying amplitude and grow-
ing width of the prepared perturbation. Additionally we
measure the gap of this mode; it manifests as a finite
oscillation frequency when exciting the £ = 0 mode (see
Fig. 3f). We find a ¢g-dependent, non-zero oscillation fre-
quency consistent with expectations concerning the na-
ture of the underlying Bogoliubov mode in the easy-plane
ferromagnetic phase (see Ext.Data.Fig.1 and Methods for
details).

We now turn to the question if we experimentally re-
alized a thermal ensemble; to ease its realization we pre-
pare an elongated spin initial condition and evolve it
for 30s. Experimentally, we extensively characterize the
thermalized state of our system by using different struc-



ture factors, such as those of the spin in transversal as
well as in longitudinal (z-) direction and the densities of
the three m-components. To separate the single compo-
nents we employ a Stern-Gerlach magnetic field gradient
and a short time-of-flight (2ms). We are able to ex-
tract momentum-resolved structure factors by Fourier-
transforming the spatial profiles. Special care has to
be taken to measure the total density fluctuations since
phase fluctuations are transformed into density fluctua-
tions during any time-of-flight [48]. Therefore we employ
an in-situ imaging of the total density to access the low
level of fluctuations which is in our regime of the order
of atom shot-noise (see Methods for details).

The structure factor (see Fig.4) as well as the local
fluctuations (see Ext.Data Fig.2) of all observables are
consistently described using a thermal prediction. The
latter is obtained for the spinor Bose gas with con-
tact interactions within the Bogoliubov approximation
[8, [49] using a single temperature for all three quasi-
particle modes. We thus conclude that the system has
evolved to a thermal state within experimentally acces-
sible timescales. The found temperature is (57 &+ 3) Hz
(~ 3nK) and thus a factor of ~ 5x smaller than the
density-density interaction (nco = 252+ 54 Hz) and more
than one order of magnitude larger than the spin-spin
interaction energy scale (|ncy| = 1.17 & 0.25Hz). The
temperature is consistent with theoretical estimates for
the critical temperature for the emergence of the easy-
plane ferromagnetic phase [9, 50]. Interestingly, the sin-
gle m-densities feature high fluctuations also in compar-
ison with three independent single-component conden-
sates at corresponding density, interaction and tempera-
ture.

We repeat our measurement close to the phase bound-
ary at ¢ = 0 and find structures beyond thermal Bo-
goliubov theory in that case (see Ext.Data Fig.3). The
observed enhanced fluctuations can be associated with
long-lived non-linear excitations of the spin [51] which

are energetically less suppressed for lower q.

In conclusion, the high degree of control allows us to
experimentally observe the thermalization process of an
easy-plane ferromagnet. This sets the foundations for
studies in quantum field settings addressing the micro-
scopic processes for thermalization as well as its absence
due to e.g. long-lived topological defects. The robust
generation of a spin superfluid is a prerequisite for spin
Josephson junctions where finite temperature effects and
spin-density separation can now be studied on a new
quantitative level due to the direct access to the order
parameter.
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Methods

A. Experimental details

We prepare a spinor Bose-Einstein condensate of 8’Rb in a quasi-one-dimensional trapping geometry. Details
concerning the preparation and readout of the transversal spin can be found in [5, 33} 37, 52]

Here, we employ a box-like trapping potential. We use a weakly focused red-detuned laser beam creating to a
quasi-one-dimensional trapping potential with w; ~ 27 x 1.7Hz and w, =~ 27 x 170 Hz; repulsive potential walls are
created by two blue-detuned laser beams which results in a trapping volume of adjustable size around the centre of the
harmonic trap. The longitudinal harmonic potential is in good approximation constant over the employed sizes and,
thus, effectively leads to a 1D box-like confinement for the atomic cloud. For the measurements of the thermalized
state shown in Fig. 4 we utilize a box size of ~ 100 pm.

Initial conditions: For the detailed observation of the emergence of coherence we prepare the atoms in the state
|F,m) =|1,0), the so-called polar state. To allow for thermalization for shorter times, we initially prepare a coherent
spin state with maximal length. For this we apply a 7/2-rf rotation with the atoms initially prepared in the state
|F,m) =|1,—1). As a reference noise level (grey diamonds in Fig. 4 and Ext. Data Fig. 3) for the thermalized structure
factor, we prepare this coherent spin state by performing the rotation after holding the atoms in |1, —1) for 30s.

Readout: After the evolution time t we image the atomic densities using spatially resolved absorption imaging.
Employing a Stern-Gerlach magnetic field gradient followed by a short time-of-flight (TOF; 2ms), we are able to
image the atomic densities of all 8 magnetic sublevels of the F' = 1 and F' = 2 hyperfine manifolds of the electronic
ground state. Additional coherent microwave and radio-frequency manipulations before the imaging allow us to map
the two spin projections, F, and F, of the transversal spin [33] onto measureable densities. With this we infer the
complex-valued transversal spin F| (y) = F.(y) +iF,(y) = |FL|(y)e~ ") as a function of position y. The position
y is the centre of a spatial bin which contains ~ 500 atoms and has a spatial extension of ~ 1.2 um along the cloud
(we bin three adjacent camera pixels where each pixel corresponds to 420 nm in the atom plane).

For the measurement of the density fluctuations |Nyot|?(k) we take in-situ images without spin resolution (without
Stern-Gerlach separation). This is important since any free propagation will transform phase fluctuation to density
fluctuations leading to strongly enhanced structure factor [53]. It is important to note that the observed increased
fluctuations compared to the spin coherent state by a factor of two can be a result of only one particle per k-mode. For
the spin observables and the single densities we checked that the enhanced fluctuations due to the TOF are negligible.

B. Local perturbation

To access the superfluid properties of the spin and density degrees of freedom we use a localized perturbation (r.m.s
width ~ 5 um) that we drag through the thermalized system. Specifically we use a blue detuned, steerable laser beam
(760 nm) which position is controlled by an acusto-optical deflector. Using a linear frequency ramp we implement a
sweep over the cloud with fixed velocity which we change over two orders of magnitude. The density is probed after
35s and the spin after 20 s evolution time. The ramp duration for the lowest speed is ~ 18s.

Local perturbation of the Larmor phase: We use a combination of global and local rf rotations (see [54] for details
on local rf rotations). A first global m/2-rf rotation around the z-axis maps the z-axis onto the y-axis. Using a
local rotation with a well-defined phase with respect to the global rotation we perform a rotation with variable angle
around the y-axis. Because of the performed mapping this effectively leads to rotation around the z-axis in the original
coordinate system. At time A7 = 210 us after the first global rf pulse we apply a global rf m-pulse followed by a second
global rf 7/2-pulse after another time delay of A7, where all pulses rotate around the same axis. This constitutes a
spin echo sequence which additionally executes a full 27 spin rotation which ensures that the global rotation pulses
do not excite the system. The last 7/2-pulse maps the local rotation axis back to the z-axis in the original system.
The perturbation has an approximate Gaussian shape with a r.m.s. width of ~ 5 ym according to the shape of the
used laser beam.

Local perturbation of the total density: We reduce the total density locally by ~ 5% by shining a blue detuned
laser beam (760nm) onto the centre of the cloud. We adiabatically ramp up the potential in 100 ms such that we
get no further excitations in the density; after the ramp the potential is instantaneously switched off to generate the
wavepacket.

Local perturbation of the transversal spin length |F||: We induce a local density reduction by applying the same
blue-detuned laser beam. During the evolution time of 30s we let the system thermalize subject to the local density
reduction. This effectively leads to a spatially dependent mean-field ground state spin length. We linearly ramp down
the potential over 50 ms; this implements an adiabatic ramp for the total density and a rapid switch off for the spin.



For experimentally accessing the gap we excite the k¥ = 0 mode of the spin length by changing the phase of the
m = 0 component (spinor phase) globally. For this we use two microwave m-pulses between |1,0) and |2,0), where
the second pulse is phase shifted by A¢. We record the subsequent oscillations of the m = 0 population and fit a
sinusoidal function to extract the frequency. The theoretical prediction for the gap A, deduced from the oscillation,
and the m = 0 ground state population ng in the easy-plane ferromagnetic phase is [§]:

/ 1«
A =\/4n?c? — @2 and =5 e (1)

Assuming n41 = n_; these formulae hold also true for 0 > ¢ > 2nc; (dashed lines in Ext. Data Fig. 1).

C. Experimental coherence functions and structure factor

In every experimental realization (i) we measure atomic densities from which we infer single shot realizations O()
of different observables O. The quantum expectation value is approximated by averaging over many realizations as

oz<é>=i20<i>, (2)

where Ng is the number of realizations.
The coherence functions of the transversal spin are explicitly given by:

A
gi(x,y) = —= <AL(x)FL(y)> A
\/<FI($) (@) (FT () FL(y))

and

(FL@)FL @) L@ FL(y)
(FL@)FL@) (FL)FL(y)
)

For the inferred single shot results of the transversal spin F| (x) the T is treated as the complex conjugate.
The structure factors as a function of the spatial momentum k are defined as

g2(x,y) = : (4)

(OWE) =0(0) = 5= 3= 3 IDFTamst (09(2) ~ O(w) (5)

where DFT,_ is the discrete Fourier transform, & = 1/ the spatial momentum. All structure factors are normalized
by the mean total atom number Ny to obtain an atom number independent measure for the fluctuations and allow
comparison between theory and experiment; for the total density structure factor a value of one corresponds to the
atomic shot noise level.

D. Bogoliubov transformations in the easy-plane ferromagnetic phase

We explicitely derive the Bogoliubov transformations in the easy-plane ferromagnetic phase (0 < gq/(nlc1|) < 2).
Here we set h = 1.
In terms of total density and spin operators

1

Nx) =Y Nux)= Y 0h®x)dnx), L= Y L) ) mmdm (), (6)

m=—1 m=—1 m,m/=—1

with the spin-1 matrices

£ =

Sl
S
O = O
— o
o = O
~
<
Il



the system Hamiltonian reads
3 T ~ ) DL N2(x) s 4 CE2(x) -
= /d [72211# (— +qm>wm(X)+2.N(x).+2 _Z .FV(X).]. (8)

With momentum-space creation and annihilation operators

A 1 Bt ikx - _ e 3¢ ] —ikx
e W/d x ) (x)e"™*, Qk,m \/‘7/d X U (X)e , (9)

the Hamiltonian in the number-conserving Bogoliubov approximation becomes [34]

Hp=Eo+ Y (ex+gm® — p)iem
k;éO m

Z Z i’ ,m'm +ij m’j’ )Cj Cm/akjakm

j] ,m,m’ k#0

N * %k A ~ ~ ~
tor O 2 Dt (G Gciems e + G Giril 0 1) (10)

j,d" m,m’ k#0

with e, = k?/(2M), atom mass M, total atom number N and A, = d;r( mOk,m. Theoretically, momentum |k|
corresponds to Wavelength A = 2x/|k|. The spinor ((,,) specifies the normalized condensate configuration and we set
ax=0,m = VN(m. I'jj/ mm’ denotes density and spin interactions,

Lt mm: = €005/ Omms + €1 Z I35 P (11)

V=z,Y,2
The ground state energy is given by
[qu2|cm|2 Z T3 mam G G Gomr G (12)
7,3, m,m’

the chemical potential reads

2N Kook
= Z qm2|<m|2 + Z Fjj’,mm’Cj Crn G G- (13)

Y ’
J,3°,m,m

We set sinf) = /1/2 — q/(4n|c1]), such that the mean-field ground state reads ¢ = (sinf/v/2,cos 0, sin6/v/2) [8].
The initial orthogonal transformation, given by

Gk d sinf/v2 cosf sinf/\/2 k1 i1
ake | = | cosf/v/2 —sinf cosf/\/2 axo | = A0) | axo |, (14)
ax,f. 1/v2 0 —1/v2 ax,—1 ax,—1

leads to a description of the system in terms of longitudinal and transversal spin fluctuations.
The longitudinal (z-) spin fluctuations can be diagonalized using the Bogoliubov transformation [§]

bie.f. = e . e p. + Vi .60y (15)
where
€k+q/2—|—Ekf Ek—‘rq/Q—Ek_f
E 1J Z E 1J Z 16
ukvfz \/ 2Ek,fz ) Ukyfz 2Ek,fz ’ ( )

with the dispersion

Eyr. = Vex(e + q). (17)



To diagonalize transversal spin fluctuations we follow the diagonalization procedure outlined in [34]. We obtain
mode energies +Fy + and £Fx _ as in [34], explicitely given by

Fxi = \/Gi +n(co —c1)ex + 2n2ci(e1 — ¢g) £ En(k), (18)
with
Ei(k) = \/[nQ(CO +3c1)2 4 4n?cy(co + 2¢1)]e — 4ndei(co + 3e1)(c1 — ¢q)ex + [2n2ei(e1 — ¢q)]?. (19)
Defining
hoo =n(co+c1 —c1), hor =¢sin(20)/2, hi1 = —2nc1 +ney,  har1 = ney (20)
and
uk 41 = — (hot[£2E; + 4€t + 261 (2B + + hoo + 2h11 — ha11)
+ (h11 — ha11)(2Ex + + hay + ho11)]) / (dexhdy + 2ex(har — hoo)hort
+ ho11 (£2E1 + b3, — h3yy)), (21)

U+ 2 = (4€g(hoo — ha1) — 2(Ex+ + hi1)(£2E; + by — h3yy)

— 26 (£2F; + 4h%, — 2By 4 (hoo — h11) — 2hoohi1 + 33,

— h311))/ (8exhdy + dex(hir — hoo)hotr + 2ho11 (£2E1 + b3y — h3y,)), (22)
hoi | £ 2E1 + 26 (hoo + ha11) + (ha1 — ho11)(2Ek,+ + ha1 + ho1)]

deh?; + 2ex(hi1 — hoo)ho11 + ho11 (£2E1 + h3, — h3yy) ’
Uk, 4,2 = 1, (24)

together with normalization factors

Vk,+,1 =

Nt = \/Ui,jm FUR Lo~ Vh a1~ Vit (25)
we find Bogoliubov transformation matrices (in the parametrization of [g])

_ (w1 /Nt it 2/ Nic (k1 /N 2 /Nt
Uk’de_(uk,—,1/f\/k,— e, — 2 /N~ )’ Vieds = —vie, 1 /N~ —vk 2/ N~ ) (26)

These fulfil the identities
Uk,d@U}i,de - Vk,d@VkT,de =1, U;,devlj,de - Vl;k,dGUli,de =0, (27)

as required for the transformations to preserve canonical commutation relations. This requirement is not fulfilled for
the transformations given in [§].
The complete transformation matrices diagonalizing the Bogoliubov Hamiltonian read

U = (UIBC” 0 )A(G), Vi = (ded9 0 )A(a). (28)

Uk, f. Uk, f.

E. Thermal structure factors from Bogoliubov theory

We provide analytical computations of thermal structure factors in the spinor Bose gas from Bogoliubov theory.
We are interested in correlators of the form

(CTx)C(y)) .5 (29)

for a composite field C (x) given by

+1
Coo) = Y hE)emm b (x) (30)

m,m’=—
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with ¢nm a 3x3 matrix corresponding to the type of spectrum under investigation; ¢ = f*4ifY leads to the transversal
magnetization spectrum, ¢ = f* describes the spectrum of magnetization in z-direction, ¢ = diag(1, 1, 1) describes the
total density spectrum. In Eq. . 3,5 indicates the thermal expectation value at inverse temperature 8 = 1/(kgT)
with symmetrically (Weyl-) ordered arguments. We compare with symmetrically ordered predictions since expectation
values of experimental observables are inferred from realizations of observables O() given by polynomials of complex
numbers (cf. [I0] for a similar normal-ordered computation). Fourier-transforming Eq. with respect to the
relative coordinate x — y, we obtain the structure factor

(T R)C / d(x — y) (CT(3)C(y)) .0 e (31)

- V Z cjnm’cn’ﬂ Z< I)Jrk map7 'al; naq+k n’ >ﬁ S- (32)

’ ’
m,m’,n,n p.qa

To total density structure factors a photon shot noise level of 0.6 after normalization is added.

In the Bogoliubov approximation Eq. (32)) simplifies as follows. We replace zero modes of creation and annihilation
operators by numbers, Gg m = v/ Cond(m, cond the total number of condensate atoms. Contributions from fluctuating
modes Axo,m are computed via Wick’s theorem. Symmetrically ordered propagators are defined as

G (K) = (Gaeml ) psr G220 (k) = (af taem) s (33)
G (1) = (Gmbmtm)p.ss G (k) = {8y ) sse (34)
The first two of these we refer to as normal propagators, the second two as anomalous propagators. Any normal

propagator evaluated for non-diagonal momenta such as <le( mOk’m’)g,s for k' # k and any anomalous propagator

evaluated for non-anti-diagonal momenta such as (ax mG—_x’ m/)g,s for k' # k equates to zero. We then find for k = 0,

A A Ncon Ncon B
(CTOC)5, = NeomtBemd =152t GGG G+ OVeana), (35)

m,m’ ,n,n’

and for non-zero modes k # 0,

(CHR)C (k) gy = eond D {C;CJZG%%W(M+<;<nfGiifn(k)

+ GG G (K) + G G Gy (K) | + O(1), (36)

where we have used that the propagators G (k) only depend on the absolute value of the momentum, |k|. Exper-

imental structure factors, normalized analogously, are compared to <C‘T (k)é’ (k))8,5/Mcond; Mcond the total condensate
atom density. The photon shot noise of the absorption imaging is determined to be 0.6 after normalization and is
added on the thermal prediction of the total density fluctuations.

In the easy-plane ferromagnetic phase thermal propagators G2 (k # 0) can be computed from the Bogoliubov
transformations derived in Methods Sec. [D] Bogoliubov quasiparticle excitations f, and =+ are expressed in terms of
fundamental magnetic sublevel excitations as

~ +1 ~

bkj < Uk jm Vk jm ) < ak,m >

Uk, _ & & R , 37
(bT—k,J) Z Vijm Ulicjm G‘T—k,m (37)

m=—1

for j € {f.,£}. Inverting this, we obtain [34]

flk,m o Z Uli mj Vkij j)k,j (38)
L yem) vl uT AR
—k,m jE{fz,i} —k,mj —k,mj —k,j

The propagators can now efficiently be computed from the tensor product

(GG:,%W&) GG;;,L(< 12)> <<€¢km ) @ (4 s, a;m)m (30)

mm/\" a_yx
_ Z ( Ul%mj Vk mg) < bkﬂb k,j’ ,8 s <A AT >ﬁ s ) (Uik,j/m/ _ij,j’m/> ) (40)
G, €4 fs £} _ka,mj —k ,mj b k,j’ ﬂ s <b b >,8;3 _Vk,j/m’ Uk,j’m/



11
The Bogoliubov quasiparticle modes I;k,j are occupied thermally,
(Dl b )s = 6555 (Bies): {bwsble ji)s = 65 (mp(Biey) + 1), (41)

with the Bose-Einstein distribution ng(Ey ;) = 1/(exp(8Ex,;) —1). Anomalous propagators of l;k’j—modes are zero.
Insertion of into and using that Uy m,; and Vi ,; only depend on [k| leads to

1 1\,
Gmm’( ) = Z |:U1J£ mj <n5(Ek’j) + 2) Ukvjml + Vlzjm] (nﬁ(EkJ) + 2) Vk,jm’:|v (42)
je{f-t}
1 1
G2 k)= > [VkTmJ (%(Ek,j) + 2) Vicjm' + Ui, (nﬁ(Ek,j) + 2) Uli,jm’:|7 (43)
JE{f=, %}
1 1\ .
Gk =~ > |:Uli,mj (nﬂ(Ek,j) + 2) Vicjm' + Viem, (”B(Ek,j) + 2) Uk,jm’:|> (44)
JE{f=,E}
1 1,
G = = 30 Wy (0(Bes) + 5 ) Uicsme + Uiy (maBics) 4 3 ) Ve (45)
JE{fz. £}

With these expressions thermal structure factors can be readily computed from Eq. .

F. Fitting thermal Bogoliubov theory structure factors

Using a least-squares fitting procedure and Gibbs sampling, systematic as well as statistical uncertainties on the
optimal set of parameters are estimated. Given experimental structure factors S¢ . (k) = (CT(k)C(k)) with C e

S:= {N_,_l7 No, N_l, Fz7 FL}, we determine an optimal set of parameters T, g, nc; by minimizing

Kmax SA (k.T q ’I’LCl))2
C exp C,Bog\"V» 11
T max § E ; 46
( q,ncy; ASC (k)z ( )
Ces k eXp

with Se g (KT, q,nc1) = (CT(k)C(k E))1/(kpT),s the Bogoliubov theory structure factor computed for parameters
T,q,ncy, and ASg exp( ) the standard deviation of S’C oxp (k) computed from experimental realizations. Technical
correlations of the absorption imaging are described by reaﬁ space signals convoluted with a Gaussian of r. m.s. width
w = 5.0 pum, taken into account by the multiplication of momentum-space structure factors with a Gaussian of width
27 /w [55]. Throughout the fitting procedure we set cg/c; ~ —216 in accordance with [3]. In the definition of y? we
did not include the structure factor of the total density.

We define a distribution of parameters for specific kpax,

W(Ta q,ncC1; kmaX) ~ €xXp (7X2 (T7 q,ncC1; kmax)/Q) . (47)

We exploit Gibbs sampling to draw i = 1,...,100 approximately i.i.d. samples (T® (kmay), ¢ (Emax) ncgl)(kmax))
from W (T, q,nc1; kmax), which only requires corresponding conditional distributions normalized individually. For
each kpax we compute their mean (T(kmax), @(kmax); 7C1 (kmax)). We repeat this for 5 values of kpyay evenly spaced
between 0.1 - 27/pum and 0.2 - 27r/pm. Collecting all 5 - 100 samples in a single array, we take the mean values
T,q,7ict of all samples as final parameter estimates and their distances to the boundaries of 68% confidence intervals

as corresponding error estimates. Errors include systematic fit uncertainties. We obtain the final fit parameters
T =(57.4+29)Hz, ¢=(0.30+0.08)Hz, nc; = (—1.17+0.25) H, (48)
such that ncy = (252 4+ 54) Hz and ¢/(neq) = (—0.26 + 0.09).

G. Drawing Bogoliubov theory samples

Bogoliubov theory being quadratic in fluctuating field creation and annihilation operators, it is fully described by
zero modes and a suitable covariance matrix of fluctuations. The latter can be constructed from the propagators
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Given a one-dimensional real-space lattice {—N,...,N'} - a with lattice spacing a = L/(2N), the corresponding
momentum-space lattice reads {—N,... N} -7/(Na). With Az = z; — 20 € {-2N,..., 2N} for z; € {-N,... . N}
we compute real-space propagators via

G (Az) ! NE G (p)e <2mpAz) (49)
mm/ \B%) = 7 mm’ \P) €XP :
L 2 2N +1

We assemble these into magnetic sublevel-specific covariance matrices,

bm (—=N)
N ) ) )
OVt = a1 ny | Bt Gy 0T =8, BT 0 ) (50)
B (V)
12 ~12 12 11 11 11
?i,ém/(l)) G_r%n/(—l) .- _IGQmmz(—?N) ?ﬁm’(o) Gﬁﬂn/(—l) ~ﬁ,"ml/(—l’\f)
wan’ e G?mn/ ) T G?mn/ (2N + 1) G'nwn’ e Gnnn’ () T GnL'm’(72N +1
_ ézl'zg“ @A) G2 eN -1 G2 ) c}é/ Ny Gl N -1 Gl 1)
G (0) G (-1) G22° (—2N) G2l (o) G (-1) G2l (—2N)
” ml 7 ’ N mm/ 7 m/ ]E,in/ N 771771./
G2 (1) G2, (0) S Gfrfm, (—2N +1) G2l (1) G2l (0) e Gfim/(—m\/' +1)
éfjm, (2N) c‘;ffm, (2N —1) ... nyfm/ (0) c";f;m, (2N) éfﬂlm, (2N —1) ... c";f;m/m)

having exploited spatial homogeneity. We decompose complex field operators into real components, 1h(z) = % (1 (x)+

ibo(z)), translating into the unitary transformation

B 1 (=N) Don(—N)

i) | _ | V) RN

Yma2(=N) | Y| =% <—u u) ’ (52)
Bma(N) V)

with I the (2N + 1) x (2N + 1)-dimensional identity matrix. We define the final covariance matrix of the theory as

ACOV+1’+1AT ACOV+1’0AT ACOV+1’71AT
Cov = A COV01+1AT A COVowoAT A COVO’,lAT . (53)
ACOV_1,+1AT ACOV_L()AT ACOV_L_lAT

Finally, we sample 2 = 1,..., Ngample field realizations
v
p = w?; o = (DA, e ), DN, s ) (54)
(1

from the multivariate Gaussian distribution with zero mean vector and covariance matrix Cov. This corresponds
to samples from the Wigner distribution of the symmetrically ordered Bogoliubov theory of fluctuating modes at
inverse temperature 5. We sample fields in position space instead of momentum space, since in momentum space,
having decomposed the operators a m into Grm = (Akm,1 + idk7m72)/ﬂ, the components ay,m,,; need to satisfy

&L)m,j = Q—k,m,j, such that samples of individual momentum modes cannot be drawn independently. From the

fluctuating realizations 1)) we can compute realizations of the individual spin sublevel fields in real space,

982(@) = Z (@) + ()] + Vi (%)

with nconq the condensate density. We explicitely checked that for increasing sample numbers structure factors
computed from samples 1/17(7? (z) converge towards their expectations G,? (k).
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The composite operator histograms displayed in Ext. Data Fig. 2 are computed from composite profiles of individual
realizations given by ZH . (@) (;,;))*cmm/@[;f;), (2)/+/Mcona With matrices ¢ as denoted in Methods

m,m’=
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Extended Data Figure 1. Measurement of the gap by observation of temporal oscillations of the £ = 0 mode. a,
We measure the gap of the quadratic spin mode by a global rotation of the spinor phase. We record the resulting oscillations
of the fractional m = 0 population as a function of evolution time after the rotation. We fit a sinusoidal function (solid line)
to infer the frequency. b, Extracted oscillation frequency (diamonds) and mean value of the m = 0 population (circles). We
compare to theoretical expectations for the easy-plane phase (solid lines; see Methods eq. (1)). The dashed line extrapolates
the expectations to ¢ < 0 under the assumption of equal populations of m = +1. For the theory curves we use nc; = 1.3 Hz.
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Extended Data Figure 2. Histograms of local observables in the thermalized state. Histograms obtained from
evaluating the local observations of the experimental data presented in Fig. 4 (green bars). Here, each local observable is
normalized to the square-root of the local mean of the total atom number. On top we display theoretical estimates from 1000
samples generated according to thermal Bogoliubov theory with parameters as in Fig. 4 (grey line; grey band indicates 68%
confidence interval including statistical and systematic uncertainties). The mean value of each histogram is subtracted. For

details on the sampling procedure see Methods.
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Extended Data Figure 3. Structure factor close to ¢ = 0. We show experimental power spectra of different spin and
density degrees of freedom close to ¢ = 0 (green diamonds). The grey diamonds represent the fluctuations of a coherent
spin state with comparable atom numbers. We compare to thermal Bogoliubov theory predictions for the same parameters
as displayed in Fig. 4 but with ¢ = 0 (green line; grey band indicates 68% confidence interval of statistical and systematic
uncertainties). Experimentally, we find that for momenta in the range of 0.02um™! to 0.1um™" the fluctuations are higher
than for the thermal predictions for all observables (except the transversal spin F ). The length scale of these fluctuations is in
accordance with observable localized long-lived non-linear excitations which are not present in the thermalized data of Fig. 4.
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