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of atomic ensembles

Quantum technologies exploit entanglement to revolutionize computing, measurements,
and communications. This has stimulated the research in different areas of physics to
engineer and manipulate fragile many-particle entangled states. Progress has been par-
ticularly rapid for atoms. Thanks to the large and tunable nonlinearities and the well
developed techniques for trapping, controlling and counting, many groundbreaking ex-
periments have demonstrated the generation of entangled states of trapped ions, cold
and ultracold gases of neutral atoms. Moreover, atoms can couple strongly to external
forces and light fields, which makes them ideal for ultra-precise sensing and time keep-
ing. All these factors call for generating non-classical atomic states designed for phase
estimation in atomic clocks and atom interferometers, exploiting many-body entangle-
ment to increase the sensitivity of precision measurements. The goal of this article is to
review and illustrate the theory and the experiments with atomic ensembles that have
demonstrated many-particle entanglement and quantum-enhanced metrology.
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l. INTRODUCTION

The precise measurement of physical quantities such
as the strength of a field, a force, or time, plays a crucial
role in the advancement of physics. Precision measure-
ments are very often obtained by mapping the physical
quantity to a phase shift that can be determined using
interferometric techniques. Phase estimation is thus a
unifying framework for precision measurements. It fol-
lows the general scheme outlined in Fig. 1: a probe
state pg of N particles is prepared, acquires a phase shift
f, and is finally detected. From the measurement out-
come p an estimate ©(u) of the phase shift is obtained.
This conceptually simple scheme is common to all in-
terferometric sensors: from gravitational wave detectors
to atomic clocks, gyroscopes, and gravimeters, just to
name a few. The goal is to estimate # with the small-
est possible uncertainty Af given finite resources such
as time and number of particles. The noise that deter-
mines A6 can be of a technical (classical) or fundamen-
tal (quantum) nature (Braunstein and Caves, 1994; Hel-
strom, 1976; Holevo, 1982). Current two-mode atomic
sensors are limited by the so-called standard quantum
limit, Afsqr, = 1/v/N, inherent in probes using a fi-
nite number of uncorrelated (Giovannetti et al., 2006)
or classically-correlated (Pezze and Smerzi, 2009) parti-
cles. Yet, the standard quantum limit is not fundamen-
tal (Bondurant and Shapiro, 1984; Caves, 1981; Yurke
et al., 1986). Quantum-enhanced metrology studies how
to exploit quantum resources, such as squeezing and en-
tanglement, to overcome this classical bound (Giovan-
netti et al., 2004, 2011; Pezze and Smerzi, 2014; Téth
and Apellaniz, 2014). Research on quantum metrology
with atomic ensembles also sheds new light on fundamen-
tal questions about many-particle entanglement (Amico
et al., 2008; Giithne and To6th, 2009; Horodecki et al.,

state phase

i encoding estimation
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FIG. 1 Building blocks of phase estimation. Phase es-
timation follows four steps: i) preparation of the probe state
Po; i1) encoding of a phase shift 6 that depends on the physical
quantity of interest; i) readout, p indicating a generic mea-
surement result; ¢v) deriving a phase estimate ©(x) from the
measurement results. The uncertainty Af of the estimation
depends crucially on all of these operations.
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FIG. 2 Summary of experimental achievements. Gain of phase sensitivity over the standard quantum limit Afsqr =
1/v/N achieved experimentally with trapped ions (black symbols), Bose-Einstein condensates (red) and cold thermal ensembles
(blue). The gain is shown on logarithmic [left, dB, 10log,,(Afsqr/A0)?] and linear [right, (Afsqr/A)?] scale. The solid
thick line is the Heisenberg limit Afur, = 1/N. Stars refer to directly measured phase sensitivity gains, performing a full
phase estimation experiment. Circles are expected gains based on a characterization of the quantum state, e.g., calculated as
A0 = ¢r/VN, where &g is the spin-squeezing parameter, or as A = 1/ \/T , where Fq is the quantum Fisher information,
see Sec. II. Filled (open) circles indicate results obtained without (with) subtraction of technical and/or imaging noise. Every
symbol is accompanied by a number (in chronological order) corresponding to the reference reported in the side table. Here N
is the total number of particles or, in presence of fluctuations, the mean total.

2009) and related concepts, such as Einstein-Podolsky-
Rosen correlations (Reid et al., 2009) and Bell nonlocal-
ity (Brunner et al., 2014).

Since the systems of interest for quantum metrology
often contain thousands or even millions of particles, it
is generally not possible to address, detect, and manipu-
late all particles individually. Moreover, the finite num-
ber of measurements limits the possibility to fully re-
construct the generated quantum states. These limita-
tions call for conceptually new approaches to the charac-
terization of entanglement that rely on a finite number
of coarse-grained measurements. In fact, many schemes
for quantum metrology require only collective manipula-
tions and measurements on the entire atomic ensemble.
Still, the results of such measurements allow one to draw
many interesting conclusions about the underlying quan-

tum correlations between the particles.

A. Entanglement and interferometric sensitivity
enhancement: exemplary cases

We illustrate here how the standard quantum limit
arises in interferometry and how it can be overcome us-
ing entanglement. Consider a Ramsey interferometer se-
quence (Ramsey, 1963) between two quantum states |a)
and |b), as used e.g. in an atomic clock, see Sec. II. Let
us discuss first the case of a single atom initially pre-
pared in the probe state |a). The atom is transformed
to (Ja) + |b))/v/2 by a resonant 7/2-pulse corresponding
to the first beam splitter of the interferometer. Dur-
ing the subsequent interrogation time, |a) and |b) ac-
quire a relative phase 6, such that the state evolves to



(e1972|a) +€1/2|b)) /+/2. The phase 6§ encodes the quan-
tity to be measured, such as frequency in the case of an
atomic clock or the strength of an external field in the
case of an atom interferometer. To convert it into an
observable population difference, a second resonant 7/2-
pulse (the second beam splitter) is applied so that the
final state is cos §|a) + sin §|b). The phase 6 can now
be estimated, for instance, by measuring the population
difference M = |a)(a| — |b)(b| between the two states. In
this simple example the interferometer signal is the ex-
pectation value (M) = cos @ while the noise at the output
is quantified by the variance A2M = sin? 6.

If we now repeat the same interferometric procedure
with N uncorrelated atoms, the signal <M ), where M =
Zi\[:l |a),(a| — |b),(b] is now the population difference of
N atoms, will be simply given by N times that of a
single atom. Because the atoms are uncorrelated, the
variance A2M will also be multiplied by a factor N and
correspondingly the standard deviation AM will increase
by V/N. Overall, this results in a phase uncertainty of
AO = AM/|d(M)/df) = 1/v/N. This is precisely the
standard quantum limit Afsqr, which arises from the
binomial statistics of the N uncorrelated particles.

Overcoming this sensitivity limit requires entangle-
ment between the particles. One possibility, suggested by
the above formula, is to engineer quantum correlations
that lead to sub-binomial statistics A2M < N at the
point of maximum slope of the signal, while keeping that
slope (i.e. the interferometer contrast) of the order of N.
In this way, a phase uncertainty of A < 1/4/N can be
achieved. States that satisfy these conditions are called
spin-squeezed’ (Wineland et al., 1994, 1992) and are an
important class of useful states in quantum metrology.
Spin-squeezed states can be created by making the atoms
interact with each others for a relatively short time (Kita-
gawa and Ueda, 1993) generating entanglement between
them (Sgrensen et al., 2001; Sgrensen and Mglmer, 2001).
For instance, in the case of two atoms, such interac-
tions (known as two-axis counter-twisting) lead to the

— +[0)\®2 | )—[b) \ ®2
state |¢(a)) = cos(ar) x (%) +sin(a) x (%)
that is entangled and spin-squeezed, reaching Af =

1-sin@a) Afbgqr, for 0 < o < /2.

cos?(2a)
Spin-squeezed states are only a small subset of
the full class of entangled states that are useful for
quantum-enhanced metrology. A prominent example is

the Greenberger-Horne-Zeilinger (GHZ) state |GHZ) =
N N
w [also indicated as NOON state when consid-

ering bosonic particles], which is not spin-squeezed but
can nevertheless provide phase sensitivities beyond the

! Indeed we will later see that d(M)/df and A2M can be written
in terms of mean and variance of collective spin operators, see
Sec. II.A

standard quantum limit (Bollinger et al., 1996; Lee et al.,
2002).

B. Entanglement useful for quantum-enhanced metrology

In the context of phase estimation, the idea that quan-
tum correlations are necessary to overcome the stan-
dard quantum limit emerged already in pioneering works
(Kitagawa and Ueda, 1993; Wineland et al., 1992; Yurke
et al., 1986). In recent years, it has been clarified that
only a special class of quantum correlations can be ex-
ploited to estimate an interferometric phase with sensi-
tivity overcoming Afsqr,. This class of entangled states
is fully identified by the quantum Fisher information,
Fq. The quantum Fisher information is inversely propor-
tional to the maximum phase sensitivity achievable for a
given probe state and interferometric transformation—
the so-called quantum Cramér-Rao bound, Afqcr =
1/\/FTQ (Braunstein and Caves, 1994; Helstrom, 1967).
It thus represents the figure of merit for the sensitivity of
a generic parameter estimation problem involving quan-
tum states and will be largely discussed in this review.
The condition Fg > N (Pezzé and Smerzi, 2009) is suf-
ficient for entanglement and necessary and sufficient for
the entanglement useful for quantum metrology: it identi-
fies the class of states characterized by Afqgcr < Absqr.,
i.e., those that can be used to overcome the standard
quantum limit in any two-mode interferometer where the
phase shift is generated by a local Hamiltonian. Spin-
squeezed, GHZ and NOON states fulfill the condition
Fq > N. Phase uncertainties down to A§ = 1/vVEN
can be obtained with metrologically useful k-particle en-
tangled states (Hyllus et al., 2012a; Té6th, 2012). In the
absence of noise, the ultimate limit is Afyr, = 1/N, the
so-called Heisenberg limit (Giovannetti et al., 2006; Hol-
land and Burnett, 1993; Yurke et al., 1986), which can
be reached with metrologically useful genuine N-particle
entangled states (k = N).

C. Generation of metrologically useful entanglement in
atomic ensembles

A variety of techniques have been used to gener-
ate entangled states useful for quantum metrology with
atomic ensembles. The crucial ingredient is interac-
tion between the particles, for instance atom-atom col-
lisions in Bose-Einstein condensates, atom-light interac-
tions in cold thermal ensembles (including experiments
performed with warm vapors in glass cells), or combined
electrostatic and ion-light interaction in ion chains. Fig-
ure 2 summarizes the experimental achievements (gain
of phase sensitivity relative to the standard quantum
limit) as a function of the number of particles. Stars
in Fig. 2 show the measured phase-sensitivity gain ob-



tained after a full interferometer sequence using entan-
gled states as input to the atom interferometer. Filled
circles report witnesses of metrologically useful entangle-
ment (i.e., spin squeezing and Fisher information) mea-
sured on experimentally generated states, representing
potential improvement in sensitivity. Open circles are
inferred squeezing, being obtained after subtraction of
detection noise. The Heisenberg limit has been reached
with up to ~10 trapped ions. Attaining this ultimate
bound with a much larger number of particles is beyond
current technology as it requires the creation and pro-
tection of large amounts of entanglement. Nevertheless,
metrological gains up to ~100 have been reported with
large atomic ensembles (Hosten et al., 2016a). A glance
at Fig. 2 reveals how quantum metrology with atomic
ensembles is a very active area of research in physics.
Moreover, the reported results prove that the field is now
mature enough to take the step from proofs-of-principle
to technological applications.

D. Outline

This Review presents modern developments of phase-
estimation techniques in atomic systems aided by
quantum-mechanical entanglement, as well as fundamen-
tal studies of the associated entangled states. In Sec. I,
we give a theoretical overview of quantum-enhanced
metrology. We first discuss the concepts of spin squeez-
ing and Fisher information considering spin-1/2 parti-
cles. We then illustrate different atomic systems where
quantum-enhanced phase estimation—or, at least, the
creation of useful entanglement for quantum metrology—
has been demonstrated. Sections III and IV review the
generation of entangled states in Bose-Einstein conden-
sates. Section V describes the generation of entangled
states of many atoms through the common coupling to
an external light field. Section VI describes metrology
with ensembles of trapped ions. Finally, Sec. VII gives
an overview of the experimentally realized entanglement-
enhanced interferometers and the realistic perspective to
increase the sensitivity of state-of-the-art atomic clocks
and magnetometers. This section also discusses the im-
pact of noise in the different interferometric protocols.

Il. FUNDAMENTALS

In this Review we consider systems and operations in-
volving N particles and assume that all of their degrees of
freedom are restricted to only two modes (single-particle
states) that we identify as |a) and |b). These can be
two hyperfine states of an atom, as in a Ramsey interfer-
ometer (Ramsey, 1963), two energy levels of a trapping
potential, or two spatially-separated arms, as in a Mach-
Zehnder interferometer (Mach, 1892; Zehnder, 1891), see
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FIG. 3 Two-mode interferometers. In a Mach-Zehnder
interferometer (a) two spatial modes |a) and |b) are combined
on a balanced beam splitter, followed by a relative phase shift
0 = 60, — 0, between the two arms, and finally recombined on
a second balanced beam splitter. In a Ramsey interferometer
(b) a resonant Rabi rotation creates a balanced superposition
between two internal states |a) and |b), followed by a rela-
tive phase shift given by the energy difference between these
states multiplied by the interrogation time, = (AE/h) X Ti.
Finally a second resonant Rabi rotation recombines the two
modes. (c¢) Equivalent representation of Mach-Zehnder and
Ramsey interferometer operations as rotations of the collec-
tive spin on the generalized Bloch sphere. The initial state
here, |a)®N, is pointing toward the north pole. The full se-
quence is equivalent to the rotation of an angle € around the
y axis.

Fig. 3. The interferometer operations are collective, act-
ing on all particles in an identical way. The idealized for-
mal description of these interferometer models is math-
ematically equivalent (Lee et al., 2002; Wineland et al.,
1994): as discussed in Sec. II.A; it corresponds to the
rotation of a collective spin.

A. Collective spin systems

a. Single spin. By identifying mode |a) with spin-up and
mode |b) with spin-down, a (two-mode) atom can be de-
scribed as an effective spin-1/2 particle: a qubit (Nielsen
and Chuang, 2000; Peres, 1995). Any pure state of a sin-
gle qubit can be written as |9, ) = cos Z|a)+¢'¥ sin 2(b),
with 0 <9 <7 and 0 < ¢ < 27 the polar and azimuthal
angle, respectively, in the Bloch sphere. Pure states sat-
isfy (6) = s, where & = {64,6,,5,} is the Pauli vec-
tor and s = {sinv cos p,sinJsin p, cos ¥} is the mean
spin direction. Mixed qubit states can be expressed as
p=(1+rs-6)/2, and have an additional degree of free-
dom given by the length of the spin vector 0 < r < 1,



such that the effective state vector rs lies inside the Bloch
sphere.

b. Many spins. To describe an ensemble of N distin-
guishable qubits, we can introduce the collective spin
vector J = {Jy, Jy, J.}, where

N N
A ST N Sl
=1 =1

N |
N —
|

N
360, (1)
=1

and Q'(l) is the Pauli vector of the [th particle. In particu-
lar, J, is half the difference in the populations of the two
modes. The operators (1) satisfy the angular-momentum
commutation relations

(o, dy] =ide, [Ty o] =iy, [Jy, J.] =ide, (2)
and have a linear degenerate spectrum spanning the 2V-
dimensional Hilbert space. The well-known set of states
|.J, M) forms a basis, where (J7+J2 +J2)|J, M) = J(J +
1)|.J, M) and J.|.J, M) = M|J, M), and J € {N/2,N/2 —
1,...}aswellas M € {—J,—J+1,...,+J} (Zare, 1988).

c. Many spins in a symmetrized state. The Hilbert space
spanned by many-qubit states symmetric under particle
exchange is that of total spin J = N/2, which is the
maximum allowed spin length for N particles. It has di-
mension N + 1, linearly increasing with the number of
qubits. Symmetric qubit states are naturally obtained
for N indistinguishable bosons and are described by the
elegant formalism developed by Schwinger in the 1950s
(Biederharn and Louck, 1981). Angular momentum op-
erators are expressed in terms of bosonic creation, at and
BT, and annihilation, a and IS, operators for the two modes
|a) and |b):

j = de)—;—I;Td’ j, = &Tb—'l}Td7 j - de—bTb.

They satisfy the commutation relations (2) and commute
with the total number of particles N = a'a + bb. The
common eigenstates of J, and J’ = (N/2)(N/2 + 1)
are called Dicke states (Dicke, 1954) or two-mode Fock
states,

mz) = [N/2+m),|N/2 —m),
(&T)N/2+m (I;T)N/2—m

VINZ+m) /(N]2—m)! |

where |vac) is the vacuum. They correspond to the sym-
metrized combinations of N/2 + m particles in mode
|a) and N/2 — m particles in mode |b), where m =
—N/2,—N/2 + 1,...,N/2. The eigenstates |m,) along

vac), (4)

6

an arbitrary spin direction Jn = m - J can be obtained
by a proper rotation of |m,): |m,) = e_i%jy|mz> and
Imy) = ei%j’”|mz>, for instance. Finally, it is useful to
introduce raising and lowering operators, Jy = J, + ijy
(jh: a'h and J_ = bfa), transforming the Dicke states
as Jym,) = /(N/2)(N/2 + 1) —m(m £ 1) |(m £ 1),).

d. Collective rotations. Any unitary transformation of a
single qubit is a rotation e~189n on the Bloch sphere,
where n and 6 are the rotation axis and rotation an-
gle, respectively. With N qubits, each locally rotated
about the same axis m and angle 6, the transformation
is ®{\i167i%6§? = ¢71%n where J, is the generation
of the collective rotation. This is the idealized model
of most of the interferometric transformations discussed
in this Review. In the collective-spin language, a bal-
anced beam splitter is described by e =12
phase shift by ejie‘]Z. Combining the three transforma-
tions, el2/=e~10/2¢=13 /s = ¢=10Jy the whole interferom-
eter sequence (Mach-Zehnder or Ramsey), is equivalent
to a collective rotation around the y-axis on the general-
ized Bloch sphere of maximum radius N/2 (Yurke et al.,
1986), see Fig. 3(c).

= and a relative

B. Phase estimation

Broadly speaking, an interferometer is any apparatus
that transforms a probe state py depending on the value
of an unknown phase shift 6, see Fig. 1. The param-
eter 6 cannot be measured directly and its estimation
proceeds from the results of measurements performed on
identical copies of the output state pyg. There are good
and bad choices for a measurement observable. Good
ones (that we will quantify and discuss in more details
below) are those characterized by a statistical distribu-
tion of measurement results that is maximally sensitive
to changes of §. We indicate as P(u|f) the probability of
a result? u given that the parameter has the value . The
probability of observing the sequence p = {1, ..., 1y, } of
v independent measurements is P(pl0) = [],_; P(uil6).
An estimator O(u) is a generic function associating each
set of measurement outcomes p with an estimate of 6.
Interference fringes of a Ramsey interferometer are a fa-
miliar example of such an estimation (they belong to a

2 In a simple scenario, p is the eigenvalue of an observable. In
a more general situation, the measurement is described by a
positive-operator-values measure (POVM). A POVM is a set
of Hermitian operators {E(u)} parametrized by p (Nielsen and
Chuang, 2000) that are positive, E(u) > 0, to guarantee non-
negative probabilities P(u|f) = Tr[pgE(u)] > 0, and satisfy
> E(u) = 1, to ensure normalization >, Pulo) =1.



more general estimation technique known as the method
of moments, discussed in II1.B.6). Since the estimator is
a function of random outcomes, it is itself a random vari-
able. It is thus characterized by a 0-dependent statistical
mean value © = >, P(p|0) ©(p) and variance

(A0)% =" P(ul9) [O(k) — O], (5)
©n

the sum extending over all possible sequences of measure-
ment results. Different estimators can yield very different
results when applied to the same measured data. In the
following, we will be interested in locally-unbiased esti-
mators, i.e., those for which © = @ and 00/00 = 1,
so that the statistical average yields the true parameter
value.

1. Cramér-Rao bound and Fisher information

How precise can a statistical estimation be? Are there
any fundamental limits? A first answer came in the
1940s with the works of Cramér (1946), Rao (1945),
and Fréchet (1943), who independently found a lower
bound to the variance (5) of any arbitrary estimator. The
Cramér-Rao bound is one of the most important results
in parameter-estimation theory. For an unbiased estima-
tor and v independent measurements, the Cramér-Rao
bound reads

AO > Afcg = (6)

VE(9)

where

1 (0P’
F”)‘;P(mm( )

is the Fisher information (Fisher, 1922, 1925), the sum
extending over all possible values of p. The factor 1/4/v
in Eq. (6) is the statistical improvement when perform-
ing independent measurements on identical copies of the
probe state. The Cramér-Rao bound assumes mild dif-
ferentiability properties of the likelihood function P(u|6)
and thus holds under very general conditions,® see for
instance Kay (1993). No general unbiased estimator is
known for small v. In the central limit, v > 1, at least
one efficient and unbiased estimator exists in general: the
maximum of the likelihood, see Sec. I1.B.5.

(7)

# The Cramér-Rao theorem follows from 37, 9 P(p|#) = 0, that
implies 99© = 3° , [©(p) — O]9 P(p]0), and the Cauchy-Schwarz
inequality (89©)* < (A6)? x 32, P(1|0)[9p log P(u|6)]*. The
equality is obtained if and only if 9glog P(u|0) = A[©(n) — O]
with A independent on p. Equation (6) is recovered for unbi-

ased estimators, i.e., 9p© = 1, using the additivity of the Fisher
information, >-,, P(1|0)[0 log P(u|0)]? = vF(9).

2. Lower bound to the Fisher information

A lower bound to the Fisher information can be ob-
tained from the rate of change with 6 of specific moments
of the probability distribution (Pezze and Smerzi, 2009):

P02 () )

where i = 3, P(ulf)ps, and (Ap)? = X2, P(ul0) (u—1)?.
The Fisher information is larger because it depends on
the full probability distribution rather than some mo-
ments.

Lower bounds to the Fisher information can be also
obtained from reduced probability distributions. These
are useful, for instance, when estimating the phase shift
encoded in a many-body distribution from the reduced
one-body density, e.g., from the intensity of a spatial
interference pattern (Chwedeniczuk et al., 2012). One
find

F(0) > NFi(6)

=1+ (N-1)C/F(6) ©)

where Fy(0) = fdxpl(;w)(dpld(gm)Q is  the
Fisher information corresponding to the one-

body density Pj(x|f), and the coefficient C =

Ps(z1,2210) dPi(z1|0) dPi(z2]0)
J dzidzy P1(£1‘93P12(x2‘9) 0 T further de-

pends on the two-body density Po(x1,22|0). No-
tice that C' = 0 in absence of correlations, namely
P2($1,$2|9) = P1($1|9)P1({E2|9)

3. Upper bound to the Fisher information: the quantum Fisher
information

An upper bound to the Fisher information is obtained
by maximizing Eq. (7) over all possible generalized mea-
surements in quantum mechanics (Braunstein and Caves,
1994), Fqlpg] = max g, F/(6), called the quantum Fisher
information (see footnote 2 for the notion of generalized
measurements and their connection to conditional proba-
bilities). We have F'(¢) < Fq[pg], and the corresponding
bound on the phase sensitivity for unbiased estimators
and v independent measurements is

1
VVEQ[pe]

called the quantum Cramér-Rao bound (Helstrom, 1967).
The quantum Fisher information and the quantum
Cramér-Rao bound are fully determined by the interfer-
ometer output state pg. Hence they allow to calculate the
optimal phase sensitivity of any given probe state and
interferometer transformation (Helstrom, 1976; Holevo,
1982), for recent reviews see Giovannetti et al. (2011);
Paris (2009); and Pezze and Smerzi (2014). In general,

Abcr > AGQCR = (10)



the quantum Fisher information can be expressed as the
variance Fq[pg] = (AL)? of a f-dependent Hermitian op-
erator L called the symmetric logarithmic derivative and
defined as the solution of dppy = (poL + Lpg)/2 (Hel-
strom, 1967). A general expression of the quantum Fisher
information can be found in terms of the spectral decom-
position of the output state pg = >, ¢.|x) (x| where both
the eigenvalues ¢, > 0 and the associated eigenvectors |x)
depend on 6 (Braunstein and Caves, 1994):

. 2 . 2
Folpel = ) m|<’€'|5epe|f€>| ; (11)
QNf(}I:/>O

showing that Fg[pe] depends solely on py and its first
derivative Jypg. We can decompose this equation as

(q;-c - q;»c’)z 2
WKH/WMH .

2
Falpo) = Y 22012 3

K KK
ar+q, >0

(12)
The first term quantifies the information about 6 en-
coded in ¢, and corresponds to the Fisher informa-
tion obtained when projecting over the eigenstates of
pg. The second term accounts for change of eigen-
states with 6 (we indicate |Opk) = Oy|k)). For pure
states, po = |1g)(1p|, the first term in Eq. (12) van-
ishes, while the second term simplifies dramatically to
Folte)] = 4((D9tb0|0gtbe) — |(Datboltbo)[*).-

For unitary transformations generated by some Hermi-
tian operator H, we have dppg = i[ﬁ@,f[], and Eq. (12)
becomes? (Braunstein and Caves, 1994; Braunstein et al.,
1996)

.o (@ — a)?, 0 12
Folpo, Hl=2 > =" |(¢|H|r)| . (13)
- Qx + qr’

11n+(71,€/>0

For pure states [¢o), BEq. (13) reduces to Fol[th), H] =
4(AH)?. For mixed states, Fqolpo, H] < 4(AH)?. Tt
is worth recalling here that 4(Aﬁ)2 < (hmax — Pmin)?,
where hpax and hyi, are the maximum and minimum
eigenvalues of H with eigenvectors |Amax) and |Amin),
respectively. This bound is saturated by the states
(|hmax) + €| hmin))/+/2, with arbitrary real ¢, which are
optimal input states for noiseless quantum metrology. In
presence of noise, the search for optimal quantum states
is less straightforward, as discussed in Sec. VIL.A.

4 We use the notation FQ[pe] to indicate the quantum Fisher in-
formation for a generic transformation of the probe state, and
Fq[po, H] for unitary transformations.

a. Convexity and additivity. The quantum Fisher infor-
mation is convex in the state:

Falpil? + (1 p)p®] < pFalal] + (L p)Fa[5].
(14)
with 0 < p < 1. This expresses the fact that mixing
quantum states cannot increase the achievable estimation
sensitivity. The inequality (14) can be proved using the
fact that the Fisher information is convex in the state
(Cohen, 1968; Pezze and Smerzi, 2014).
The quantum Fisher information of independent sub-
systems is additive:

Folp @ p{?] = Fo[pY] + Fo[py)]  (15)

In particular, for an m-fold tensor product of the system,
ﬁ?m, we obtain an m-fold increase of the quantum Fisher
information: Fq[py™] = mFq[pg]. A demonstration of

Eq. (15) can be found in Pezze and Smerzi (2014).

b. Optimal measurements. The equality F(8) = Fg[ps]
can always be achieved by optimizing over all possible
measurements. A possible optimal choice of measure-
ment for both pure and mixed states is given by the set
of projectors onto the eigenstates of L (Braunstein and
Caves, 1994). This set of observables is necessary and
sufficient for the saturation of the quantum Fisher in-
formation whenever py is invertible, and only sufficient
otherwise. In particular, for pure states and unitary
transformations, the quantum Cramér-Rao bound can be
saturated, in the limit # — 0, by a dichotomic measure-
ment given by the projection onto the probe state itself,
[10) (10|, and onto the orthogonal subspace, 1 — |¢g) (tg]
(Pezze and Smerzi, 2014). It should be noted that the
symmetric logarithmic derivative, and thus also the opti-
mal measurement, generally depends on 6, even for uni-
tary transformations. Nevertheless, without any prior
knowledge of 6, the quantum Cramér-Rao bound can be
saturated in the asymptotic limit of large v using adap-
tive schemes (Fujiwara, 2006; Hayashi, 2005).

c. Optimal rotation direction. Given a probe state, and
considering a unitary transformation generated by H=
jn, it is possible to optimize the rotation direction m in
order to maximize the quantum Fisher information (Hyl-
lus et al., 2010). This optimum is given by the maximum

eigenvalue of the 3 x 3 matrix

(0 —aw)?, )15 5
[FQ]” =2 Z W<Hl‘t}i|ﬁ><ﬁ‘t}jll€/>) (16)
G-t >0

with ¢,7 = x,y,2, and the optimal direction by the
corresponding eigenvector. For pure states, [qli; =

2((J;J;) + (Jjdi)) — AT ().
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FIG. 4 Schematic representation of different phase estimation protocols. (a) Mazimum likelihood estimation. OmLE
is the absolute maximum (dashed line) of the likelihood function P(u|p) (solid line) corresponding to the observed sequence of
results p. As schematically shown in the inset, the phase sensitivity AfuLe is identified as the root-mean-square fluctuation
(shaded region) of the statistical distribution of ©yrE, obtained by repeating the measurements several times (at a fixed value
of 0). (b) Method of moments. The blue line is i as a function of the parameter . Via this functional monotonic behavior,
it is possible to associate the phase estimate ©mom With the measured mean value fi,. The phase uncertainty Afmom follows
from the statistical uncertainty Au/\/v of i, (grey region). For v >> 1, Afmom has a simple expression, Eq. (21), obtained by

error propagation, locally approximating i by the tangent to t
probability distribution P(e|p) (solid line). The phase estimate

he curve (thin black line). (c) Bayesian estimation. Posterior
Og can be chosen as the weighted averaged phase. The integral

/ Adg deP(p|p) gives the probability that the true phase value falls into the confidence interval Afg (grey region) around Og.

4. Phase sensitivity and statistical distance

Parameter estimation is naturally related to the prob-
lem of distinguishing neighboring quantum states along
a path in the parameter space (Braunstein and Caves,
1994; Wootters, 1981). Heuristically, the phase sensitiv-
ity of an interferometer can be understood as the smallest
phase shift for which the output state py of the inter-
ferometer can be distinguished from the input pg. We
introduce a statistical distance between probability dis-
tributions,

d%{(PO,P@) =1- gcl(Pa P9)7 (17)

called the Hellinger distance, where F,(Py, Py) =
>,V P(u]0)P(ulf) is the statistical fidelity, or overlap,
between probability distributions, also known as Bhat-
tacharyya coefficient (Bhattacharyya, 1943). dy is non-
negative, 0 < dg < 1, and its Taylor expansion reads

@ (Po. P = T4 1 0(47). (18)
This equation reveals that the Fisher information is the
square of a statistical speed, vy = ddn /00 = \/F(0)/8.
It measures the rate at which a probability distribu-
tion varies when tuning the phase parameter 6. Equa-
tion (18) has been used to extract the Fisher informa-
tion experimentally (Strobel et al., 2014), see Sec. II1.C.
As Eq. (17) depends on the specific measurement, it
is possible to associate different statistical distances to
the same quantum states. This justifies the introduc-
tion of a distance between quantum states by maximiz-
ing d% (Py, Py) over all possible generalized measurements

(i.e., over all POVM sets, see footnote 2), dg(po,pg) =

max gy d%4(Py, Py) (Fuchs and Caves, 1995), called the
Bures distance (Bures, 1969). Hiibner (1992) showed
that

d%(ﬁOaﬁQ) =1- gQ(ﬁOaﬁ@)a (19)
where Fq(po,po) = Tr[v/vpopov/pe] is the transi-

tion probability (Uhlmann, 1976) or the quantum fi-
delity between states (Jozsa, 1994), see Bengtsson
and Zyczkowski (2006) and Spehner (2014) for re-
views. Uhlmann’s theorem (Uhlmann, 1976) states that
Fq(p,6) = maxy) | [(¥|¢)], where the maximization
runs over all purifications |[¢) of p and |¢) of 6 (Nielsen
and Chuang, 2000). In particular, Fq(|¥), |¢)) = [{¥|8)]
for pure states. A Taylor expansion of Eq. (19) for small
0 gives

oo, p0) = T2 0 (99), (20)

The quantum Fisher information is thus the square of a
quantum statistical speed, vq = ddg/00 = \/Fq[po]/8,
maximized over all possible generalized measurements.
The quantum Fisher information has also been related to
the dynamical susceptibility (Hauke et al., 2016), while
lower bounds have been derived by Apellaniz et al. (2017)
and Frérot and Roscilde (2016).

5. The maximum likelihood estimator

The maximum likelihood estimator is the phase value
that maximizes the likelihood of the observed mea-
surement sequence u, see Fig. 4(a): Onmre(p) =
argmax,, P(u|p). The key role played by ©Oype(p) in pa-
rameter estimation is due to its asymptotic properties for



independent measurements. For sufficiently large v, the
distribution of the maximum likelihood estimator tends
to a Gaussian centered at the true value 6 and of variance
equal to the inverse Fisher information (Lehmann and

Casella, 2003): P(OmLgld) = %96_%@(9_@1‘4”3)2.
Therefore, the maximum likelihood estimator is asymp-
totically unbiased and its variance saturates the Cramér-
Rao bound: Afyreg = 1/4/vF(0). In the central limit,
any estimator is as good as—or worse than—the maxi-

mum likelihood estimate.

6. Method of moments

The method of moments exploits the variation of col-
lective properties of the probability distribution—such as
the mean value i and variance (Au)?—with the phase
shift #. Let us take the average f, = %Z;’Zl w; of v
measurements results pq, ..., 4. The estimator O o is
the value for which f is equal to fi,,, see Fig. 4(b). Apply-
ing this method requires i to be a monotonous function
of the parameter 6, at least in a local region of parameter
values determined from prior knowledge. The sensitivity
of this estimator can be calculated by error propagation,®
giving

Ap
N

As expected on general grounds and proved by Eq. (8),
the method of moments is not optimal in general,
AbBmom < Afcr, with no guarantee of saturation even
in the central limit. The equality Afpom = AfOcr is
obtained when the probability distribution is Gaussian,

—(n—-m)?2/2(Ap)2 d(A dji
P(ulo) = W, and (deﬂ) < %5, such that

the changes of the complete probability distribution are
fully captured by the shift of its mean value (Pezze
and Smerzi, 2014). Nevertheless, due to its simplicity,
Eq. (21) is largely used in the literature to calculate
the phase sensitivity of an interferometer for various in-
put states and measurement observables (Dowling, 1998;
Wineland et al., 1994; Yurke et al., 1986). For instance,
in the case of unitary rotations generated by H= jy (as
in Ramsey and Mach-Zehnder interferometers) and tak-
ing J. as measurement observable, Eq. (21) in the limit
0 =~ 0 can be rewritten as

Ao = (21)

AJ.
—_— (22)
VY[(Ja)l
This equation is useful to introduce the concept of metro-
logical spin-squeezing, see Sec. I1.C.5. We recall that

AHmom =

5 A Taylor expansion of fi, around the true value 0 gives fi, =
o+ i—g(@mom — 0). We obtain Eq. (21) by identifying fi, — i ~
Ap/+/v (valid for v > 1) and Omom — 0 & Abmom-
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Egs. (21) and (22) are valid for a sufficiently large num-
ber of measurements.

Finally, there are many examples in the literature
where a small Af,om is obtained for phase values where
Ap,di/dé — 0, while the ratio Ap/|dn/df| remains
finite (Kim et al., 1998; Yurke et al., 1986). These
“sweet spots” are very sensitive to technical noise: an
infinitesimal amount of noise may prevent Ap to van-
ish, while leaving unchanged dfi/dé, such that Afpom
diverges (Liicke et al., 2011).

7. Bayesian estimation

The cornerstone of Bayesian inference is Bayes’ the-
orem. Let us consider two random variables o and
y. Their joint probability density can be expressed as
P(x,y) = P(x|y)P(y) in terms of the conditional prob-
ability P(x|y) and the marginal probability distribution
P(y) = [dxP(x,y). Bayes’ theorem

_ Plyl)P()
v = P(y)

follows from the symmetry of the joint probability
P(x,y) = P(y|x)P(x).

In the Bayesian subjective interpretation of proba-
bilities, ¢ and p are both considered as random vari-
ables with P(y|p) as the posterior probability distri-
bution given the measurement results pu. P(p) is the
prior probability distribution that quantifies our (sub-
jective) ignorance of the true value of the interfero-
metric phase, i.e., before any measurements were done.
One often has no prior knowledge on the phase (maxi-
mum ignorance), which is expressed by a flat prior dis-
tribution P(p) = 1/(2m). Bayes’ theorem P(p|u) =
P(ple)P(p)/P () allows to update our knowledge about
the interferometric phase 6 by including measurement re-
sults, since P(p|y) can be calculated directly (see the
introduction of Sec. II.B) and P(p) is determined by

P(x

(23)

the normalization fOQﬂ P(p|p)dep = 1. Bayesian prob-
abilities express our (lack of) knowledge of the inter-
ferometric phase as a probability distribution P(p|u).
This is radically different from the standard frequen-
tist view where the probability is defined as the infinite-
sample limit of the outcome frequency of an observed
event. Having the posterior distribution P(p|u), we
can consider any phase ¢ as the estimate. In prac-
tice, it is convenient to choose the weighted averaged
fo% ©P(p|p)dy, or the phase corresponding to the maxi-
mum of the probability argmax , P(¢|p), since the corre-
sponding mean square fluctuations saturate the Cramér-
Rao bound (see below). We can further calculate the
probability that the chosen estimate falls into a certain
interval [01,62] by integrating f;f P(olp)dp. To take
into account the periodicity of the probability, quanti-



ties like fozﬂ e’ P(p|p)dp can be calculated. Remark-
ably, Bayesian estimation is asymptotically consistent:
as the number of measurements increases, the posterior
probability distribution assigns more weight in the vicin-
ity of the true value. The Laplace-Bernstein-von Mises
theorem (Gill, 2008; Lehmann and Casella, 2003; Pezze
and Smerzi, 2014) demonstrates that, under quite general

conditions, P(p|0) = %@e*%@w*“’)a to leading
order in v, for v > 1. In this limit, the posterior proba-
bility becomes normally distributed, centered at the true
value of the parameter, and with a variance inversely
proportional to the Fisher information. See Van Trees
and Bell (2007) for a review of bounds in Bayesian phase
estimation.

C. Entanglement and phase sensitivity

In this section we show how entanglement can offer a
precision enhancement in quantum metrology. We start
with the formal definition of multiparticle entanglement
and then clarify, via the Fisher information introduced in
the previous section, the notion of useful entanglement
for quantum metrology.

1. Multiparticle entanglement

Let us consider a system of N particles (labeled as
Il =1,2,....N), each particle realizing a qubit. A pure
quantum state is separable in the particles if it can be
written as a product

Wsep) = WD) @ [Py @ - @ [pN)),  (24)

where [1/()) is the state of the Ith qubit. A mixed state
is separable if it can be written as a mixture of product
states (Werner, 1989),

Psep = qu|¢sep,q><1/’sepyq|v (25)
q

with p, > 0and Y  Pa=1 States that are not separable
are called entangled (Giithne and T6th, 2009; Horodecki
et al., 2009). In the case of N = 2 particles, any quan-
tum state is either separable or entangled. For N > 2,
we need further classifications (Diir et al., 2000). Mul-
tiparticle entanglement is quantified by the number of
particles in the largest non-separable subset. In analogy
with Eq. (24), a pure state of N particles is k-separable
(also indicated as k-producible in the literature) if it can
be written as

|'(/)k—sep> = |"/)N1> ® |"/)N2> ®...® |1/)NM>7 (26)

where |¢n,) is the state of N; < k particles and
Zi\il N; = N. A mixed state is k-separable if it can be
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written as a mixture of k-separable pure states (Giihne
et al., 2005)

Ph-sep = qu |wk—sep,q> <¢k—sep7q
q

. (27)

A state that is k-separable but not (k — 1)-separable is
called k-particle entangled: it contains at least one state
of k particles that does not factorize. Using another ter-
minology (Serensen and Mglmer, 2001), it has an entan-
glement depth larger than £ — 1. In maximally entangled
states (k = N) each particle is entangled with all the oth-
ers. Finally, note that k-separable states form a convex
set containing the set of k’-separable states with k¥’ < k
(Githne and Téth, 2009).

2. Sensitivity bound for separable states: the standard
quantum limit

The quantum Fisher information of any separable state
of N qubits is upper-bounded (Pezzé and Smerzi, 2009):

FQ[pseps Jn] < N. (28)

This inequality follows from the convexity and additivity
of the quantum Fisher information and uses 4(Aé,,)% < 1
(Pezze and Smerzi, 2014). As a consequence of Egs. (10)
and (28), the maximum phase sensitivity achievable with
separable states is (Giovannetti et al., 2006)

Absqr = (29)

1
VNv’
generally indicated as the shot-noise or standard quan-
tum limit. This bound is independent of the specific
measurement and estimator, and refers to unitary col-
lective transformations that are local in the particles. In
Eq. (29) N and v play the same role: repeating the phase
estimation v times with one particle has the same sensi-
tivity bound as repeating the phase estimation one time
with N = v particles in a separable state.

3. Coherent spin states

The notion of coherent spin states was introduced by
Arecchi et al. (1972) and Radcliffe (1971) as a generaliza-
tion of the field coherent states first discussed by Glauber
(1963), see Zhang et al. (1990) for a review. Coherent
spin states are constructed as the product of N qubits
(spins-1/2) in pure states all pointing along the same
mean-spin direction s = {sin 9 cos @, sin ¥ sin ¢, cos ¥}:

N

9 w . U
ﬂ,w,N>:§[0082a)l—&—e"’sm2b>l . (30)

Equation (30) is the eigenstate of .J, with the maxi-
mum eigenvalue of N/2. The coherent spin state is a
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FIG. 5 Rotation of different quantum states. Wigner
distribution (normalized to its maximum value — left column),
see Sec. I1.D, and spin probability P,(m) = |(my|¢)|* along
the y direction (thick red histograms — right column) of dif-
ferent quantum states |1): (a) a coherent spin state pointing
along the positive z-axis, |71/2,0, N), (Sec. I1.C.3); (b) a spin-
squeezed state with & = 0.1 (Sec. T1.C.5); (c) a twin-Fock
state (Sec. I1.C.6) and (d) a NOON state (Sec. I1.C.7). The

thin blue histogram is Py(m) = |(my|efi9jz |z/))|2 obtained af-
ter a rotation of the state by an angle § = 2/v/N in (a),
0 = 2¢r/V'N in (b), 6 = 2/N in (c), and § = ©/N in (d).
Here N = 100.

10 20

product state and no quantum entanglement is present
between the particles. |9, p, N) can also be written as
a binomial sum of Dicke states with (m.|d, o, N) =

(/2 (008 3)N/27 (sim )N/2Hmemim N/ (Arec-

chi et al., 1972). When measuring the spin component
of |9, ¢, N) along any direction L orthogonal to s, each
individual atom is projected with equal probability into
the up and down eigenstates along this axis, with eigen-
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FIG. 6 Useful k-particle entanglement for quantum
metrology. k-separable states have a quantum Fisher infor-
mation bounded by the solid blue line, Eq. (33). The dashed
line is Fo/N = k. Here, N = 100. Adapted from Hyllus et al.
(2012a).

values +1/2, respectively: we thus have <j 1) =0, and
(AJ)? = N/4 (Itano et al., 1993; Yurke et al., 1986).
Coherent spin states are optimal separable states for
metrology. They saturate the equality sign in Eq. (28)
and thus reach the standard quantum limit. Let us con-
sider the rotation of |¢, ¢, N) around a direction n per-
pendicular to the mean spin direction s (here s, n and
L are mutually orthogonal). This rotation displaces the
coherent spin state on the surface of the Bloch sphere,
see Fig. 5(a). The initial and final states become distin-
guishable after rotating by an angle 6,,;;, heuristically
giving the phase sensitivity of the state. This rota-
tion angle can be obtained from a geometric reasoning
(Yurke et al., 1986): we have AJ| ~ (js) Sin @iy, giving
Omin ~ 1/v/N for N > 1. More rigorously, the squared
Bures distance, Eq. (19), between |¢, ¢, N) and the ro-

tated e_iej"h?,(p,N) is
43 (9,0, N), e 99, 0, N)) = 1 —cos™ (6/2), (31)

that is d3 = N6?/8 + O(6*) for small values of . Ac-
cording to Eq. (13) we obtain a quantum Fisher infor-
mation Fo[|0, ¢, N), Jn] = 4(AJp)? = N. With the
method of moments, Eq. (22), we find a phase sensitiv-
ity Abmom = AJL/(VP(Js)]) = 1/VUN (Itano et al.,
1993; Yurke et al., 1986): while |(J,)| = N/2 reaches its
maximum value, it is the quantum projection noise of un-
correlated atoms, (AJ)% = N/4, that limits the achiev-
able sensitivity (Itano et al., 1993; Wineland et al., 1994,
1992). For any rotation around an axis orthogonal to

the mean spin direction, coherent spin states thus satisfy
Abgcer = Absqr.-



4. Useful entanglement for quantum metrology

The violation of Eq. (28), i.e.,
Fqlp,Jn] > N, (32)

is a sufficient condition for particle-entanglement in the
state p. To be more precise, the inequality (32) is the
condition of useful entanglement for quantum metrology:
it is a necessary and sufficient condition for a quantum
state to be useful in the estimation of a phase shift §—
with an interferometer implementing the transformation
e 19/n _yith a sensitivity overcoming the standard quan-
tum limit (Pezze and Smerzi, 2009). Not all entangled
states are useful for quantum metrology. Yet, useless
entangled states for quantum metrology might be use-
ful for other quantum technologies. It should also be
noted that not all useful entangled states for quantum
metrology are equally useful: large quantum Fisher in-
formation requires large entanglement depth. For states
of type (27), we have (Hyllus et al., 2012a; Téth, 2012)

FQ[preseps In] < s5k* +12, (33)
where s = [ ] is the integer part of &, and v = N — sk
(note that sk? + > = Nk when N is divisible by k).
If the bound (33) is surpassed, then the probe state
contains metrologically useful (k + 1)-particle entangle-

ment: when used as input state of the interferometer de-
fined by the transformation e/~ this state enables a
phase sensitivity better than any k-separable state. The
bound (33) increases monotonically with & (see Fig. 6),
in particular Fg [ﬁk_sep, jn] < Nk. The maximum value
of the quantum Fisher information is obtained for gen-
uine N-particle entangled states, k = N, giving (Pezze

and Smerzi, 2009)
Folp, Jn] < N2 (34)

Equation (34) defines the ultimate Heisenberg limit® * of
phase sensitivity (Giovannetti et al., 2006),

1

6 The name “Heisenberg limit” was first introduced in Holland and
Burnett (1993) referring to the heuristic number-phase Heisen-
berg uncertainty relation AOGAN > 1. We refer to the Heisenberg
scaling of phase sensitivity when A§ = O(N~1).

7 It is possible to maximize the phase sensitivity by optimizing the
number of particles N entering into the interferometer multiplied
by the times v that the measurement is performed (Braunstein
et al., 1992; Lane et al., 1993; Pezzé, 2013). This provides a
definition of Heisenberg limit 1/Np, where Np = N X vopt, and
Vopt is the optimal number of measurements that maximize the
phase sensitivity for a fixed number of particles V. Since vopt
may depend on N, there might be, in principle, states having a
Fisher information larger than N but a phase variance above the
standard quantum limit 1/y/Np.
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The difference between Eq. (29) and Eq. (35) is a faster
scaling of the phase sensitivity with the number of par-
ticles, which cannot be obtained by exploiting classical
correlations among the qubits. Still the standard quan-
tum limit can be surpassed using separable states at the
expense of other resources (Giovannetti et al., 2006) such
as, for instance, exploiting a multiround protocol (Hig-
gins et al., 2007).

We note that the quantum Fisher information is
bounded by Folp, Jn] < 4(AJp)? < (2J)% < N2, where

J(J + 1) is the spin length. This shows that the most
sensitive states lie in a subspace with maximum spin
J = N/2, namely those symmetric under particle ex-
change (see Sec. IT.A).

Equations (29) and (35) can be generalized to trans-
formations e 10 Xit: h(l)7 where 1) is an arbitrary local
Hamiltonian for the [th particles (that can be a generic
qudit). Taking hD = h for all N particles, we have
Absqr, = 1/6hV/Nv, and Afgr, = 1/5hN/v (Giovan-
netti et al., 2006), where dh = |hmax — Pmin|, and Amax
and hpi, are the maximum and minimum eigenvalues of
iz, respectively.

We finally note that not all N-particle entangled states
reach the Heisenberg limit, as exemplified by the gener-
alized W state |W) = |£N/2F 1), which corresponds
to a Dicke state with one excitation. While the W state
is N-particle entangled (Diir et al., 2000), its quantum
Fisher information only amounts to 3N — 2.

5. Metrological spin squeezing

Spin-squeezed states are a class of states having
squeezed spin variance along a certain direction, at the
cost of anti-squeezed variance along an orthogonal di-
rection. Spin squeezing is one of the most successful
approaches to witness large-scale quantum entanglement
beating the standard quantum limit in interferometry.

Let us consider the unitary rotation of a state on the
Bloch sphere around an axis n perpendicular to the mean
spin direction s, see Fig. 5(b), and calculate the phase
sensitivity according to the error propagation formula,
Eq. (22). We can write Abyom = Er/VVN, © where

g = N (36)
)

and L is orthogonal to both s and n. ¢&gr is the
spin-squeezing parameter introduced by Wineland et al.

8 In the literature, it is possible to find different notations for the
metrological spin-squeezing parameter (e.g., £ and g are also
commonly used). Here we follow the notation first introduced by
Wineland et al. (1994) and used in a previous review (Ma et al.,
2011). In particular, in this review &g refers to the Kitagawa and
Ueda (1993) spin-squeezing parameter, see Eq. 45.



(1994, 1992). If €& < 1 holds, the state is said
to be (metrologically) spin squeezed along the 1-axis
(Wineland et al., 1994, 1992) and it can be used to
overcome the standard quantum limit (i.e., reaching
Abmom < 1/+/N). This requires states having spin fluc-
tuations orthogonal to the rotation axis smaller than the
projection noise of uncorrelated atoms, i.e., (AJ)? <
N/4, and sufficiently large spin length (J,).

He et al. (2012) have generalized this criterion to sys-
tems of fluctuating numbers of particles by introducing
scaled spin operators 7 = JN* in terms of the Moore-
Penrose pseudoinverse N+ of the particle number oper-
ator.

a. Optimal spin-squeezed states. Optimal spin-squeezed
states are searched among the so-called minimum un-
certainty states (Aragone et al., 1974; Rashid, 1978;
Wodkiewicz and Eberly, 1985). These states saturate
the Heisenberg uncertainty relation

(AT )2(ATL) > ()] /4, (37)

since [Jp,J1] = iJs. We thus have €& = N/[4(AJ,)?]
and a lower bound to &% is obtained by maximizing
(Ajn)Q, giving (Agarwal and Puri, 1994; Hillery and
Mlodinow, 1993)

2
N+2
This bound can be saturated by the state v1 — a?[0,) +
a([11) +|-11))/v/2 in the limit a + 0 (Brif and Mann,
1996), where |m, ) are Dicke states defined in Sec. IT.A.
Notice that spin-squeezed states can achieve a Heisen-
berg scaling of phase sensitivity, Afyom = O(N1), but
not the Heisenberg limit (35) for N > 2. Optimal spin-
squeezed states for even values of NV and fixed values
of (J) are given by the ground state of the Hamiltonian
.]Ai —\J,, where A > 0 is a Lagrange multiplier (Sgrensen
and Mglmer, 2001).

&> (38)

b. Spin squeezing and bosonic quadrature squeezing. In
the case of probe states having N > 1 and a strong
population imbalance between the two modes, spin
squeezing can be well approximated by single-mode
quadrature-squeezing. Let |a) be the highly-populated
mode (continuous-variable limit, (afa) ~ N > 1) and
perform the Holstein-Primakoff transformation (Duan
et al., 2002; Madsen and Mglmer, 2004; Wang and
Sanders, 2003a) Jy/vVN ~ b, J_/¥N +— bf, and
2.J. /N — 1, formally equivalent to the mean-field re-
placement G — +/N. Within this approximation, the

rescaled spin operators \/2/N.J, and \/2/Njy map onto
the position \/2/NJ, — (b+ b')/v/2 = X and momen-
tum /2/NJ, (b — b')/(iv2) = P quadrature oper-
ators (Scully and Zubairy, 1997), respectively. We thus
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FIG. 7 Relation between spin squeezing and quadra-
ture squeezing. For (J.) ~ N/2 > 1, the Bloch sphere can
be approximated locally as a plane orthogonal to the mean
spin direction (here, the z-axis). Spin squeezing along the J,
axis is equivalent to squeezing of the X quadrature. A rota-
tion around the y-axis is equivalent to a displacement in the
X direction.

find
& =2(AQ)?, (39)

where Q = (be™¢ 4 bfei?)/v/2 = X cos ¢ + Psin¢ and
0 < ¢ < 2m. Equation (39) shows the equivalence be-
tween the metrological spin-squeezing parameter and the
quadrature variance, within the approximations. In par-
ticular, the rotation e '?’/» maps onto a displacement
of the state along the X direction in the quadrature

plane by an amount 6+/N/2, described by e OVN/2P gee
Fig. 7. When squeezing the quadrature variance below
the vacuum noise limit, i.e., (AQ)2 < 1/2, it is possible
to overcome the standard quantum limit of phase sen-
sitivity, i.e., €& < 1. The sensitivity of interferometers
using a probe state with all atoms in a single mode can be
increased by feeding the other mode with a quadrature-
squeezed state, as first proposed by Caves (1981) for an
optical interferometer.

c. Spin squeezing, entanglement and Fisher information.
Spin squeezing g < 1 is a sufficient condition for
useful particle entanglement in metrology (Serensen
et al., 2001). Furthermore, Sorensen and Mglmer (2001)
showed that the degree of spin squeezing is related to
metrologically useful k-particle entanglement: for a given
spin length, smaller and smaller values of £ can only
be obtained by increasing the entanglement depth, see
Fig. 8. The quantum Fisher information detects entan-
glement in a larger number of states than those recog-
nized by metrological spin squeezing (Pezze and Smerzi,

2009):

<&gk- (40)



This inequality, which follows from Eq. (8), shows that if
a state is spin squeezed, €& < 1, it also satisfies the con-
dition of metrologically useful entanglement, Fg[4, Jn] >
N. The contrary is not true: there are states that are
not spin squeezed and yet entangled and useful for quan-
tum metrology. The Dicke and NOON states, discussed

below, are important examples.

6. Dicke states

Dicke states, Eq. (4), have a precise relative number
of particles between the two modes and a completely un-
defined phase. They are not spin squeezed (Wang and
Mglmer, 2002). A direct calculation of the quantum
Fisher information gives

N N2 9
Fqllm.), J.] = - —2m' 4N (41)

for any rotation direction | orthogonal to the z axis.
Dicke states with m = +N/2 are coherent spin states;
those with m # +N/2 are metrologically usefully en-
tangled. From the perspective of quantum metrology,
the most interesting Dicke state is the twin-Fock state
(Holland and Burnett, 1993; Sanders and Milburn, 1995),
|N/2),IN/2), = |0.), corresponding to NN/2 particles in
each mode. It can be visualized as a ring on the equator
of the Bloch sphere, see Fig. 5(c). A rotation around any
axis in the x-y plane converts the well-defined number
difference into a well defined relative phase between the
two modes. It should be noted that the twin-Fock state
has zero mean spin length. Therefore, the metrologically
useful entanglement of the twin-Fock state cannot be ex-
ploited when measuring the relative number of particles.
A possible phase-sensitive signal is the variance of the rel-
ative population (Kim et al., 1998), see Sec. IV.B.2. The
phase sensitivity calculated via the method of moments
strongly depends on #: for # =~ 0 and N > 1, we have
(Af)? = ﬁ + ©(#?), which is a factor two above
the Heisenberg limit at # = 0 and remains below the
standard quantum limit for < 1/+/N. Similar results
can be obtained with error propagation when estimating
the phase shift from the measurement of the parity op-
erator (Campos et al., 2003; Gerry et al., 2004). Parity
measures the difference in populations between even and
odd eigenstates of J, and can be difficult to implement
for large spins. A #-independent phase sensitivity can be
reached when measuring the number of particles at the
output ports of the interferometer and using a maximum
likelihood estimator or a Bayesian method (Holland and
Burnett, 1993; Krischek et al., 2011; Pezze and Smerzi,
2006).

Squeezing the number of particles at both inputs of the
interferometer is not necessary to overcome the standard
quantum limit (Pezze and Smerzi, 2013). Let us consider
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a probe state p = p, ® |[N/2),(N/2|, where p, is an ar-
bitrary state in mode |a) with mean particle number N,
and |N/2), is a Fock state of N/2 particles in mode |b).
We find

Folpe @ IN/2,(N/21,J)) = NN+ o+ No. (42)
Heisenberg scaling is achieved when N, = N/2, with-
out any assumptions on p,. In particular, existing inter-
ferometers that operate with uncorrelated atoms can be
improved by simply replacing the vacuum state in one of
the two input ports by a Fock state.

7. NOON states

The Heisenberg limit can be saturated by the state

INOON) — |N>a‘0>b+6l¢|0>a|N>b, (43)
V2

given by a coherent superposition of all particles in mode
|a) and all particles in mode |b), where ¢ is an arbitrary
phase. This state is called NOON state (Lee et al., 2002)
when considering indistinguishable bosonic particles.
When considering distinguishable particles, as ions in a
Paul trap for instance, see Sec. VI, the state (43) is gen-
erally called a “Schrodinger cat” (Bollinger et al., 1996;
Leibfried et al., 2005) or Greenberger-Horne-Zeilinger
state (Monz et al., 2011), originally introduced in Green-
berger et al. (1990) for three particles. A look at the
Wigner distribution of the NOON state, see Fig. 5(d,left),
reveals substructures of angular size 1/N given by spher-
ical harmonic contributions Y,! with the maximum al-
lowed value k = N (Schmied and Treutlein, 2011). Ro-
tating the NOON state around the z-axis, the initial and
final states becomes distinguishable after a rotation an-
gle Opin ~ 1/N. The squared Bures distance between the
probe and the rotated state is

d% (INOON), e/ [NOON)) = 1 — cos(N6/2), (44)

which oscillates in phase N time faster than the corre-
sponding overlap for a coherent spin state, Eq. (31), and
is di = N?6?/8 + ©(6*) for small 6 (Pezze and Smerzi,
2007). Note that the relative spin probability distribu-

tion of the NOON state, P(m,) = |(m,|e~ 1%/ |NOON>|27
see Fig. 5(d,right), shows a comb-like structure as a func-
tion of m. These substructure change quickly with 6:
for # = 27n/N only even values of m are populated,
for & = 7w(1 + 2n)/N only odd values of m are popu-
lated, with n = 0,1,..., N — 1. According to Eq. (13),
we obtain Fq[[NOON),J,] = 4(AJ,)? = N2, and thus
Afqgcr = Abhr for the NOON state. It is possible
to reach this sensitivity via the method of moments by
measuring the parity of the relative number of particles
among the two modes (Bollinger et al., 1996), see also
Sec. VI.B.2.



10-6' I I
0 0.2 0.4 0.6 0.8 1

spin length

FIG. 8 5§ versus ¢%. The metrological spin-squeezing pa-
rameter & is given by the ratio between the Kitagawa-Ueda
spin-squeezing parameter €2 and the squared spin length
(Ramsey contrast) 2|(Js)|/N. &% < 1 is found in the
blue/dark region: the upper limit is the standard quantum
limit, while the lower limit is the bound obtained for opti-
mal spin-squeezed states, see Sec. [1.C.5.a. The dashed line
is Eq. (38), which is tight in the limit (Js) — 0. The lower
thick black line is the Heisenberg limit. The orange region
above the SQL highlights the regime of parameters showing
€2 < 1 but no metrological spin squeezing (i-e., £ > 1). The
white lines are lower bounds to &% obtained for k-particle en-
tangled states (Sgrensen and Mglmer, 2001). The grey region
is not accessible by metrological spin-squeezed states. Here
N = 1000.

8. Further notions of spin squeezing and their relation to
entanglement

When it is not possible to address individual qubits, or
in presence of low counting statistics, entanglement crite-
ria based on the measurement of collective properties—
as the condition £g < 1 introduced in Sec. II.C.5—are
experimentally important. Moreover, states of a large
number of particles cannot be characterized via full state
tomography: the reconstruction of the full density ma-
trix is hindered and finally prevented by the exponential
increase in the required number of measurements. In the
literature, different definitions of spin squeezing for col-
lective angular momentum operators can be found (Ma
et al., 2011; Téth and Apellaniz, 2014). In the following
we review the ones most relevant for the present context.

a. Squeezing parameter of Kitagawa and Ueda. A spin-
1/2 particle is characterized by isotropic spin fluctua-
tions, equal to 1/4, along any direction orthogonal to
the mean spin direction s. By adding N uncorrelated
spins all pointing along s (as in a coherent spin state),
we have (AJ)? = N/4, where L is an arbitrary di-
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rection orthogonal to s. Quantum correlations between
spins may result in reduced fluctuations in one direction,
(AJ)? < N/4, at the expense of enhanced fluctuations
along the other direction orthogonal to s. This suggests
the introduction of the spin-squeezing parameter (Kita-
gawa and Ueda, 1993)

4min | (AJ 1)?
= 45
§S N ) ( )
€2 < 1 being the spin-squeezing condition. Equation (45)
is related to metrological spin squeezing via the relation
min; & = [N/(2(Js))]?¢3. Since [(Js)| < N/2, we ob-
tain

&< &. (46)

In other words, metrological spin squeezing, £& < 1, im-
plies spin squeezing according to the definition of Kita-
gawa and Ueda. The converse is not true: there is
no direct relation between §§ < 1 and the improve-
ment of metrological sensitivity, as illustrated in Fig. 8.
It is worth noting that the minimum in Eq. (45) is
given by the smallest eigenvalue of the covariance ma-
trix Cov(Jn,, Jn;) = {Jnis In; })/2 = (Jn,) (Jn, ), Wwhere
ny,Ny are two mutually orthogonal dlrectlons in the
plane perpendicular to s and {Jn,s Jn,} = Jn;Jn2 +
JnyJn,. Taking, without loss of generality, (Jn,) =
(Jn,) =0, we have (Wang and Sanders, 2003b)

(2, 02— 2, = J20 L b

(47)

b. Entanglement witnessed by mean values and variances of

spin operators. For separable states (25), the inequalities

2

N(ATn )2 > () + ()’ (18a)
(B, )+ (B, ) + (D)7 > 5, (48b)
(N = 1) (A, )? > () 4+ (72) — 5 (180)
(N = D[(AJn,)* + (Adn,)?] > (J2,) + W
(48d)

are all fulfilled, where n1, ny and nj3 are three mutually
orthogonal directions. The violation of at least one of
the above inequalities signals that the state is entangled.
Equation (48a) is equivalent to {3 > 1, see Sec. 11.C.5,
and was introduced by Sorensen et al. (2001). The
inequalities (48b)-(48d) have been introduced by Téth
et al. (2007, 2009). A violation of the condition (48Db)
can be used to detect entanglement in singlet states (Be-
hbood et al., 2014; T6th and Mitchell, 2010). The third



condition, Eq. (48¢), can be rewritten as £3 > 1, where

& =— N(AJT“)QA - (49)
(J )= N/2 = (Jn,)

In particular, the condition ¢2 < 1 can be used to detect
entanglement close to Dicke states (To6th et al., 2007),
see also Raghavan et al. (2001). The detection of multi-
particle entanglement close to Dicke states for spin-1/2
particles has been studied by Duan (2011) and Liicke
et al. (2014) and for spin-J particles with J > 1/2 by
Vitagliano et al. (2017). The inequalities (48b)-(48d)
and the further inequality <j2> < (N/2)(N/2+1), which
is valid for all quantum states (not only for separable
states), form a system of conditions that defines a poly-
tope in the three dimensional space with coordinates
(J2,), (J2,), and (J2 ) (Téth et al., 2007, 2009). The
polytope encloses all separable states. It has been demon-
strated that Eqs. (48) form a complete set (Téth et al.,
2007, 2009), meaning that it is not possible to add new
entanglement conditions based on mean values and vari-
ances of spin moments that detect more entangled states.
The inequalities (48) have been generalized to arbitrary
spin systems (Vitagliano et al., 2014, 2011) and to sys-
tems of fluctuating numbers of particles (Hyllus et al.,
2012b). Furthermore, Korbicz et al. (2005, 2006) have
shown that, if the inequality

(12, X2

< (VR + ) - F) + 120" 60

holds, then the state possesses pairwise entanglement,
i.e., entanglement in the two-qubit reduced density ma-
trix p; ; = Trq1,. N)\{4,5} 0] obtained by tracing the N
qubit state p over all particles except the ¢th and jth.

c. Spin squeezing and entanglement of symmetric states.
We emphasize that none of the entanglement witnesses
above require any assumptions on the symmetry of the
state. For states that are symmetric under particle ex-
change, we have (J°) = (N/2)(N/2 + 1).
Eq. (50) can be rewritten as

In this case,

~ A~ 2
. AATW? | AT

N N2 7

(51)

where &% is called the number-squeezing parameter. The
inequality (51) is necessary and sufficient for pairwise
entanglement (Korbicz et al., 2005, 2006). It should be
noted that if £ < 1 holds, then the inequality (51) is
satisfied as well (taking n =1 and (J,) = 0). Hence,
symmetric spin-squeezed states possess two-qubit entan-

glement. The converse is not true: since n in Eq. (51) is
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not necessarily orthogonal to the mean spin direction s,
number squeezing (£4 < 1) does not imply spin squeezing
(& <1).

The relationship between Kitagawa-Ueda spin squeez-
ing and pairwise entanglement has also been studied
by Ulam-Orgikh and Kitagawa (2001) and Wang and
Sanders (2003b). For an arbitrary symmetric state of N
qubits, the spin-squeezing parameter (45) can be writ-
ten in terms of the two-spin correlation function (Ulam-
Orgikh and Kitagawa, 2001)

E=1+WN-1"es?), i£j (52

This equation shows that spin squeezing 5% < 1 is equiv-
alent to negative pairwise spin-spin correlations that, in
turn, are sufficient for pairwise entanglement.’ Further-
more, for symmetric pure states of two qubits, there
is a direct correspondence between &2 and the concur-
rence C (Ulam-Orgikh and Kitagawa, 2001; Wang and
Sanders, 2003b): €2 = 1 — C. We recall that ¢ > 0 is
a necessary and sufficient condition of—and quantifies—
entanglement of a pair of qubits (Hill and Wootters, 1997;
Wootters, 1998). Symmetric pure states of two qubits are
entangled if and only if they satisfy ¢4 < 1 (Ulam-Orgikh
and Kitagawa, 2001). For symmetric states of N qubits
that fulfill £ < 1 and other conditions,'® the equality

Eg=1-(N-1C (53)

holds (Wang and Sanders, 2003b), where C is calculated
from the two-particles reduced density matrix. Equan-
tion (53) tells us that €& < 1 implies C > 0 and thus
pairwise entanglement. When & > 1, Eq. (53) breaks
down and we cannot draw any conclusion about pairwise
entanglement: for example, Dicke states can be pairwise
entangled even though they are not spin squeezed (Wang
and Mglmer, 2002).

d. Planar spin-squeezed states. While many useful spin-
squeezed states have reduced quantum fluctuations along
a single spin direction (with a corresponding increase in
fluctuations along a perpendicular direction), the spin
commutation relations make it possible to reduce the
fluctuations along two orthogonal spin directions simul-
taneously while increasing those along a third direction.
Specifically, an initially coherent state along the mg di-
rection can be squeezed in the perpendicular plane such

9 The two-qubit reduced density matrix of a separable sym-
metric state of N qubits has positive pairwise correlations:
(&Y) ® 6’5?) > 0 for any ¢ # j (Wang and Sanders, 2003b).

10 Equation (53) has been derived in Wang and Sanders (2003b)
for symmetric states having (js> # 0 and (jni) = (jsjm) =
(jni js> =0, i = 1,2, where n; and nq are vectors orthogonal
to the mean spin direction s.



that simultaneously (AJy,,)? < J/2 and (AJy,,)? < J/2
(Puentes et al., 2013), which does not violate Heisen-
berg’s uncertainty relation, Eq. (37), if (Jp,) is reduced
at the same time. In general, such planar spin-squeezed

states reduce the variance sum (AjH)2 = (AJn,)? +
(AJn,)? below the coherent-state value of (AJAﬁOh)2 =J,
ultimately limited by (He et al., 2011a)

(AJ))? > Cy ~ 0.595275J%3 + O(J*/3). (54)

Planar spin-squeezed states are useful for interferomet-
ric phase measurements where the phase fluctuations and
the number fluctuations are squeezed simultaneously (see
Sec. V.A.1), while the spin length fluctuates significantly.
Note that not all planar spin-squeezed states are entan-
gled (He et al., 2012; Puentes et al., 2013; Vitagliano
et al., 2018); see Egs. (48b) and (48d) for relevant entan-
glement criteria.

9. Einstein-Podolsky-Rosen entanglement and Bell correlations
a. Continuous variable and Einstein-Podolsky-Rosen entan-

Let us consider two bosonic modes, |a4) and
la_), and introduce the corresponding annihilation @44

glement

and creation dll operators. Mode-separable quantum

states are defined as pmsep = 3, pqﬁgH) ® [7,(1_1), where

pg > 0, >, pq = 1, and ﬁgﬂ) is the state of the
laz1) mode. Mode entanglement, i.e., p # Pmsep,
can be revealed by correlations between bosonic posi-
tion Xi1(¢) = (agxie™'? + &llei‘f’)/ﬁ and momentum
Piyi(¢) = X41(¢ + 7/2) quadratures (Reid et al., 2009).
Mode-separable states fulfill (Duan et al., 2000a; Simon,
2000)

+ T
Vi) + Vg 2 2 (55)
where V;([((z)) = Var[X;1(¢) £ X_1(¢)] and Vig =

Var[P,1(¢) T P_1(¢)] are variances. A violation of this
condition detects entanglement between the |a41) modes.
It is also a necessary and sufficient condition for mode
entanglement in Gaussian states (Duan et al., 2000a; Si-
mon, 2000), see also (Gessner et al., 2016, 2017; Giovan-
netti et al., 2003; Shchukin and Vogel, 2005; Walborn
et al., 2009) for further (and sharper) conditions. Mode
entanglement finds several applications in quantum tech-
nologies (Braunstein and van Loock, 2005).
Correlations between quadrature variances are at the
heart of the Einstein-Podolsky-Rosen (EPR) paradox
(Einstein et al., 1935). When the quadratures XH and
15+1 are measured in independent realizations of the same
state, the correlations allow for a prediction of X_; and
P_; with inferred variances violating the Heisenberg un-
certainty relation AX™AP™ < 1/2 known as EPR
criterion (Reid, 1989; Reid et al., 2009). This extends

18

the original EPR discussion that was limited to perfect
quadrature correlations. Non-steerable states, including
separable states, fulfill (Reid, 1989)

Vi X Vi = 1/4. (56)
The violation of this condition witnesses a strong form of
entanglement (“EPR entanglement”) necessary to fulfill
the EPR criterion. With atoms, continuous-variable en-
tanglement has been first proved with room-temperature
vapor cells (Julsgaard et al., 2001). With spinor Bose-
Einstein condensates, mode entanglement (Gross et al.,
2011) and EPR entanglement (Peise et al., 2015a) have
been demonstrated, see Sec. IV.C.

b. Bell correlations. The strongest form of correlations
between particles are those that violate a Bell inequal-
ity (Bell, 1964). The existence of Bell correlations has
profound implications for the foundations of physics and
underpins quantum technologies such as quantum key
distribution and certified randomness generation (Brun-
ner et al., 2014). Bell correlations have been observed
in systems of at most a few (usually two) particles (As-
pect et al., 1982; Eibl et al., 2003; Freedman and Clauser,
1972; Giustina et al., 2015; Hensen et al., 2015; Hofmann
et al., 2012; Lanyon et al., 2014; Matsukevich et al., 2008;
Rosenfeld et al., 2017; Shalm et al., 2015; Zhao et al.,
2003), but their role in many-body systems is largely un-
explored (Tura et al., 2014).

Entanglement is necessary but not sufficient for Bell
correlations (Brunner et al., 2014; Werner, 1989). There-
fore, entanglement criteria as those discussed above, can-
not be used to determine whether a system could violate
a Bell inequality. In Schmied et al. (2016) a criterion
in the spirit of a spin-squeezing parameter is derived to
determine whether Bell correlations are present in an V-
particle quantum system. For any two axes n; and no,
the inequality

()
W’*JW2+Wrmf

()
N/4

+1—(n1-n2)? >0 (57)

is satisfied for all states that are not Bell correlated.
States that satisfy ¥/ < 0 can violate the many-particle
Bell inequality of Tura et al. (2014), which is a statement
about the strength of two-body correlations, but does not
imply the violation of a two-particle Bell inequality for
every pair of particles. By optimizing Eq. (57) over the
angle between the two axes, a criterion follows that fa-
cilitates comparison with well-known spin-squeezing cri-
teria: for any two axes n; and ns perpendicular to each
other,




is satisfied for all states that are not Bell correlated. A
similar criterion that is violated more easily was derived
by Wagner et al. (2017),

(Jnr) (Ina)
N/4 21~ ( N/2

>/artanh <<]{7722>) (59)

Detecting Bell correlations by violating inequality (57),
(58), or (59) requires only collective manipulations
and measurements on the entire N-particle system.
While this does not provide a loophole-free and device-
independent Bell test, it is a powerful tool for char-
acterizing correlations in many-body systems state-
independently. Bell correlations according to Egs. (57),
(58), and (59) have been observed with Bose-Einstein
condensates, see Sec. I11.B.3.

D. Tomography of spin states
1. Spin-noise tomography

Spin-noise tomography is a widely-used technique to
gain information about spin-squeezed states, whose main
characteristics are captured by their second spin mo-
ments along the squeezing and anti-squeezing directions.
For this tomography, the state is rotated by an angle ¢
using resonant Rabi rotations, followed by projective spin
measurements along the z-axis: .J, defined in Egs. (3) is
measured by counting the numbers of particles in the
two modes, see Sec. II.LE. The kth moment of these spin
projections can be fit to a linear combination of cos(nd)
and sin(nd) with n € {k,k — 2,k — 4, ...}, which allows
interpolating these projective measurements to arbitrary
angles . Also, technical noise sources can be character-
ized and their influence subtracted from the resulting mo-
ments; any spin squeezing concluded from these inferred
moments will be called inferred spin squeezing. Since this
method estimates spin projection moments separately,
they do not necessarily fulfill all consistency criteria im-
posed by the positive-semi-definiteness of the density op-
erator (Schmied, 2016). In practical situations concern-
ing spin-squeezed states, however, this restriction is often
irrelevant. The information captured from low-order spin
moments through spin-noise tomography may be insuf-
ficient to characterize and visualize general spin states.
Different techniques have been developed for full state
tomography (Blume-Kohout, 2010; Paris and Rehécek,
2004; Schmied and Treutlein, 2011), estimating all spin
moments up to order N.

2. Visualizing spin states

State representations on the Bloch sphere are very
useful to gain an intuition about the properties of
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FIG. 9 Quasi-probability representations. Upper row:
P, W, and @ representations of a coherent state pointing
in the +z direction, see Table I, with s = {1,0,0}. Lower
row: P, W, and Q representations of a spin-squeezed state
reached by one-axis twisting with xt = 0.017 (see Sec. IIL.B).
The color scale for each panel is normalized to its maximum
value. Here N = 100.

quantum states. In the following we consider sym-
metric states of N spin-1/2 particles (see Sec. IL.A).
There are various representations in the form of
pseudo-probability densities (Schleich, 2001).  These
are based on the decomposition of a general density
operator p = Eiio ];:71@ pkqf}g) into the ortho-
normalized spherical tensor (or multipole) operators
T = Y e (07 1=, )1, i)
defined in terms of Clebsch-Gordan coefficients, with
Pkg = Tr[ﬁ(T,g;]]))T] (Agarwal, 1981; Arecchi et al., 1972;
Dowling et al., 1994; Schmied and Treutlein, 2011). This
decomposition has properties similar to the Fourier trans-
form in Euclidean space: it separates low-frequency com-
ponents (small k) from high-frequency components (large
k), which are affected very differently by experimental
noise. Further, it allows us to define the family of spher-
ical functions (Agarwal, 1981)

N k
100 =\ S Y peYial0)  (60)
k=0

q=—k

in terms of spherical harmonics Yy, (9, ). All of these
functions are linear in the density operator. The follow-
ing representations (corresponding to different choices for
the coefficients fi) are often used, with examples given
in Table I and Fig. 9.

a. Wigner distribution. The Wigner quasi-probability
distribution W (4, ¢) (Wigner, 1932) corresponds to the
case fr = 1 in Eq. (60). It is found by replacing the
spherical tensor operators in the decomposition of p by
spherical harmonics of the same order, which obey the
same ortho-normalization. Because of this close similar-



TABLE I Distributions of a coherent spin state. Dif-
ferent representations of a coherent spin state with mean spin
direction s; the last column is the approximate expression for
N > 1. Here z = {sin¥ cos p,sin ¥sin ¢, cos ¥} - s, Py(x) are
Legendre polynomials, Ji(z) is a Bessel function of the first
kind, and ¢ = cos™!(x).
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freedom of the density operator; the amplitudes of the
partial waves with & > N are not determined by the
density matrix, and may be set to zero. However, if
higher-order partial waves (k > N) are added, then the
P representation of any symmetric separable state can
be chosen nonnegative (Korbicz et al., 2005). In this

case, the entanglement condition (32) is sufficient for

exact N>1
N N+1)2 Ji[(N+1
Pz) =Yb o 25 Pi(a) i Aokl

N 2k41 NI(N+1)! L N+3 N+3 o
W(z) =300 %5 et Dk (@) &5 expl— 52 (%)

M

N
Q) =% (42) o2

e exp[—

non-classicality (Rivas and Luis, 2010). In general, the
indeterminacy of the P representation does not allow the
conclusion that a given P representation with negative
regions implies either non-classicality or entanglement:

ity, the Wigner quasi-probability distribution is equiva-
lent to the density operator. W (¥, ) is not a true prob-
ability density, as it can take negative values (Leibfried
et al., 1996; Lvovsky et al., 2001; McConnell et al., 2015).
For continuous variables, this is often understood as a
sign of nonclassical behavior. Note however that in the
present finite-dimensional space, even the Wigner distri-
bution of a coherent spin state has negative parts of am-
plitude ~27V exponentially decreasing with the number
of particles.

b. Husimi-Kano representation. The Husimi-Kano Q rep-
resentation Q(9, p) = 2EL(9, o, N|p|d, p, N) (Barontini
et al., 2015; Haas et al., 2014; Husimi, 1940) corresponds

% in Eq. (60). It is non-
negative and proportional to the probability of finding
the system in the coherent spin state |¢, @, N). Since
Q(V, ¢) is the convolution of W(¥, p) with the Wigner
distribution of a coherent spin state (Agarwal, 1981), in
practice the former contains much less information than
the latter. Furthermore, recovering the Wigner distri-
bution (and hence the density matrix) from an exper-
imentally determined Q representation is generally not
feasible.

to the case f =

c. Glauber-Sudarshan  representation. The  Glauber-
Sudarshan P representation P(9,¢) (Glauber, 1963;
Kiesel et al., 2008; Sudarshan, 1963) is obtained for

fe = W in Eq. (60). It is the decon-
volution of W (¥, ) with the Wigner distribution of
a coherent spin state (Agarwal, 1981), and serves to
construct the density operator from coherent spin states:
p = [y dIsind fo% dpP (9, ¢) |9, 0, N){(J, ¢, N|. While
in infinite-dimensional Hilbert spaces the P represen-
tation is often of limited practical use because of its
singular behavior (Scully and Zubairy, 1997), this is
not the case for the representation of a spin. Indeed,
in this case, partial-wave contributions are limited
to angular momenta (spherical harmonics) £ < N in
Eq. (60) in order to match the number of degrees of

separable states may have a P representation with
negative parts, as can be seen in Table I.

E. Detection of atomic states

Quantum metrology requires the detection of large en-
sembles of NV atoms with a resolution in atom number
that is significantly better than v/N. In particular, reach-
ing the Heisenberg limit requires counting the N atoms
with single-atom resolution (we note that this require-
ment can be relaxed by nonlinear detection, see VII.A.G).
Traditionally, techniques that provide single-atom detec-
tion have only been applied to systems with at most a
few atoms: for quantum metrology, single-atom detectiv-
ity must be combined with a much larger dynamic range.

1. Atom counting

For atomic qubits, there are two principal destruc-
tive methods using (near-)resonant light for counting the
number of atoms in one level:

a. Resonant absorption imaging. The absorption of a
narrow-linewidth laser beam is measured quantitatively
and converted to an absolute atom number (Reinaudi
et al., 2007). The precision of this technique on meso-
scopic ensembles is currenty at the level of four atoms
(Muessel et al., 2015, 2013; Ockeloen et al., 2010; Schmied
et al., 2016) (standard deviation on the detection of hun-
dreds atoms). However, it is state-selective and can be
used to measure both N, and N, in a single atomic en-
semble, i.e., in a single run of the experiment.

b. Resonant fluorescence imaging. The intensity of atomic
fluorescence is converted to an absolute atom number.
This method is used especially for ions (Rowe et al.,
2001) but also finds application for atomic ensembles.
In free space, single-atom resolution has been achieved
in ensembles of up to about N = 1200 (Hume et al.,
2013); however, it is challenging to measure N, and N,
separately (Stroescu et al., 2015). Very high sensitivity
in fluorescence detection of many atoms has been shown



by spatially resolving each atom in an optical lattice
(Bakr et al., 2009; Nelson et al., 2007; Sherson et al.,
2010). This technique can image and count individual
atoms but does not determine the exact atom number as
atom pairs are quickly lost due to light-assisted collisions.

In order to count the atom numbers N, and N, in the
two modes separately, different strategies have been em-
ployed. If the two modes |a) and |b) are localized at dif-
ferent points in space, then spatially resolved imaging can
yield mode-selective atom counts (Stroescu et al., 2015).
Spatial separation can also be achieved by time-of-flight
imaging if two initially overlapping modes are given dif-
ferent momentum kicks, usually by a state-selective force
as in a Stern-Gerlach experiment (Liicke et al., 2011).
This method is often used when the two modes are hyper-
fine levels with equal total angular momentum F' but dif-
ferent projections Mp. If the modes are spectrally sepa-
rated by more than the atomic linewidth, they can be ad-
dressed individually with a laser and counted separately
by absorption or fluorescence. Particularly for states in
different hyperfine F' levels this option is used frequently
(Gross et al., 2010; Riedel et al., 2010). The detection
of level |b) can occur at a different time than level |a)
by the same absorption or fluorescence technique. The
population of one level is counted first, followed by a pop-
ulation exchange or transfer between the levels |a) and
|b), after which the same level is counted again but now
representing the original population of the other level.

2. Quantum non-demolition measurements of atom number

Off-resonant light can be used to perform non-
destructive measurements of the atom numbers (Ham-
merer et al., 2010; Ritsch et al., 2013). Quantum non-
demolition measurement can also be used to entangle the
atoms (see Section V.A). Specific techniques are:

a. Faraday effect: A probe-light beam’s polarization ro-
tates slowly around the polarization direction of an
atomic ensemble (Sewell et al., 2012; Wasilewski et al.,
2010). By measuring the effected rotation angle, the en-
semble’s polarization and thus its value of J, is deter-
mined.

b. Dispersion: The refractive index of an atomic ensem-
ble depends on the atomic populations; an off-resonant
probe-light beam thus picks up a jz—dependent phase
shift (Appel et al., 2009; Kuzmich et al., 2000) that
can be measured in an optical interferometer (usually of
Mach-Zehnder type).
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c. Cavity-enhanced detection: ~Atoms that are coupled to
a high-finesse optical cavity make its transmission depend
on the atoms’ internal state (Kimble, 1998) and allow J.
of the atoms to be measured (Hosten et al., 2016a; Mc-
Connell et al., 2015; Schleier-Smith et al., 2010b; Zhang
et al., 2012). For small atom numbers, thls method can
resolve single excitations (Haas et al., 2014).

3. Inhomogeneous spin coupling and effective spin

The definition in Eq. (1) assumes that each atom con-
tributes to the collective spin with the same weight. This
assumption is not always satisfied: in experiments ex-
ploiting atom-light interactions, the coupling is inhomo-
geneous if the atoms are trapped in a standing wave
whose wavelength is incommensurate with that of the
probe field (Leroux et al., 2010b; McConnell et al., 2015;
Tanji-Suzuki et al., 2011), if the atoms are trapped in a
large volume that samples the spatial profile of the probe
field (Appel et al., 2009), or if the atoms move in space
(Hammerer et al., 2010). In these situations, Eq. (1) is
modified so that each atom contributes to the collective
spin with a weight given by its coupling g; to the cav-
ity mode. The internal-state dynamics of the effectively
addressed atoms can be described by an effective spin
operator

2 gi O
Jeff Goft 2 (61)

and an effective atom number

Negr = Z LI Ziigif? (62)

Geft > 9;

where gt = (32, 97)/(3, 9:) is the effective coupling
strength (Hu et al., 2015). Joq satisfies the usual angu-
lar momentum commutation and uncertainty relations as
long as the average total spin remains large (||(Jeg)|| ~
Ner/2 > 1) and the detection does not resolve single
spins, i.e., in the limit where the Holstein-Primakoff ap-
proximation is valid. In this limit, the effective spin
can be treated in the same way as a real spin of length
Negt/2, and the metrological methods described above re-
main valid. Special care is required for conclusions about
the correlations between real (not effective) atoms, such
as the entanglement depth (Hu et al., 2015; McConnell
et al., 2015).

11l. ENTANGLEMENT VIA ATOMIC COLLISIONS: THE
BOSONIC JOSEPHSON JUNCTION

Tunable elastic atom-atom collisions are naturally
present in Bose-Einstein condensates and represent a



well-established method to generate metrologically use-
ful entanglement in these systems. Furthermore, Bose-
Finstein condensates have a weak coupling to the envi-
ronment and can be restricted to occupy two modes only.
These can be two “internal” hyperfine atomic states or
two “external” spatial states of a trapping potential, see
Fig. 10. Two-mode Bose-Einstein condensates can be
described by the bosonic Josephson junction model*!

Hgyy = —hQUJ, + hxJ? + ho J.. (63)

Here J, and J, describe a linear coupling and an en-
ergy imbalance between the two modes, respectively. The
term J2 accounts for the interaction of each atom with
all the other particles in the system. The parameters y
and Q (in the following we assume {2 > 0, without loss
of generality) can be precisely and independently tuned
and, in particular, switched on and off at will (Pethick
and Smith, 2002). Furthermore, Bose-Einstein conden-
sates offer the possibility to control the trapping geome-
try and to count atoms using established techniques such
as absorption or fluorescence imaging. Useful entangle-
ment for quantum metrology can be found in the ground
state of Eq. (63), for x # 0 (either positive or negative),
see Sec. III.A. The ground state can be experimentally
addressed by adiabatically tuning interaction and/or cou-
pling parameters. The nonlinear interaction can also be
exploited for the dynamical generation of entanglement
starting from particles prepared in a separable state, see
Secs. IT1.B and IT1.C. In particular, for 2, = 0, Eq. (63)
is equivalent to the one-axis twisting Hamiltonian first
introduced by Kitagawa and Ueda (1993). A limitation
is that the contact interaction, which is the ingredient to
entangle the atoms, is also—via particle losses induced
by non-elastic scattering—a main source of decoherence
in these systems.

The external bosonic Josephson junction can be real-
ized with a dilute Bose-Einstein condensate confined in
a double-well potential Vi (r) (Javanainen, 1986; Mil-
burn et al.,, 1997; Smerzi et al., 1997), see Fig. 10(a).
For a sufficiently high barrier and weak interaction, we
can describe the system in a two-mode approximation.
The two modes are given by the first spatially sym-
metric, [1)g), and first antisymmetric, [1).), solutions of
the Gross-Pitaevskii equation in the double-well trap
(Raghavan et al., 1999; Zapata et al., 1998). Spatial
modes localized in the left and right well are given by
[a) = (Ig) + [¥e))/V2 and [) = ([g) — [e))/V2, re-

spectively, see Fig. 10(a). The parameters in Eq. (63) are

I The Hamiltonian (63) belongs to a class of models first intro-
duced by Lipkin, Meshkov and Glick in nuclear physics (Glick
et al., 1965; Lipkin et al., 1965; Meshkov et al., 1965), see
Ulyanov and Zaslavskii (1992) for a review. This corresponds to
a fully connected Ising Hamiltonian of spin-1/2 particles where
each spin interacts with all the other spins.
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FIG. 10 Bosonic Josephson junction with an atomic
Bose-Einstein condensate. (a) External bosonic Joseph-
son junction realized by an ultracold gas trapped in a double-
well potential (thick black line). The thin colored lines are the
amplitudes of the mean-field wavefunctions (see text) local-
ized on the left and right wells. (b) Internal bosonic Josephson
junction made by a trapped Bose-Einstein condensate in two
different hyperfine states. For each state, the thick black line
is the harmonic trap and the thin colored line is the amplitude
of the single-particle ground state.

then identified as (Ananikian and Bergeman, 2006)

I = pre — pg, (64a)

hx = 29 / A g2 ()R (r), (64D)

where

o = [ A1) [~ BV Vau(r)] 0r) + NG )

(65)
is the chemical potential (and analogous definition for
Ue), g = 4mh%as/M, ag is the s-wave scattering length
(positive for repulsive interactions and negative for at-
tractive interactions) and M is the atomic mass. In the
derivation of Eq. (63) we have taken 1, o (1) real and nor-
malized to one, and assumed [ d*r a2 = [ d3r Yy =
Ik d3r 12, which is valid for a sufficiently high tunneling
barrier.

Experimentally, the external weak link has been real-
ized on atom chips (Hall et al., 2007; Jo et al., 2007b;
LeBlanc et al., 2011; Maussang et al., 2010; Schumm
et al., 2005) as well as in optical traps (Albiez et al., 2005;
Hadzibabic et al., 2006; Shin et al., 2004). The spatial
separation allows for sensing of a variety of fields and
forces (Cronin et al., 2009; Inguscio and Fallani, 2013).
The experimental challenges are the required high de-
gree of stability of the external potential, as well as the
precise control of the tunneling coupling between the two
wells (Gati et al., 2006; Levy et al., 2007; Spagnolli et al.,
2017).

The internal bosonic Josephson junction is created
with a trapped Bose-Einstein condensate in two differ-
ent hyperfine states (Cirac et al., 1998; Steel and Col-
lett, 1998), see Fig. 10(b). The Josephson-like coupling



is provided by an electromagnetic field that coherently
transfers particles between the two states via Rabi rota-
tions (Bohi et al., 2009; Hall et al., 1998a,b). Assuming
that the external motion of the atoms is not influenced
by the internal dynamics, one can apply a single-mode
approximation for each atomic species. The many-body
Hamiltonian becomes Eq. (63) with coefficients

0=t [ dr vy, (66a)

hX = Uqa + Ut — 2Uap, (66b)
27Th2agi’j)

Uy = T [ @, (o6e)

where Qg is the Rabi frequency, a{»®, a{®* and a{*"

are the intra- and inter-species s-wave scattering lengths,
and ¥, p(r) are single-particle mode functions of the two
internal states, which can be determined in a mean-field
description from the Gross-Pitaevskii equation. A more
accurate value for y is obtained if one also takes into
account the change of the mode functions with particle
number, see Li et al. (2008b) and Smerzi and Trombet-
toni (2003). Since the phase and amplitude of the cou-
pling field Qg can be switched on and off on nanosecond
time scales, it is possible to implement arbitrary rota-
tions on the Bloch sphere that are helpful to read out
and characterize the internal state. Furthermore, during
Rabi coupling pulses it is possible to reach the regime
Q> Ny, where interaction effects can be neglected.

A. Metrologically useful entanglement in the ground state
of the bosonic Josephson junction

Several approaches to the bosonic Josephson junction
model Hamiltonian (63) have been discussed in the lit-
erature. A semiclassical (mean-field) approximation pro-
vides useful insights (Raghavan et al., 1999; Smerzi et al.,
1997). Tt is obtained by replacing mode operators with
complex numbers: @ — /Nye % and b — /Nye ¥,
where N, and ¢, are the numbers of particles and
phases of the condensate in the |a) and |b) modes, re-
spectively. The spin operators are replaced by Jy —
V1 =22 cos o, jy — JV/1—22singp, and J. — ¥,
where ¢ = @, — ¢p is the relative phase between the
two condensate modes, and z = (N, — Np)/N the frac-
tional population difference (—1 < z < 1). The Hamilto-
nian (63) becomes

A 2
H(z,p) = TZ —V1—22cosp+ AE 2, (67)

where energies are in units of NAQ2/2; A = Nx/Q, and
AE = §/Q. In the following we mainly focus on the case
AFE = 0, unless explicitly stated.

A common method to extend the analysis beyond the
mean-field approximation consists of quantizing the con-
jugate number and phase semiclassical variables (Leggett
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and Sols, 1991), i.e., replacing z and ¢ with operators 2
and ¢ obeying the commutation relation [Z,¢] = 2i/N,
where 2/N plays the role of a Planck constant. We can
thus write ¢ = —%éz and Z = %éso by canonical quan-
tization. Note that a rigorous phase operator is lacking
(Carruthers and Nieto, 1968; Lynch, 1995), and the above
phase quantization may break down for large phase fluc-

tuations. Series-expanding Eq. (67) to second order in z

and ¢ we have H(z,p) = %22 + %2. By quantizing the

conjugate variables we obtain

. 2 4 A+1,
in number representation, and
- 2(A+1) 4 1.

in phase representation. Equations (68) and (69) predict
Gaussian number and phase ground state wave functions
with variances

V1I+A
N 7

2 _ 2 _
o —7andaq,—

* NVI+A
respectively (Paraoanu et al., 2001; Smerzi and Ragha-
van, 2000). Improvements over Egs. (68) and (69) have
been discussed in the literature. Considering a second-
order expansion in phase around ¢ = 0 of Eq. (67) one
obtains the Hermitian Hamiltonian

(70)

X 2 . — X
H, = —WBZ\/ 1— 220, + Wy(2), (71)

describing a fictitious quantum particle with z-dependent
effective mass moving in an anharmonic one-dimensional
potential

A 2
Wo(z):TZ—\/l—z2+AEz. (72)

Shchesnovich and Trippenbach (2008) have derived the
above Hamiltonian using a continuous approximation of
the relative population difference, and avoiding phase-
number commutation relations, see also Javanainen and
Ivanov (1999) and Spekkens and Sipe (1999). For AE =
0, the effective potential (72) changes from harmonic
for A > —1, to quartic at A = —1, to a double-well
shape with wells centered at zy = =£,/1—1/A2? for
A < —1. The fictitious quantum particle description is
expected to give accurate results for large numbers of
particles, provided that the wavefunction is sufficiently
smooth and vanishes at the boundaries of z (Julid-Diaz
et al., 2012), and phase fluctuations remain small. An-
glin et al. (2001) proposed a complementary approach
consisting of a projection of the bosonic Josephson junc-
tion Hamiltonian (63) over the overcomplete Bargmann

. _ N/2 elme .
basis |p) = Zmsz/Z \/(N/2+m)!(N/2_m)!|mz>. This




leads to an exact quantum phase model Hgyylp) =
J7S2|p)eN/2M) o5 @ Fropn (i), where [1) is an arbi-
trary two-mode state, ¥ (y) is an effective phase wave-
function, and

—]2\%82 - (1 + ]1[) cos(p) — ﬁ cos(2¢).

(73)
The first two terms in Eq. (73) give the quantum phase
model Hamiltonian that is widely used to study super-
conducting Josephson junctions (Barone and Paterno,
1982). The quantum phase model is relevant in the
Josephson and Fock regimes, see below. The additional
term proportional to cos(2y) is important for weak in-
teractions, in the Rabi regime. Equation (73) is exact in
the sense that the lowest N 4 1 frequencies in its eigen-
spectrum are exactly the spectrum of Eq. (63) (Anglin
et al., 2001).

Finally, it is worth pointing out that the spectrum
of Eq. (63)—and of the more general Lipkin-Meshkov-
Glick model—is analytically known in the thermody-
namic limit (Ribeiro et al., 2007, 2008).

ﬁEQPM =

1. Ground state for positive nonlinearities

A positive effective nonlinearity (A > 0) makes num-
ber fluctuations between the two modes energetically un-
favorable. The ground state [i5) of Eq. (63) with § =0
is thus characterized by a squeezed atom-number dis-
tribution at the expense of increased phase fluctuations
(Javanainen and Ivanov, 1999; Leggett and Sols, 1998;
Spekkens and Sipe, 1999; Steel and Collett, 1998). Fol-
lowing Leggett (2001), we distinguish three regimes, see
Fig. 11.

a. Rabi regime, 0 < A < 1. At A = 0 the ground state is
given by the coherent spin state pointing in the positive-
 direction (for Q > 0), |[a—o) o (af + b7)N|vac), with
binomial occupation of each mode, where |vac) is the
vacuum. In the Rabi regime, the Josephson junction
is dominated by tunneling, which keeps a well-defined
relative phase between the two modes. The coherence
is high, (J,) ~ N/2, and number (phase) fluctuations
slightly decrease (increase) with respect to the noninter-
acting case. Using (AJ,)? = N202 /4, (AJ,)? = N?02/4
and Eq. (70), we find

2 1 and FQ[‘¢A>7jU] _

BT VITA N
In particular, Fo/N = 1/£% in this regime.'* The ground
state of Eq. (63) is spin-squeezed along the z axis, and

¢ A+1. (74)

12 Tn Eqgs. (74)-(77), i.e., for positive nonlinearities, the spin squeez-

ing is calculated as £% = N(Ajz)Q/(jx)z. For negative nonlin-
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useful for sensing rotations around the y axis.

b. Josephson regime, 1 < A <« NZ2. In the Josephson
regime number (phase) fluctuations are further reduced
(increased) while the coherence remains high. The ap-
proximations leading to Eq. (70) are still very good. We
thus expect Gaussian number and phase distributions
with width o2 = 1/(Nv/A) and ol = V/A/N, respec-
tively, giving (Pezze et al., 2005)

FQ [|w1\>7 jy]

=—, and —EPT /A, 75
For a fixed ratio x/Q = A/N, we have Fo/N =
1/ = VX/QVN, predicting a scaling of phase sen-
sitivity (Afqcer)? ~ N7%/2) intermediate between the
standard quantum limit and the Heisenberg limit.

c. Fock regime, A > N?. In the Fock regime interac-
tion dominates over tunneling, giving rise to a frag-
mented Bose-Einstein condensate (Jddskeldinen et al.,
2004; Spekkens and Sipe, 1999). The phase becomes of
the order of 27 and the approach leading to Eq. (70)
breaks down. The ground state is approximatively ob-
tained by putting an equal number of particles in both
modes, with vanishing number fluctuations. For A — oo
and even values of N, we have [5) = (ah)N (b")V|vac) =
IN/2),|N/2),. In the limit of large but finite A, we find

2 F, T N +2
%{ =——, and Q UQZ)A) L] = a ,
N +2 N 2
where L is any axis on the equatorial plane of the Bloch
sphere. In this limit, both EAJZ)Q and (J,) vanish, such
the ratio && = N(AJ,)?/(J,) is finite but very sensitive
to experimental noise. For odd values of N, we have
a) = J5 (153), 155, +1554) | 55), ) which is spin-

squeezed with
AN Fqlya), Ji] _ (N*-1)

z = d = 1.
RENNE T ™ N oN
(77)

§ (76)

2. Ground state for negative nonlinearities

A negative effective nonlinearity (A < 0) favors lo-
calization of particles in one mode and, in a symmetric
Josephson junction (§ = 0), enhances number fluctua-
tions. The interplay of linear coupling and nonlinear in-
teraction in the Hamiltonian (63) gives rise to a second-
order quantum phase transition with discrete symmetry

earities, Eq. (78), as €% = N(Ajy)2/<jz>2.
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FIG. 11 Entanglement in the ground states of the BJJ. Upper panels: normalized Wigner distributions of the ground
state |¢a) of the Hamiltonian (63) in different regimes and for 6 = 0. The histograms are probability distributions P,(m) =
[(my|1a)|? and P,(m) = |(m.|¢a)|*. Crossing from the Rabi to the Fock regime (for positive nonlinearities), P, narrows while
P, broadens. In the Fock regime, P, vanishes for odd values of m. In the transition from the disordered to the ordered phase
(for negative nonlinearities), P, narrows while P, broadens and splits when crossing the critical value A = —1. Lower panels:
normalized quantum Fisher information (Fq/N, red line) and inverse spin-squeezing parameter (1 /51%, blue line) as a function
of A. For A > 0, the solid black line is Eq. (74). For A < 0, the solid black lines are Eq. (78) in the disordered regime, and
Eq. (79) in the ordered regime. Here, N = 100 and the color scale of the Wigner distributions is as in Fig. 5.

breaking and mean-field critical exponents. This quan-
tum phase transition is due to the competition between
interaction and coupling (Botet et al., 1982; Gilmore and
Feng, 1978; Ulyanov and Zaslavskii, 1992), and occurs
in the thermodynamic limit, N — oo and x — 0 such
that A = —1. The order parameter is given by the abso-
lute value of the population imbalance, |z|, with Wy(z) in
Eq. (72) playing the role of an effective Ginzburg-Landau
potential. Entanglement (Buonsante et al., 2012; Ma
and Wang, 2009; Mazzarella et al., 2011; Orus et al.,
2008; Vidal et al., 2004) and fluctuations of the or-
der parameter (Zin et al., 2008) approaching the transi-
tion point have been extensively studied. This quantum
phase transition has been experimentally investigated by
Trenkwalder et al. (2016) in a double-well potential. The
dynamics following the sudden quench into the vicinity
of the quantum critical point (in a two-component Bose
gas) has been studied by Nicklas et al. (2015).

a. Disordered phase, —1 < A < 0. The approximations
leading to Eq. (70) remain valid also for weak attractive
interactions. We thus find phase squeezing and number

anti-squeezing (Steel and Collett, 1998):

2 AR FQHwA>,jZ] o 1
€R_ 1+A7 a‘nd N == m

The ground state is entangled and useful for sensing ro-
tations around the z-axis, see Fig. 11. At A — -1
the harmonic-oscillator approximation breaks down and
Eq. (70) predicts a divergence of number fluctuations. At
the transition point one finds Fq/N = 1/¢% = O(N1/3).

(78)

b. Ordered phase, A < —1. This phase is characterized
by the presence of macroscopic-superposition state (Cirac
et al., 1998; Ho and Ciobanu, 2004; Huang and Moore,
2006; Lee, 2006). The mean spin length ||(J)|| vanishes
and spin squeezing is lost, see Fig. 11. For strong nonlin-
earities, A < —1, the ground state is given by the sym-
metric superposition (i.e., a Schrodinger cat-like state)
of states localized on the right and the left wells of the
effective double-well Ginzburg-Landau potential Wy(z)
for AE =0 in Eq. (72) (Shchesnovich and Trippenbach,
2008), giving

FQ [|1/}A>7 jz]

o = N(l - %) (79)
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FIG. 12 Spin squeezing in the ground states of the
bosonic Josephson junction. Symbols report number
squeezing (with photon shot-noise subtracted) and phase
coherence obtained by splitting a Bose-Einstein conden-
sate. Open and filled symbols correspond to different bar-
rier heights (larger for the open symbols). The shaded areas
show systematic error bounds. Solid lines are reference val-
ues for £3, the orange (0dB) line being the standard quantum
limit. Measurements are shown for the two main well pairs of
a six-well lattice (red/dark and blue/light circles) and for a
double-well potential (green diamonds). The total atom num-
ber in each pair is approximately N = 2200 in the six-well
case and N = 1600 in the double-well case. The inset shows
single-site-resolving absorption images of atoms trapped in an
optical lattice superposed on an atomic dipole trap. Adapted
from Esteve et al. (2008).

For A < —+/N, the ground state is approximatively
given by a NOON state and the quantum Fisher informa-
tion tends toward the ultimate bound N?2. The macro-
scopic superposition is lost for and infinitesimally-small
energy imbalance AFE # 0, breaking the symmetry of
Wo (Z)

3. Adiabatic splitting

Experimentally, the Rabi and Josephson regimes for re-
pulsive interactions and the disordered phase for attrac-
tive interactions can be reached by adiabatically split-
ting a Bose-Einstein condensate initially prepared in
the ground state of the strong-tunneling (Rabi) regime
(Bodet et al., 2010; Isella and Ruostekoski, 2005; Ja-
vanainen and Ivanov, 1999; Menotti et al., 2001; Pezze
et al., 2005; Streltsov et al., 2007). By varying the plasma
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FIG. 13 Number and phase distributions of a split

Bose-Einstein condensate. Number (a) and phase (b) dis-
tributions after the adiabatic splitting of a Bose-Einstein con-
densate in a double-well potential. (a) Distribution of photon
imbalance s = s;, — sr between fluorescence images of the left
and right cloud (inset), proportional to the imbalance of atom
numbers in the two wells. The solid black line is the normal
distribution corresponding to the measured number-squeezing
factor, the dotted red line is the expected distribution when
detection noise is subtracted, and the dashed blue line is the
distribution expected for a coherent spin state in the absence
of detection noise. (b) The curves indicate a normal distribu-
tion with the measured Ag (solid black) and the distributions
expected for a coherent state in the absence (dashed blue) and
in the presence (dashed-dot green) of detection noise. The
inset shows a typical matter-wave interference pattern from
which the phase is extracted. Adapted from Berrada et al.
(2013).

frequency wp, = Qv/1 + A adiabatically in time, the sys-
tem follows its ground state if (Javanainen and Ivanov,
1999; Schaff et al., 2014)

dwy
—rl<« 80

2
b

Increasing the height of the potential barrier in order to
reach the Fock regime, the required timescale for adia-
baticity eventually diverges, setting a limit to the attain-
able entanglement. Shortcut to adiabaticity (Julid-Diaz
et al., 2012; Lapert et al., 2012; Yuste et al., 2013) and op-
timal control techniques (Grond et al., 2009; Huang and
Moore, 2008; Pichler et al., 2016) for the fast produc-
tion of highly-entangled states have been also studied.



It should be noted that Eq. (80) assumes that the gas
is prepared in the ground states configuration. Experi-
mentally, the finite temperature of the gas is the main
factor limiting the squeezing via the adiabatic-splitting
technique (Esteve et al., 2008).

4. Experimental spin squeezing in the ground state of the BJJ

Esteve et al. (2008) reported the first direct experimen-
tal demonstration of spin squeezing and entanglement
in the ground state of the bosonic Josephson junction.
A 8"Rb Bose-Einstein condensate confined in a shallow
harmonic trap is split adiabatically by ramping up a one-
dimensional optical lattice. The particles are distributed
over two and six lattice sites, see inset of Fig. 12. Di-
rect atom detection better than atomic shot noise is im-
plemented by absorption imaging of the atomic density,
with a spatial resolution well below the lattice spacing.
This gives direct access to the number-squeezing param-
eter €2 = 4(AJ.)?/N. Additionally, the phase coher-
ence (cos @}2 is directly obtained from the interference
pattern observed after releasing the atomic cloud from
the trap. Noticing that <jz>2 = (Na)(Ny)(cos )? (valid
for (N,),(Ny) ~ N/2 > 1 and 0} < 2m), metrological
spin squeezing is given by €2 = €2 /(cos p)>. The simul-
taneous presence of number squeezing and high phase
coherence allowed to reach an inferred spin squeezing of
&% = —3.8dB for the two main well pairs of a six-well lat-
tice, and & = —2.3dB for the double-well configuration.
The results are summarized in Fig. 12.

More recent experiments have studied number squeez-
ing (Maussang et al., 2010) and spin squeezing (Berrada
et al., 2013) when splitting a Bose-Einstein condensate
in a double-well trap on an atom chip. Maussang et al.
(2010) realized purely magnetic double-well potential.
This experiment reports a detailed investigation of the
optimal splitting time, given by the interplay of the bar-
rier raising rate (which must be slow in order to avoid ex-
citations to higher modes), heating effects and atom loss.
In Berrada et al. (2013) the splitting is based on radio-
frequency dressing (Hofferberth et al., 2006) that dynam-
ically deforms the static magnetic trap into a double-well
potential (Schumm et al., 2005). A split Bose-Einstein
condensate of N = 1200 8"Rb atoms is characterized
via the measurement of the number of particles in each
well and the relative phase, see Fig. 13, showing num-
ber squeezing and phase anti-squeezing. From these re-
sults, using && = &&/(cos cp)Q, it is possible to obtain
& = —5.6dB (¢4 = —7.8dB inferred). This corre-
sponds to a useful (for metrology) entanglement depth
of 150 atoms, excluding useful entanglement of less than
67 particles with 90% probability. Berrada et al. (2013)
have also investigated the reduced phase diffusion associ-
ated to number squeezing (Castin and Dalibard, 1997; Ja-
vanainen and Wilkens, 1997; Lewenstein and You, 1996)
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and the fast recombination (Berrada et al., 2016; Jo et al.,
2007a; Negretti and Henkel, 2004; Negretti et al., 2008;
Scott et al., 2008) of the condensates in the two wells.

B. One-axis twisting dynamics

One-axis twisting is a benchmark model for studying
the generation of spin-squeezed states (Kitagawa and
Ueda, 1993), Schrodinger cats (Mglmer and Serensen,
1999) and useful entanglement for quantum metrology
(Pezze and Smerzi, 2009). The one-axis twisting Hamil-
tonian (here, along the z-axis) is

ﬁOAT = ﬁsz (81)

This model can be realized via atom-atom elastic col-
lisions in a Bose-Einstein condensate (Sgrensen et al.,
2001), see Eq. (63), trapped ions, see Sec. VI.B, and cold
atoms in an optical cavity, see Sec. V.B.

The quantum dynamics e Hoatt/n of o Jocalized
spin wavepacket can be roughly viewed as a rotation
e Xt2) 7= around the z axis. The (J,)-dependent angu-
lar velocity (whose sign differs on the two hemispheres
of the Bloch sphere) leads to a twisting of the state
on the Bloch sphere. To analyze this effect quantita-
tively, let us consider the dynamical evolution of an ini-
tial coherent spin state pointing along the positive z-axis,
lYoar(t)) = e X2 |7 /2,0, N), see Fig. 14. The coherent
spin state initially stretches in the y — z plane tangental
to the Bloch sphere. Kitagawa and Ueda (1993) identi-
fied the squeezing angle § = % arctan(%) in terms of A =
1 — cos™¥=2(2xt) and B = 4sin(xt) cos™¥ ~2(xt), as well
as the squeezed and anti-squeezed spin components Js =
J. cos(8) — J,sin(8) and Jos = J, cos(8) + J, sin(d), re-
spectively. Squeezing is accompanied by loss of contrast,

(Jz) = § cosM~1(xt), as the state spreads on the Bloch

sphere. The spin squeezing (& = N(AJAS)Q/Q]AI)2 and
the quantum Fisher information FQ[WOAT(t)),jaS} =
4(AJus)? are readily calculated, giving (Kitagawa and
Ueda, 1993; Sgrensen et al., 2001)
s A+ (N-1)(A- VAT + B?)
S = 4 cos?N=2(xt) ’

and (Pezze and Smerzi, 2009)

F, t)), Ja N-1
QWOA;( D]y (N =1) 1 )(A+ VA2 + B?),
(83)
respectively.'® For yt <1/ V/N the state is spin squeezed,
¢4 < 1, reaching ¢ = O(N~2/3) at an optimal time

(82)

13 The quantum Fisher information optimized over rotation direc-
tions in the Bloch sphere is given by the maximum between

FQ[‘¢OAT(t)>7 jas]/N1 Eq. (83)1 and FQ[leAT(t))v Jﬂc}/N =
N1 —cos?N=2(xt)] — (N — 1)A/2.
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FIG. 14 One-axis twisting dynamics. The left panel reports the inverse spin-squeezing parameter (1 /fﬁ, blue/lower line)
and normalized quantum Fisher information (Fq/N, red/upper line) as function of xt/7. The right panels show snapshots of
the Wigner distribution at different times. For xt = 7/2 we plot both the Wigner distributions for N = 100 (left) and N = 101
(right). In all plots N = 100 (unless specified) and the color scale is as in Fig. 5.

xt = O(N~2/3). For xt > 1/+/N the states wraps around
the Bloch sphere and spin squeezing is lost, £ > 1. Yet,
the state is still entangled. The quantum Fisher informa-
tion reaches a plateau Fq[[oar(t)), Jus] = N(N +1)/2
for 2/v/N < xt < 7/2 —2/V/N signaling entanglement,
according to Eq. (32), in the over-squeezed state. The
state evolves, at time xt = 7/n, into a coherent super-
position of 2 < n < m/N/2 coherent spin states dis-
tributed evenly on the equator of the Bloch sphere (Agar-
wal et al., 1997), see Fig. 14. At xt = m/2 we observe the
dynamical creation of a NOON state along the z axis,
[Yoar(m/2x)) = e i3y INOON), if N is even, and along
the y axis, |Yoar(7/2x)) = e gt INOON), if N is odd
(Agarwal et al., 1997; Mglmer and Sgrensen, 1999). For
the NOON state, the quantum Fisher information, opti-
mized over the spin direction, reaches its maximum value
Fq = N2, see Sec. IL.C.7. For even (odd) values of N,
the dynamics is reversed for xt > 7/2 (xt > m) and we
have a complete revival of the initial condition at xt = w
(xt = 27). The one-axis twisting dynamics is modified by
particle loss (Li et al., 2008a; Sinatra et al., 2013, 2012,
2011; Spehner et al., 2014) and other imperfections such
as phase noise (Ferrini et al., 2008, 2011) and finite tem-
perature of the Bose gas (Sinatra et al., 2011), limiting
the achievable squeezing. We will further comment on
these works in Sec. VII.

1. Spin squeezing and particle entanglement

Spin squeezing obtained via one-axis twisting dynam-
ics in a Bose-Einstein condensate has been first experi-
mentally demonstrated by Gross et al. (2010) and Riedel
et al. (2010). These experiments used a 8"Rb conden-
sate prepared in a coherent spin state with equal mean
populations in two hyperfine states. With 87Rb atoms,
the interaction parameter Ay = Uyq + Uppy — 2U4p, see

Eq. 66b, is small due to an almost perfect compensa-
tion of inter- and intra-species collisional interactions,
i.e., 2Uqp = Uyq + Upy. Different approaches have been
used to increase x artificially: Riedel et al. (2010) used
a state-dependent trapping potential to change the wave
function overlap between the two internal states and thus
reduce Uy, (Bohi et al., 2009; Li et al., 2008b), while
Gross et al. (2010) exploited a Feshbach resonance (Chin
et al., 2010) to change the scattering length al™?.

Riedel et al. (2010) used a spatially-inhomogeneous
microwave field to manipulate the trapping potentials
of the atom cloud in the two hyperfine states |a) =
|F=1,mp =—1) and |b) = |2,1) by microwave level
shifts (Treutlein et al., 2006). The trapping potential for
atoms in one state is suddenly shifted by such a state-
selective force, and the states coherently demix and be-
gin to oscillate in space. In this way the overlap of the
wavefunctions of the two states changes dynamically and
modulates collisional effects (Li et al., 2008b): according
to Eq. (66¢), when the two components are spatially sepa-
rated, the inter-species interaction U,; vanishes. The pa-
rameter y is then determined solely by intra-species inter-
actions and reaches sufficiently-high values to induce fast
spin-squeezing dynamics. After each full oscillation, the
two states coherently remix and the collisional squeezing
dynamics stops. Spin-noise tomography and the recon-
structed Wigner distribution of the squeezed state are
shown in Fig. 15. The results demonstrate a squeezing
parameter (& = —1.2dB (¢ = —2.5dB inferred). More
recent experiments using this technique achieved up to
€& = —7.0dB with detection noise subtracted (Ockeloen
et al., 2013; Schmied et al., 2016).

Gross et al. (2010) used a Bose-Einstein condensate of
N = 400 atoms in the |a) = |1,1) and |b) = |2,—1) hy-
perfine levels of the electronic ground state of Rubidium.
A bias magnetic field is used to bring the system near
a Feshbach resonance, to reduce the inter-species s-wave
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FIG. 15 Spin-noise tomography and reconstructed
Wigner function of a spin-squeezed Bose-Einstein
condensate. Top: Reconstructed Wigner distribution of a
spin-squeezed state of N ~ 1250 atoms. The black contour
line indicates where the Wigner distribution has fallen to 1/e
of its maximum. For comparison, the circular 1/e contour of
an ideal coherent spin state is shown. Bottom: Observed spin
fluctuations of a spin-squeezed state (solid circles) and of a
coherent spin state (open circles), as a function of the turn-
ing angle of the Bloch sphere. Solid lines are results of dy-
namical simulations including losses and technical noise: blue
(lowest), spin-squeezed state with losses but without techni-
cal noise; red (highest), spin-squeezed state with losses and
technical noise; black, coherent state with losses and technical
noise. Adapted from Riedel et al. (2010).

scattering length and thus enhance the effective nonlin-
earity x leading to squeezing and entanglement. Spin-
noise tomography leads to an inferred £ = —8.2dB,
predicting an entanglement depth excluding less than 80
particles within three standard deviations (and a mean
of 170 entangled atoms).

2. Quantum interferometry

Gross et al. (2010) have also demonstrated a full Ram-
sey interferometer sequence with spin-squeezed states,
see Fig. 16. Squeezed-state creation is followed by a rota-
tion around the x axis to prepare a phase-squeezed state
(i.e., squeezed along the y axis)—in effect constructing
a nonlinear beam-splitter. After a short interrogation
time xt < 1, during which the interaction is still ac-
tive, a second /2 beam splitter closes the Ramsey se-

29

2001

—_
(=3
(=)

(=}

—
=)
=)

atom number difference, J,

a0 N

200} Ay

—1;30. —9.0 . 0 . 96 . léO -20 . 0 . 20
relative phase, 6 (deg) relative phase, 6 (deg)

FIG. 16 Direct experimental demonstration of a phase
sensitivity beyond the standard quantum limit. Left:
Ramsey fringe scanned over a full 2w period. The blue
(lighter) data are obtained with a coherent spin state, the red
(darker) data with a spin-squeezed state showing a visibility of
92%. Solid lines are +=N/2, measured for each phase setting,
as a reference. Right: Ramsey fringe around the maximum-
slope optimal point and averaged over several experimental
realizations. The solid lines are fits through the lower and
upper ends of the two standard deviation error bars. The
grey shaded areas are the uncertainty regions for an ideal co-
herent spin state, they correspond to the standard quantum
limit. Red (darker) data show a phase error 15% below the
standard quantum limit. Adapted from Gross et al. (2010).

quence. The directly measured phase sensitivity gain
is (A#/Absqr)? = —1.4dB, corresponding to a reduc-
tion of phase variance 15% below the standard quan-
tum limit. In a more recent experiment, Muessel et al.
(2014) have been able to scale the generation of spin-
squeezed states up to NV = 12500 particles using a chain
of trapped independent condensates and exploiting a dif-
ferential estimation of the phase. They demonstrated a
spin squeezing £& = —3.4dB and a sensitivity 24% below
the standard quantum limit. Ramsey interferometry us-
ing spin-squeezed states generated via one-axis twisting
in Bose-Einstein condensate has recently found applica-
tion to sense magnetic fields (Muessel et al., 2014; Ock-
eloen et al., 2013), as discussed in more detail in Sec. VII.

3. Bell correlations

Schmied et al. (2016) have observed Bell correlations
in spin-squeezed Bose-Einstein condensates of about N =
480 8"Rb atoms trapped on an atom chip. Following the
generation of the spin-squeezed state by one-axis twist-
ing, the Bell correlation witness ¥ of Eq. (57) is deter-
mined by measuring the second spin moment along the
squeezed direction and combining it with spin contrast
measurements along other projection axes, see Fig. 17.
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FIG. 17 Bell correlations in a Bose-Einstein conden-
sate. Measurement of the Bell correlation witness ¥/ of
Eq. (57) on a spin-squeezed state as a function of the an-
gle ¥ between the squeezing axis a and the axis n lying in
the squeezing plane, with 1o error bars. The red continuous
line is the value of ¥/ computed from the measurement of
¢2 = 4(J2)/N and the fitted Rabi oscillation C,, = Cp sin(¥9)
with Cp = 2(Jp)/N. Bell correlations are present in the
blue shaded region. Right inset: representation of the same
data (¢2 and Gp) as a single black point, with 1o error bars.
Red shaded region: entanglement detected by spin squeezing
€% < 1, Eq. (36). Blue shaded region: Bell correlations de-
tected by violation of the witness inequality (58). Adapted
from Schmied et al. (2016).

The measured values of ¥ violate the inequality (57) and
thus also the inequalities (58) and (59). This proves the
presence of Bell correlations and implies that the spin-
squeezed states can violate the many-particle Bell in-
equality of Tura et al. (2014). The detection of Bell corre-
lations indicates that spin-squeezed states are useful be-
yond quantum metrology: they also contain the resource
for quantum information tasks such as certified random-
ness generation or quantum key distribution (Brunner
et al., 2014).

While Schmied et al. (2016) observed Bell correlations
in a spin-squeezed BEC, Engelsen et al. (2017) have con-
firmed Bell correlations in a spin-squeezed thermal en-
semble. The interpretation of these experiments relies
on the common assumption that atoms do not communi-
cate through unknown channels. This assumption can
be relaxed if the atoms are spatially separated in an
optical lattice potential, as proposed in Pelisson et al.
(2016). Many-body Bell tests with Bose-Einstein con-
densates have also been proposed in Laloé and Mullin
(2009) and Mullin and Laloé (2008). In section ITL.D we
discuss proposals to create entanglement between spa-
tially separated spinor condensates, which could also be
employed for Bell tests.
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FIG. 18 Twist-and-turn dynamics. Top: Normalized
quantum Fisher information (Fq/N, red upper line) and in-
verse spin-squeezing parameter (1/£%, blue lower line) as
a function of wxt/m for the twist-and-turn model, where
wr = QA — 1. The inset shows the effective potential W (z)
initially (dotted line, A = 0) and after a quench to a finite
A (solid line, A = 1.5). The initial coherent spin state cor-
responds to a Gaussian wavepacket located at the top of the
barrier. Bottom: Snapshots of the Wigner distribution at dif-
ferent times. The solid black line is the mean-field separatrix
and the dots are fixed points of the semiclassical model. Here
N =100 and the color scale is as in Fig. 5.

C. Twist-and-turn dynamics

The creation of entanglement in the one-axis twist-
ing model is enriched—and accelerated, to some extent
(Muessel et al., 2015; Sorelli et al., 2015)—Dby the dy-
namical evolution using the turning term J,, simultane-
ously with the twisting term J2 in the Hamiltonian (63).
The resulting twist-and-turn dynamics is experimentally
studied from the starting point of a coherent spin state
pointing in the +x or —z direction. The interaction is
suddenly switched to a finite value of A in presence of
linear coupling.

The twist-and-turn can be described as the dynamics
of an effective relative-number wavepacket (Julid-Diaz
et al., 2012). For an initial coherent spin state polar-
ized along the positive z-axis, the effective Hamiltonian
is given by Eq. (71). Wy(z) can be well approximated as
a harmonic potential of frequency wy = Q2v/1+ A. Sud-
denly switching the interaction from A = 0 to a posi-
tive value (corresponding a tighter the harmonic oscilla-
tor potential, i.e., wo/Q > 1) gives rise to a breathing
mode of the effective wavepacket with periodic squeez-
ing of the relative population. For a coherent spin




state polarized along the negative z-axis, the effective
Hamiltonian is H, = —%52\/1 — 220, + W(2) with
Wi(z) = =22 — V1= 22 For 0 < A < 1, Wy(2) is har-
monic with frequency w, = Qv/1 — A. Since w,/Q < 1, a
sudden switch of the interaction leads to a breathing mo-
tion predicting number anti-squeezing (and phase squeez-
ing). Damping of the oscillations is observed for increas-
ing values of A (Choi and Bigelow, 2005; Gordon and
Savage, 1999) corresponding to the wavepacket feeling
the anharmonicity of the effective potential.

These predictions are recovered, for 0 < A <« 1, by
a frozen-spin approximation (Law et al., 2001) that con-

sists of neglecting fluctuations of the mean spin, J,, being
replaced by £N/2. The variances

2
(A.)? :%(COS’Z (wi) + % sin(wr)),  (84a)
~ w?
(AJ,)? :g<cosz (i) + ogsin?@n)),  (84b)

show periodic oscillations and the spin-squeezing param-
eter reaches &€& = 1/(1+A) (& = 1—A) for the coherent
spin state pointing along the positive (negative) x axis.

The situation changes completely if A > 1 (Gordon
and Savage, 1999; Micheli et al., 2003). The potential
W (2) turns from a single-well to a double-well shape,
with minima at z4 = £4/1 — 1/A2. The initial coherent
spin state corresponds to a Gaussian wavepacket that
sits at the top of the double-well barrier, see Fig. 18.
The repulsive potential tends to split the state giving
rise to a macroscopic superposition corresponding to the
wavepacket localized in the left and right well of W (z).

The semiclassical equations of motion Z = —%@‘P) and
$ = W7 where H(z,p) is given by Eq. (67), of-

fer an alternative view (Raghavan et al., 1999; Smerzi
et al., 1997). The fixed point T, = (z = 0,¢p = 7) be-
comes unstable for A > 1 and two new stable fixed points
YL = (z4,m) appear. The exact quantum dynamics
shows that, at short times, the state stretches along the
semiclassical separatrix passing through T, see Fig. 18.
At longer times the quantum state wraps around Y.
In this regime, spin squeezing is lost, while the quantum
Fisher information—sensitive to the creation of macro-
scopic superposition of states—continues increasing. For
A = 2 the semiclassical separatrix reaches the poles of the
Bloch sphere: the dynamics creates NOON-like states on
a time scale xt =~ In(8N)/N (Micheli et al., 2003). For
A > 2 the separatrix winds around the Bloch sphere, the
maximum distance between the separatrix and the equa-
tor decreases, and the dynamics resembles that of the
one-axis twisting.
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FIG. 19 Entanglement of non-spin-squeezed states.
(a) Experimental Husimi distributions at different evolution
times of the twist-and-turn dynamics. (b) Normalized Fisher
information (F/N, red diamonds) and inverse spin-squeezing
parameter (1/£3, blue circles) as a function of the tomography
angle [identified by the rotation angle « in panel (a)]. The
grey shaded area is only accessible by separable states. At
26 ms, spin squeezing cannot witness the entanglement that
is detected by the Fisher information. (c¢) Squared Hellinger
distance as a function of the rotation angle 6 (see inset) at
three evolution times: t = 0 corresponding to a separable
state (black points), ¢ = 15 ms corresponding to an optimal
spin-squeezed state (light grey points), and ¢ = 26 ms corre-
sponding to a state that is entangled but not spin squeezed
(red [grey] points). The curvature of the quadratic fits (solid
lines) is proportional to F/N. Adapted from Strobel et al.
(2014).

1. Entanglement beyond spin squeezing

Twist-and-turn dynamics has been investigated by
Muessel et al. (2015) and Strobel et al. (2014) using
two internal hyperfine levels |b) = |F'=1,mp = 1) and
la) = |2,—1) of 8’Rb atoms. A narrow Feshbach res-
onance is used to reduce the inter-species interaction.
Coupling between the internal levels is provided by ra-
diofrequency and microwave drive. The experiments
start with N & 400 atoms in the |b) mode, followed by
a m/2 Rabi pulse that prepares a coherent spin state
aligned with the z-axis. Subsequently, the Rabi cou-
pling is decreased to reach A = 1.5, and its phase ad-
justed to orient it along the negative x-axis. Mues-
sel et al. (2015) and Strobel et al. (2014) have investi-
gated the short-time spin-squeezing dynamics. For an
evolution of 15ms, Strobel et al. (2014) demonstrated

¢4 = —4.5dB [and inferred (& = —7.1dB (Muessel
et al., 2015)]. Muessel et al. (2015) also demonstrated
a spin squeezing 51% = —4dB using ~30 independent

condensates in parallel (each condensate experiencing in-
dependently a twist-and-turn dynamics), with a total of
N = 10* particles. For longer times, spin squeezing is
quickly lost and the experimental Husimi distribution of
the reconstructed state shows the characteristic S-shape,



see Fig. 19. Strobel et al. (2014) extracted the Fisher
information using a “Hellinger method”, reaching values
F > N and thus demonstrating that the state is entan-
gled. The experimental extraction of the Fisher informa-
tion requires to rotate the state around the y-axis, and to
collect the probability distributions of the relative parti-
cle number in |a) and |b) at different rotation angles. The
Fisher information is obtained from a quadratic fit of the
Hellinger distance (17), according to Eq. (18), between
a reference distribution (at # = 0) and the distribution
obtained at a finite #. Experimental results are shown in
Fig. 19.

D. Entanglement of two spatially-separated spinor
Bose-Einstein condensates

Creating entanglement between two spatially
separated—individually =~ addressable—spinor  Bose-
Einstein condensates offers interesting possibilities: in
such a system, local manipulations and measurements
can be performed on the spin state of each condensate
separately and nonlocal quantum correlations between
the measurement results can be directly observed. This
is particularly relevant for experiments on EPR entan-
glement and Bell tests, where the spatial separation can
be used to rule out unknown causal influences between
the clouds.

Bar-Gill et al. (2011); He et al. (2011b); and Kurkjian
et al. (2013) have proposed schemes to generate EPR
entanglement between two spatially separated Bose-
Einstein condensates using elastic collisions. The con-
densates represent collective spins J1) and J®), respec-
tively, which can be individually addressed and prepared
in a coherent spin state. Bar-Gill et al. (2011) and He
et al. (2011b) have considered schemes where EPR entan-
glement is generated by first spin-squeezing each conden-
sate and then interfering the squeezed states on a beam
splitter. In the scheme of Kurkjian et al. (2013), on the
other hand, a state-dependent potential is turned on such
that the wave function of state |a) of the first condensate
overlaps with the wave function of state |b) of the second
condensate, picking up a collisional phase shift. Dropping
constant and linear terms in J (1) this realizes the Hamil-
tonian Hopre = x1(J3)2 + xa(J$7)2 — yia JEV I,
which generates entanglement between the two conden-
sates in addition to spin-squeezing in each condensate.
After an interaction time, the state-dependent poten-
tial is turned off and the condensates are spatially sep-
arated again for detection, revealing EPR entanglement
between them (Kurkjian et al., 2013). For long inter-
action times, macroscopic entangled states can be cre-
ated, as also analyzed by Byrnes (2013), who investigated
applications of entangled Bose-Einstein condensates in
quantum information processing (Byrnes et al., 2012).
While such experiments have not yet been reported, we
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note that continuous-variable entanglement has been cre-
ated between spatially separated atomic vapor cells using
a measurement-based scheme (Julsgaard et al., 2001).

IV. ENTANGLEMENT VIA ATOMIC COLLISIONS:
SPIN-MIXING DYNAMICS

The generation of correlated photon pairs via spon-
taneous parametric down-conversion in nonlinear crys-
tals (Kwiat et al., 1995) is one of the most widely used
sources of entangled quantum states in optics (O'Brien
et al., 2009). When post-selecting n photons in the
pair distribution (let us indicate with |+1) the signal
and idler modes), the corresponding state is a twin-
Fock, |n)_ i[n)_;. The twin-Fock state has been used
to overcome the standard quantum limit in an opti-
cal interferometer using up to m = 2 photons per
pair (Krischek et al., 2011; Nagata et al., 2007; Xiang
et al., 2011). Without post-selection, parametric down-
conversion creates quadrature-squeezed light (Breiten-
bach et al., 1997; Ou et al., 1992; Slusher et al., 1985;
Walls, 1983; Wu et al., 1986). Following the proposal of
Caves (1981), squeezed light has been successfully used
for optical interferometry beyond the standard quantum
limit (Vahlbruch et al., 2005, 2016), with direct appli-
cation to gravitational wave detectors (Aasi et al., 2013;
Schnabel et al., 2010). In the same spirit, the genera-
tion of correlated pairs of atoms has thus attracted large
interest: many experiments have been proposed and per-
formed. In the following, we review the most successful
of these techniques, namely, spin-mixing dynamics in a
spinor Bose-Einstein condensate (Kawaguchi and Ueda,
2012; Stamper-Kurn and Ueda, 2013), see Sec. IV.A. We
discuss the creation of twin-Fock states in Sec. [V.B, and
quadrature squeezing in Sec. IV.C. Finally, in Sec. IV.D
we review alternative protocols for the creation of atom
pairs.

A. Spinor Bose-Einstein condensates
1. Spin-changing collisions

When a Bose-Einstein condensate is confined in a
far-off resonant optical dipole trap, the spin degree of
freedom of the atoms evolves freely: spin-changing s-
wave collisions, see Fig. 20, give rise to a coherent re-
distribution of atomic populations among Zeeman sub-
levels while preserving the total magnetization (Ho, 1998;
Ohmi and Machida, 1998). The quantum description
of an ultracold gas of spin-F bosons requires intro-
ducing a vector order parameter with 2F + 1 com-
ponents, {\ij_F,\ij_F+1, ...,\ilp} (Kawaguchi and Ueda,
2012; Stamper-Kurn and Ueda, 2013). Here \i/mp is the
atomic field annihilation operator associated with the hy-
perfine spin state |F,mp). The single-mode approxima-
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FIG. 20 Binary s-wave collision of two spin-F bosons.
(a) When two spin-F bosons in internal states |F,mp) and
|F, m’) approach each other (here, F is the hyperfine spin and
mp,mp = —F,—F +1,...,F the magnetic quantum num-
ber), they couple to form a total spin G = F + F’. (b) The
combined internal state is given by |G, mg). For bosons un-
der elastic s-wave scattering, G is restricted to even values
satisfying 0 < G < 2F, e.g., G = 0,2 for two F' = 1 particles.
(c) After the collision the atoms fly apart and their inter-
nal states are again well described by the hyperfine spins F'.
However, the magnetic quantum numbers may have changed:

|F,mp)|F,my) — |F,m%)|F,m7%). The conservation of total
angular momentum imposes mr + m’pr = mp + my.

tion (Law et al., 1998) assumes that the spatial atomic
density distribution of all spin components is approxi-
mately equal, and not affected by the spin dynamics.
The common scalar wavefunction ¢(r) defining the spa-
tial mode of the condensate is determined as the solu-
tion of the Gross-Pitaevskii equation, neglecting contri-
butions from the spin-dependent interactions. In this ap-
proximation, the field operators are Wy, . () = ¢(7)am .,
where a,,,. are annihilation operators that obey the usual
bosonic commutation relations. We define as NmF =
a}, . @m, the number of particles in the mode |F,mp),
and N = ZZF:_F NmF the total number of particles.
The many-body Hamiltonian for a F' = 1 Bose-Einstein
condensate is (Law et al., 1998; Pu et al., 1999)
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sublevels mp = +1 from the scattering of two atoms in
mp — 0.

Tt is useful to rewrite the Hamiltonian (85) in terms of
the spin operators

o abi+agt . aba +agal
Sp=—75—, Ay = ——5—
2 2

o _ i — agif i aba — aga
v 2i v 21 ’

atan — 515 atan —ata
A aplo — '3 ES apo —a'a
S, = %, A, = %’ (86)

where 5 = (a4 +a_1)/vV2 and é = (a4 —a_1)/V2
are symmetric and antisymmetric combinations of a1
and Ga_;. The spin operators & = {5$,C§U7C§z} and
A = {A,, ﬁy, A} do not commute with each other, and
define two SU(2) subspaces. With these operators, the
Hamiltonian (85) takes the compact form (Duan et al.,
2002)

2hq

Hept = (40AS2 — )+ (4DAAG — S5 ), (8T)

2hq 4
R
which highlights the presence of nonlinear spin terms.
It should be noticed that a symmetric radio-frequency
coupling between the mp = 0, %1 modes with Rabi fre-
quency (¢ corresponds to a rotation of the S vector

around the z axis, Hy = Z%(Aédﬂ + dg&,1 + h.e) =

hQrchA)x. A relative phase shift between the mp = 0 and
mp = +1 modes corresponds to a rotation of both & and
A around the z axis, e~ 10(No—N11)/2=i0(No—N-1)/2 _
o108z =10

Another popular expression of Eq. (85) is (Law et al.,
1998; Zhang and Duan, 2013)

Hgsn = AL — gy, (88)

ﬁSM = [q+A(2NQ—1)}(N+1+N_1)+2)\(CALT_1&11d0d0+d$&3&_1d+1)7

where we have neglected terms proportional to the con-
served magnetization (we assume NH —~ Ny =0in
the following) and total number of atoms. Here, ¢ =
(AE;y + AE_4)/2 is an effective quadratic Zeeman shift,
where AE,,,, = E,,, — Ey is the relative energy shift of
the mp = £1 mode, which can be tuned by a magnetic
field (¢ being proportional to the square of the magnetic
field) and/or near-resonant microwave dressing. The in-
teraction parameter is A = £ [ &®r|¢(r)|*, with gy =

2
W, and ag the scattering lengths for s-wave col-

lisions in the G = 0, 2 allowed channels. The single-mode
approximation is valid if the system size is much smaller
than the spin healing length, \/h2/2M|g2|po, where py is
the density of the mp = 0 component, giving the min-
imum size of a spin-domain (Stamper-Kurn and Ueda,
2013). The last term in Eq. (85) describes the coherent
and reversible creation of a pair of atoms in the magnetic

where(§5): {Jiz,]iy,ﬁz}, L, = 28, ﬁy = Qﬁy and
L, = N_; — N4 obey angular momentum commutation
relations.'*

2. Ground state of the spin-mixing Hamiltonian

The ground state of the Hamiltonian (85) is char-
acterized by the competition between the energy shift,
proportional to ¢, and the spin-dependent collisional in-
teraction, proportional to A (Lamacraft, 2007; Murata
et al., 2007; Sadler et al., 2006). The mean-field limit of

14 Some authors have also studied spin-1 condensates using
the a quadrupole tensor operator Q (Hamley et al., 2012;
Miistecaplioglu et al., 2002; Sau et al., 2010) with components
related to Eq. (86) as Qyz = —28y, Qzz = 24z, Qzz — Quy =
_4<SZ7 Qa:cc - sz =44, and sz = i(dT_1@+1 — &11&_1).



twin Fock broken asymmetry polarized
R /A i - 2000
0000 0000 00 e000 00 | 0000
mg==1 my=0 my=+1
0.5 N T ]
PR

04F 6 ’ CE ]

. Il \‘ ?
N = v )

Z 03" , L ]
> g, ! T
=02, / . |

2 - 0o 1 2/ '
0.1+ . V -
0 ‘ ' ‘ \
-3 2 -1 0 1 2 3
q/4NV|

FIG. 21 Entanglement in the ground state of the spin-
mixing Hamiltonian. The upper panel reports a schematic
representation of the different phases obtained as a function of
g (linear Zeeman shifts are not shown). The lower panel shows
FQl[thes), Ju]/N? (solid line) and Fo[|t)gs), S»]/N? (dashed
line) as a function of g/4N|A|. The left inset shows the energy
gap AFE between the ground state and the first excited state,
closing at g. = £4N|\|. The right inset shows the normalized
population of the mp = 0 mode, No/N. Here A < 0 and
N = 1000.

Eq. (85), obtained by replacing G, = /Nmpe ¢mr
and assuming Ny; = N_j, gives Fsqy = —qNp +
4hNo(N — No) cos?(¢/2), where ¢ = 2¢g — ¢y1 — ¢_1
(Stamper-Kurn and Ueda, 2013; Zhang et al., 2005). In a
full quantum treatment, the system is conveniently stud-
ied in the Fock basis {|k)_ [N — 2k)ylk)  ;}e=0,1,....n5/2;
where |n),,  indicates a state of n particles in the mode
mp, or in terms of the eigenstates |I,m) (here m = 0) of
L and L, (Law et al., 1998).

For a ferromagnetic condensate, A\ < 0 (e.g., 8"Rb)
there are two quantum phase transitions with order pa-
rameter given by the mean population of the mp = 0
mode. For ¢ > 4N ||, the ground state is [0) _,|N),|0)_,,
corresponding to a polar phase with all particles in mp =
0 (Ng = N). For |g] < 4N|\|, the minimization leads to
¢ =0 and Ny = (4|A\|N + ¢)/8|)|, corresponding to the
co-called broken asymmetry phase. The population of
Ny decreases linearly with ¢ and mp = +1 are (equally)
populated. For ¢ < —4N|)|, we have a twin-Fock phase
with Vg = 0 and the ground state given by the twin-Fock
state [N/2)_,]0)¢|N/2)_ ;. Entanglement in the ground
state for the spin-1 system has been studied by Zhang
and Duan (2013). Feldmann et al. (2018) have stud-
ied the quantum Fisher information of the ground state
|thgs) of the Hamiltonian (85) for different operators. In
particular, FQ[|7/}gs>v SI] = FQngs%ﬂy} = N(N + 1)/2
at ¢ = 0 (Zou et al., 2018), associated to the pres-
ence of macroscopic superposition states (Pezze et al.,
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2017), and Fo|¢hgs), Ju.y] = N(N+2)/2 in the twin-Fock
phase, see Fig. 21, where .J, = (&11&71 —|—&+1di1)/2 and
Jy = (@l a1 —aal))/2i

For an anti-ferromagnetic condensate, A > 0 (e.g.,
23Na)., the mean field energy is minimized by taking
¢ =mand Ng = N for ¢ > 0, and Ny = N for ¢ < 0.
There is a quantum phase transition at ¢ = 0. In the
limit N — oo, for ¢ > 0 the ground state is given by
the fully polarized state |0)_;[N),|0),,, while for ¢ < 0
by the twin-Fock state [N/2)_,|0),|N/2) ;. See Wu and
You (2016) for a calculation of the quantum Fisher in-
formation of the ground state for ¢ = 0 and nonzero
magnetization.

3. Quantum spin-mixing dynamics in the low-depletion limit

The spin dynamics of an initial condensate in mp =0
is formally analogous to optical spontaneous four-wave
mixing (Goldstein and Meystre, 1999): atom-atom in-
teraction plays the role of the nonlinear Kerr medium,
the mp = 0 condensate is equivalent to a coherent pump
field with the external trapping potential corresponding
to a high-finesse cavity, and the condensates in mp = +1
can be identified as signal and idler. Remarkably, spin
changing collisions are unaffected by the linear Zeeman
shift from a homogeneous magnetic field. Only higher-
order effects, such as a quadratic Zeeman shift or a linear
Zeeman shift from an inhomogeneous magnetic field, af-
fect it.

The low-depletion limit, i.e., Ng &~ N > 1, is analyzed
by replacing the mode operator ag in Eq. (85) with v/No.
In this approximation, the condensate serves as an unlim-
ited particle resource for the parametric amplification of
the mp = +1 modes. We obtain the quadratic Hamilto-
nian Hsy = a(al jap +ala1)+ 8@ al, +a_ian),
where o = ¢+ A\(2Ny — 1) and 5 = 2\Ny, that can be di-
agonalized by a Bogoliubov transformation (Duan et al.,
2000b; Pu and Meystre, 2000), see also Truax (1985).
The unitary evolution [ty (t)) = e 1HsMt/"|yac) can be
calculated exactly, giving

T 1_iBe—2i%0r gin(L)"
[—ife 7sin(2)]
t)) = T
[vsm(t)) 7;) [cos(f)+ioz'rsin($)]"+1‘n>+1|n>*1’

(89)
where 7 = h/\/a? — 32, and |vac) = [0),,]0)_, in-
dicates empty mp = =+1 modes. This state has a
vanishing population difference A2(N;; — N_;) = 0,

while the mp = 41 modes are nonempty, (Ni;) =

az’gfzﬁz sin?(ty/a% — $2/h), and characterized by large
(syper—Pgissonian) population fluctuations, A2Ni; =
(N11)((N41) + 1), Tt is also interesting to consider the




quadratures
2(A0,) = Vig cos®(6 — dg) + VIQ §in2(6 — dg), (90a)
(A0, ) = Vi sin®(6 — dg) + — cos®(6 — dq), (90b)

Vo

where Q, = cos X, + singP,, X, = ( —i—oT)/\f P =
(5—451)/iv/2, and an analogous definitions of ), in terms
of the operators @ and &' introduced above. The time-

dependent coefficients are Vg = 142(Nx;) —2AN4; and
N
cos(2¢¢g) = % 21\23

For o? < 32, 7 is imaginary and the condensate is dy-
namically unstable. The instability is characterized by
the exponential increase of population in the mp = £1
modes, (Ni,) = [pﬁfiﬂ sinh?(t\/f2% — a2 /h).
onance (o = 0) the spin-mixing Hamiltonian becomes
Hgy = 2)\N0( 1a+1 +G_1G41), which generates the fa-
mlhar two-mode squeezed-vacuum state (Walls and Mil-
burn, 1994),

On res-

—+00

Z —itanhr)™ ) oIy, (91)

coshr

|gm (¢)

where r = |B|t/h = 2|\|Not/h and (Ni1) = sinh? 7. The
Hamiltonian I;TSM (for a = 0) can be rewritten using the
operators 3 and & as Hsy = 5 (3131 +33) — £(atat +aa),
which generates a single- mode squeezed-vacuum (Walls
and Milburn, 1994) in each mode. It can also be rewrit-
ten as Hsy = 2\[(82 — 82) — (A2 — A2)], correspond-
ing to two-axis counter-twisting (Anders et al., 2018;
Duan et al., 2002; Kitagawa and Ueda, 1993) for the
& and A spins. Note that & and A commute in the
low-depletion limit. For o = 0, Eq. (90a) reduces
to 2(AQ,)? = e*sin®(¢p — T) + e cos® (¢ — T), and
Eq. (90b) to 2(AQ, )? = € cos?(¢p—Z)+e~ 2 sin®(p— ).
The quadrature (AQ,)? [(AQ.)?] is squeezed by a fac-
tor e~2" below the vacuum level at an optimal angle
¢ = /4 [¢p = 31/4], and anti-squeezed by a factor e?”
at ¢ = 3w/4 [¢ = w/4]. For a sufficiently long evolu-
tion time, t 2 h/(2|A|Ny) spin dynamics is modified by
the depletion of the condensate. The initially exponen-
tial growth of population in mprp = 41 slows down and
finally stops (Law et al., 1998; Mias et al., 2008)

For o? > 32 the spin-mixing dynamics is stable and
the population of mpr = £1 oscillates in time, (]\Afil) =
afijwsinz(t\/oz2 — B2/h). For a? > B2 the amplitude
of this oscillation becomes negligible and the system re-
mains stable in mg = 0.

Typical experiments exploring the quantum spin-
mixing dynamics (Chang et al., 2005; Klempt et al., 2010;
2009; Liu et al., 2009; Peise et al., 2015b;
bghmahohamu et al., 2004) start with a condensate in
the stable configuration. A sudden quench brings the

Leslie et al.,
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FIG. 22 Population correlations after spin-mixing dy-
namics. Left panel: (N, + N_;) (red/light circles) and
A?%(Ny1 — N_1) (blue/dark circles) as a function of the to-
tal atom number N. Error bars are fluctuations (one stan-
dard deviation) and the grey area corresponds to the sub-
Poisson regime. The black line is a theoretical model in-
cluding particle loss due to spin relaxation. The inset shows
the distribution of Ny; + N_; for 250 < N < 300. The
black line is a fitted squeezed-vacuum distribution corre-
sponding to r &~ 2. Adapted from Gross et al. (2011). Right
panel: standard deviation of the population difference (N+1 —

—1)/2 (red/lower line), compared to the projection noise
\/N_‘_l + N_1/2 (dashed line), and /(N1 + N_1)/4+ 02,
(dot-dashed line) taking into account a number-independent
detection noise oan = 20 (dotted line). The blue/upper line
is the experimental result for unentangled atoms. The shaded
area indicates the standard deviation. Adapted from Liicke
et al. (2011)

condensate in the dynamical unstable configuration. Af-
ter spin-mixing dynamics, the trap is turned off and a
Stern-Gerlach field is used to separate the mp compo-
nents during a time-of-flight expansion.

Finally, it is worth recalling that the discussion so far
has been focused on one spatial eigenmode. A rich res-
onance structure is expected when taking into account
many spatial modes, as experimentally shown by Klempt
et al. (2010) and Scherer et al. (2010).

B. Population correlations and twin-Fock state

Several experiments have explored the creation of the
twin-Fock state |n) ,|n)_; in the mp = +1 Zeeman
modes. This can be accessed either by quantum spin-
mixing dynamics (which can turn a large fraction of an
atomic Bose-Einstein condensate into a mixture of per-
fectly correlated pairs of atom, with large fluctuations of
n) or by adiabatic preparation. The twin-Fock state is
particle entangled and useful in a Ramsey interferometer
to reach sensitivities beyond the standard quantum limit,
see Sec. 11.C.6.



0
0 0.02 0.04 0 0.02 0.04
rotation angle, 0 (rad) rotation angle, 0 (rad)

1.6

Ju—
S

phase uncertainty, AG/AOgq;
— \]

e
o

0 0.01 0.02 0.03 0.04
rotation angle, 6 (rad)

FIG. 23 Twin-Fock interferometry. The inset of panel
(a) shows the experimental operations: (1) spin dynamics,
(2) a resonant microwave 7 pulse between |2, —1) and |1, 0),
(3) a pulse of variable duration, defining 6, and (4) a second
7 pulse. a) Second moment (jf) of the population imbalance
J. = (N41 — N_1)/2 as a function of f (dots with error bars)
for post-selected numbers of atoms between 6400 and 7600.
The solid line is a polynomial fit (with grey uncertainty re-
gion); the dotted line is the theoretical prediction including
detection noise. b) Same for (AJ2)? = (J2) — (JAZQ)2 c)
Phase estimation uncertainty obtained via error propagation,
A0 = (AJ2)/|d(J2)/df]| (solid orange line with grey uncer-
tainty region) compared to the theoretical prediction (dashed
orange line) and Cramér-Rao bound (dotted orange line) in-
cluding detection noise only. Around 6 = 0.015 rad the phase
variance lies 1.61 dB below the standard quantum limit (black
dashed line). Adapted from Liicke et al. (2011).

1. Number squeezing

The presence of correlations in the populations of
mp = =1 states after spin dynamics has been first
demonstrated by Bookjans et al. (2011); Gross et al.
(2011); and Liicke et al. (2011). Number squeezing
& = A*(Ny1 — N_1)/(Ny1 + N_1) up to €& ~ —7dB
[(4 = —12.4dB has been reported more recently by
Liicke et al. (2014)] below the projection noise level has
been reported, see Figs. 22. The main limitation is given
by detection noise for short-time evolutions, and particles
losses for long time.
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2. Quantum interferometry with twin-Fock states

Liicke et al. (2011) have investigated the phase sensi-
tivity of the paired atoms. The experimental sequence
starts with the spin-mixing dynamics of a 8’Rb conden-
sate prepared in |F =2,mp = 0). The generated atom
pairs in |2, £1) (due to the short evolution time, the pop-
ulations in |2,42) can be neglected due to the quadratic
Zeeman shift detuning) are coupled via a series of mi-
crowave pulses of variable duration, see Fig. 23. This
forms an internal-state beam splitter e 1%/=  where the
rotation angle 6 is estimated via the measurement of
J? = (Ny1 — N_1)2/4. The output state is post-selected
to a total number Ny, + N_; ~ 10*. Ideally, this post-
selection would correspond to a twin-Fock state as input
of the beam splitter operation. Applying error propaga-
tion AG = (AJ2)/|d(J2)/d6)|, it was possible to demon-
strate a sensitivity 1.61 dB below the standard quantum
limit at an optimal rotation angle, see Fig. 23.

3. Particle entanglement

Liicke et al. (2014) have investigated particle entangle-
ment in the atomic twin-Fock state. After spin-mixing
dynamics of a 8"Rb condensate, the number of parti-
cles in mp = +£1 is post-selected for a total number of
N = 8000. Entanglement is witnessed by the inequality
€2 < 1, Eq. (49), further extended to detect an arbi-
trary k-particle entanglement (Liicke et al., 2014). Ex-
perimental data exclude an entanglement depth of less
than 28 atoms with two standard deviations of confi-
dence, and show an average entanglement depth of 68
atoms. It should be noted that &% < 1 signals entan-
glement independently from its metrological usefulness.
Useful k-particle entanglement is a more demanding re-
source than algebraic k-particle entanglement: in Apel-
laniz et al. (2015), similar experimental data as those re-
ported by Liicke et al. (2014) show a useful entanglement
depth of about 3 atoms.

4. Adiabatic state preparation

Twin-Fock states can be accessed, for an initial con-
densate prepared in mp = 0 at high ¢ values, via an adi-
abatic passage through the quantum phase transition(s)
(Luo et al., 2017; Zhang and Duan, 2013) discussed in
Sec. IV.A.2. The ferromagnetic condensate is favorable
since the energy gap closes as AEgy /NE|A| = O(N~1/3),
while the energy gap for the anti-ferromagnetic conden-
sate closes as AFEgy/NhA = O(N~!). The conden-
sate is initially prepared via optical pumping with all
N atoms in mp = 0 and, ideally, an adiabatic ramp
of ¢ would transform the polarized state to a twin-Fock
state with N/2 atoms in mp = %1 (Zhang and Duan,
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FIG. 24 Quadrature squeezing. Top: quadrature variance
4A? (S, cos p+8, sin @) /N after variable duration of the spin-
mixing dynamics (colored lines and symbols) as functions of
the quadrature angle ¢. Symbols are experimental results
obtained via state tomography, whereas the solid lines are
theoretical predictions. Bottom: reconstructed phase space
distributions at ¢ = 15ms (left) and ¢ = 45ms (right); the
black ellipses are the 1/4/e uncertainty ellipse predicted the-
oretically. Adapted from Hamley et al. (2012).

2013). Hoang et al. (2016) have characterized the am-
plitude excitations and measured the energy gap of the
g > 0 quantum phase transition in a 3”Rb condensate.
The entangled state preparation has been experimentally
investigated by Lo et al. (2017) for a 8"Rb condensate of
N ~ 10* atoms. This experiment demonstrates—despite
the diabatic ramp of the parameter and the finite loss
rate—a deterministic and almost perfect conversion to
the mp = +1 modes [(Ny1 + N_1)/N = 96 £+ 2% at the
end of the ramp], high squeezing [¢%, = —10.7 dB] and
high coherence. The measurements demonstrate an av-
erage entanglement depth of 910 atoms, with more than
450 atoms at the confidence level of one standard de-
viation. In a successive experiment, Zou et al. (2018)
have investigated the adiabatic preparation of the ground
state at ¢ = 0, corresponding to a spin-1 Dicke state
[l = N,m =0) of the L manifold. The prepared state
has been used to estimate the angle of a Rabi rotation
with a sensitivity 2.42 dB beyond the standard quantum
limit.
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C. Quadrature squeezing and squeezed-vacuum state

1. Quadrature squeezing

The experiments of Gross et al. (2011); Hamley et al.
(2012); and Peise et al. (2015a) have investigated quadra-
ture squeezing in the state generated via spin-mixing
dynamics in the low-depletion limit. In this regime,
the quadrature variance Eq. (90a) can be rewritten as
2(AQ,)% = NA%(S, cosé + S, sin¢)/<c§’z)2 and (S,) ~
N/2 [and analogous relation between Eq. (90b) and the
A spin]: quadrature squeezing thus corresponds to spin
squeezing. Experimentally, the quadrature modes are
accessed via atomic homodyne detection first realized
by Gross et al. (2011), see also Peise et al. (2015a).
In analogy to standard techniques in quantum optics
(Ou et al., 1992; Scully and Zubairy, 1997), it con-
sists of a symmetric radiofrequency coupling between the
mp = 0,21 modes. In the limit of low transfer and
Ngo > Ny, this corresponds to a displacement opera-
tion, e—i%tSs — ¢~i%tVN(G+i")/2 where the condensate
in mp = 0Ois used as local oscillator. Hamley et al. (2012)
have used N = 4.5 x 10* 8 Rb atoms and character-
ized the spin-squeezed states via noise tomography, see
Fig. 24. Values up to £& = —8.3dB (—10.3dB inferred)
below the SQL are reported.

2. Continuous variable and EPR entanglement

The two-mode squeezed-vacuum state (91) realizes—
in field modes—the position-momentum correlations that
are at the heart of the Einstein-Podolsky-Rosen (EPR)
criterion (Reid, 1989), see Sec. I1.C.9.a. We recall that'®
V;(d)) = cosh(2r) F sin(2¢) sinh(2r). As the angle ¢ is
varied, these quadrature variances oscillate between a
maximum value e?” and a minimum value e~2", which
is below the value of 1 of the unsqueezed vacuum state.
In the limit r — oo, at ¢ = 3n/4 (¢ = w/4), we have
perfect correlations between XH and X,l (XH and
—X_l), as well as between ]5+1 and —P_, (I:’H and
P_1), where Pi1(¢) = X11(¢ + 7/2). According to the
criteria (55) and (56) discussed in Sec. I1.C.9, the two-
mode squeezed-vacuum state produced via spin-mixing
dynamics in spinor condensates (Duan et al., 2000b; Pu
and Meystre, 2000) is mode entangled for r > 0 and ful-
fills the EPR criterion for 7 > Inv/2 (Reid et al., 2009).
16 The quadratures X4 (¢) are proportional to the num-

15 Notice the relations Q,(¢) = [Xi1(¢) + X_1($)]/v2 and
Qa(9) = [X41(9) — X-1(¢)]/V2, where X11(¢) = (ax1e7' +
&l\tleid’)/\/i In particular V;@) = Var[X;1(¢) + X_1(¢)] =
2(AQ,)? and Vi, = Var[X11(6) — X-1(6)] = 2(AQ0)2.

16 In the case of a finite number of particles in the mp = 0 mode
(Ferris et al., 2008; Raymer et al., 2003), the inequalities (55)
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FIG. 25 Einstein-Podolsky-Rosen entanglement with
spinor condensates. a) Experimental variances V X(#) and
Vy (¢) 88 functions of the local oscillator phase ¢. The dashed
line is the quadrature variance for the vacuum state. The low-
est measured quadrature variance is Vy = 0.42, correspond-
ing to a squeezmg of 3.77dB below the vacuum limit. b)
Product V);< X V X(6+T) data points below the dashed line

violate the inequality (56) and thus signal Einstein-Podolsky-

Rosen entanglement. Data reach Vi, X VX(¢+ = 0. 18(3),

which is 2.4 standard deviations below the hrmt of 1/4. ¢)
Sum VX(¢> + Vﬁ X(o+1) data points below the dotted line vi-

olate the inequality (55) and thus signal entanglement be-
tween the mrp = =1 modes, data below the dashed line
signal Einstein-Podolsky-Rosen entanglement. Data reach
V;(qﬁ) + V);((Hg) = 0.85(8). Adapted from Peise et al.

(2015a).

ber of particles ]\7+1 + N_; measured after a radiofre-
quency pulse coupling mp = 0 with mp = £1 (Gross
et al., 2011). With spinor condensates (Duan et al.,
2002), continuos variable entanglement, e.g., the viola-
tion of Eq. (55), was first demonstrated by Gross et al.
(2011), while EPR entanglement, e.g., the violation of
Eq. (56) was observed by Peise et al. (2015a), see Fig. 25.
The experimental violation of Eq. (56) demonstrates a
form of entanglement intrinsically connected with local
realism. The demonstration of the continuous-variable
EPR paradox with massive particles would additionally
require space-like separation of measurements to rule out
causal influences, which has not yet been experimentally
achieved.

and (56) generalize to V. NX(d)) + ;F(d)) 22— —x— and
V);(d>) X VP(¢) 1 7(1— N[)l )2, respectively.
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3. Interferometry with squeezed vacuum

Quadrature squeezing is a resource for quantum in-
terferometry, see Sec. I1.C.5.b. Within spin-mixing dy-
namics, squeezing occurs in the quadratures correspond-
ing to the symmetric |s) = (|1,+1) + |1,—1))/v/2 and
the anti-symmetric |a) = (|1, +1) — |1, —1))/v/2 combi-
nations of the |F =1,mp = £1) modes. Kruse et al.
(2016) have realized an atomic clock that exploits the
squeezed-vacuum states created in the |s) mode. An ini-
tial condensate of N ~ 10* atoms undergoes spin-mixing
dynamics in the F' = 1 manifold of 8’Rb, in the low-
depletion regime ((Ng) > (Ni1) after spin dynamics).
The interferometer consists of a rf coupling (correspond-
ing to a balanced beam splitter between the condensate
in |1,0) and the squeezed vacuum in |s), Hy = hQrchA’x), a
relative phase shift 6 implemented by a detuned 7 pulse
between |1,0) and |2,0), and a second balanced beam
splitter between |1,0) and |s). The anti-symmetric mode
|a) is left unchanged by the interferometer transforma-
tion (up to an overall phase), while the |s) is rotated in
the Bloch sphere identified by the S manifold. The ex-
periment of Kruse et al. (2016) reports Ramsey fringes
as a function of 0 reaching a clock sensitivity 2.05dB
below Afsqr, = 1/VN V/N. In the absence of noise, the ex-
pected sensitivity is Af = e~ /v/N (Caves, 1981) in the
low squeezing regime, and can reach the Helsenberg limit
Afyur, = 1/N when the input states have the same pop-
ulation on average (Pezzé and Smerzi, 2008).

4. Nonlinear SU(1,1) interferometry

Spin-mixing dynamics can be also used to realize a
SU(1,1) interferometer, as first proposed by Yurke et al.
(1986) in optics [recently realized with a bright laser
source by Hudelist et al. (2014) and with a hybrid atom-
light system by Chen et al. (2015a)] and further analyzed
by Gabbrielli et al. (2015) and Marino et al. (2012) for
spinor condensates. The basic idea of this interferometric
scheme is to replace the linear beam splitters of a stan-
dard Mach-Zehnder scheme with nonlinear beam splitters
that create/annihilate pairs of particles, as implemented
via spin-mixing dynamics. Let us indicate with A the
total average number of atoms transferred in pairs from
a condensate prepared in mpr = 0 to the initially empty
mp = £1 modes. After spin mixing, the system acquires
a relative phase 6 = 20y — (041 + 0_1) between mp = 0
and mrp = £1 modes. A second spin-mixing dynam-
ics closes the interferometer. The final populations in
mp = 0,£1 depend on #. When treating the condensate
in mr = 0 as an undepletable source of atomic pairs, the
predicted phase sensitivity is (Yurke et al., 1986)

NN +2) 0052(9/2)—1—1

A=\ TNV 1 2)sin2(0)2)

(92)



Equation (92) reaches A0 = 1//N (N + 2) at the opti-
mal working point § = 7 (a dark fringe, where no particle
is found in the output mp = +1 states) and shows that
only the particles outcoupled from the mprp = 0 mode
contribute to the phase sensitivity.

An analysis beyond the low-depletion limit shows that
the SU(1,1) interferometer scheme can overcome the
standard quantum limit with respect to the total num-
ber of particles N in the initial condensate (Gabbrielli
et al., 2015) and reach A9 = O(1/N). The sensitiv-
ity can be further enhanced by an additional linear cou-
pling of the three modes before and after phase imprint-
ing, a scheme called “pumped-up” SU(1,1) interferometer
(Szigeti et al., 2017).

Linnemann et al. (2016) have experimentally realized a
nonlinear SU(1,1) interferometer within the F' = 2 man-
ifold of 8" Rb. The experiment is performed in the low-
depletion regime, N' = 2.8, using N ~ 400 atoms. The
interferometer is probed by tuning the relative phase be-
tween the mp = 0 condensate and the mp = +1 modes
to the dark fringe. The phase 6 is imprinted via a second-
order Zeeman shift by applying a magnetic field for vary-
ing times, and is read out from the mean total num-
ber of atoms in the mprp = 1 modes. Results demon-
strate a sensitivity A6 close to the theoretical prediction
of Eq. (92).

D. Other protocols to create correlated atomic pairs

Spin-mixing dynamics is not the only possibility to
create correlated atom pairs. Alternative methods have
been studied and implemented experimentally. Relative
number squeezing between two outgoing Bose-Einstein
condensates with opposite momenta was obtained in
the collisional de-excitation of a one-dimensional quasi-
condensate, where the reduced dimensionality restricted
the number of available modes (Biicker et al., 2011). The
atoms are initially prepared in a highly non-equilibrium
state such that the only allowed de-excitation channel
is a two-particle collision process, emitting atom pairs.
Biicker et al. (2011) observed a number squeezing of up
to —4.3dB. Jaskula et al. (2010) observed sub-Poissonian
atom number fluctuations, with 0.5 dB of number squeez-
ing, between outgoing modes of opposing momenta in
the halo produced by the s-wave scattering of two Bose-
Einstein condensates of metastable “He. The amount
of detected squeezing was limited by the large number
of outgoing collisional modes (isotropically distributed
over the scattering sphere) and the correspondingly small
number of atoms per mode. With the same scheme
(Lewis-Swan and Kheruntsyan, 2014) it was possible to
demonstrate Hong-Ou-Mandel interference (Hong et al.,
1987). Each atom of the pair is in the motional degree
of freedom is sent to the input channel of a beam split-
ter realized using Bragg scattering on an optical lattice
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(Bonneau et al., 2013). When two inputs are indistin-
guishable, they emerge together in one of the output
channels, demonstrating two-particle interference (Lopes
et al., 2015).

V. ENTANGLEMENT CREATION VIA ATOM-LIGHT
INTERACTION

The light-matter quantum interface finds important
applications in several areas of quantum information pro-
cessing (Hammerer et al., 2010; Kimble, 2008). Here
we review the many successful experiments and propos-
als that exploit the coupling between atoms and light
for the creation of useful entangled states for quantum
metrology. This quest started in the late 1990s with pio-
neering experiments using room-temperature vapor cells
(Kuzmich et al., 2000, 1999) and laser-cooled atomic
gases (Hald et al., 1999), which demonstrated the re-
duction of atomic spin (or pseudospin) fluctuations. In
these experiments, the atom-light interface was imple-
mented in free space using optically-thick atomic ensem-
bles (Kuzmich and Polzik, 2003). Optical cavities can
be used to effectively increase the optical depth of the
atomic sample and represent a versatile system with rich
possibilities for creating entanglement between atoms
(Miller et al., 2005; Ritsch et al., 2013; Tanji-Suzuki
et al., 2011). These techniques have allowed the demon-
stration of metrological spin-squeezing, squeezed-state
atomic clocks and the creation of highly non-classical
states.

Key theoretical proposals and experiments on atom-
light interfaces for quantum metrology can be classi-
fied in three broad categories: (a) nondestructive mea-
surements, including quantum nondemolition measure-
ments and Zeno dynamics, Sec. V.A; (b) light-mediated
coherent interaction between distant atoms, Sec. V.B;
and (c) transfer of squeezing to atoms via absorption
of non-classical light, Sec. V.C. Atom-light interaction
currently represents the most successful method for pro-
ducing large amounts of squeezing and entanglement in
atomic ensembles.

A. Quantum state preparation using nondestructive
measurements

1. Quantum nondemolition measurements in free space

In a quantum nondemolition (QND) measurement, a
system (e.g., an atomic cloud) and meter (a measure-
ment degree of freedom, e.g., a light beam) are cou-
pled, such that a direct measurement of the meter pro-
vides indirect information about an observable of the sys-
tem (Braginsky and Khalili, 1992; Braginsky et al., 1980;
Grangier et al., 1998). The measurement is called QND
if the system and the measured value of the observable
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FIG. 26 Conditional spin squeezing via QND mea-
surements. A two-mode light beam (blue arrow) propagates
through the atomic ensemble. The light beam becomes entan-
gled with the atomic ensemble. By measuring the light field,
one gains information about the atomic state. The atomic
distribution is plotted here in the y — z plane. The initial co-
herent spin state (orange circle) changes after the detection of
the light beam (green ellipse). It becomes squeezed in J. and
shifted (conditioned by the measurement result), according to
Egs. (95a) and (95b).

are conserved after the measurement. QND measure-
ments are a resource for quantum metrology as they allow
the preparation of entangled and spin-squeezed states of
many atoms. This is well illustrated by a model Hamil-
tonian describing a far-off resonant dispersive interaction
between the collective spin of an ensemble of atoms and a
two-mode light beam in free space (Kuzmich et al., 1998;
Takahashi et al., 1999):

Honp = (hk/tp)8,J,. (93)
Here, t, is the light pulse duration, J = {Jg:,Jy,J }
is the atomic collective spin, and S = {S’x, y,S }is

the Stokes vector operator of the light, Wlth components
S, = (a :_a +al a+)/2 Sy = (aﬂ_a —af Yaq)/(2i), and
S, = (a1a+ —a'a_)/2. ax can be two polarization
modes (Hammerer et al., 2004; Takahashi et al., 1999),
in which case Eq. (93) describes the paramagnetic Fara-
day rotation of light; they can also be two spatial modes
of an optical Mach-Zehnder interferometer where atoms
are placed in one arm and phase-shift the light (Chaud-
hury et al., 2006; Oblak et al., 2005; Windpassinger et al.,
2008). The dimensionless interaction strength in Eq. (93)
is k %%, where o is the resonant photon scattering
cross section of the probe transition, I' is the spontaneous
emission rate, A is the spatial cross section of the atomic
ensemble illuminated by the pulse, and A the detuning
of the light from resonance (Hammerer et al., 2010). The
Hamiltonian (93) satisfies the back-action evasion condi-
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tion [jz, fIQND] = 0 such that J, is a constant of motion.
During the interaction, S precesses around the z-axis by
an angle kJ,. To lowest order in this angle, we have

Gt G i in, ot e i _ g Jngin. (oda)
Gout . Gin Gin 7in - Fout . in 7in Gin

Gout o §in y pGin jin jout x jin o f jingin - (gqp)
gow _ gin Jou — jin (940)

A measurement of S°U or 52U thus realizes a QND mea-
z y

surement of J, while preserving the system’s quantum co-
herence. As an illustration, we take atomic and optical
systems both initially prepared in coherent spin states
polarized along the z-axis. Assuming <S’7‘Jn> = 0 and

(jz> = 0, the average phase precession is zero, <5‘;‘“> =0,

while the variance (A SO‘“) = n(1+£?)/4 increases with
k? = nNk?/4, where N is the number of atoms, and n
the number of photons in the pulse. The mean value and

variance of .J, after the measurement of the light spin S'y

(with result m,) are
K N
—1/—m
1+x2V n ¥
1 N

1+kK24°

(I m,

(95a)

(AT, = (95b)
respectively, see Fig. 26. Although the final atomic state
depends on the result of the measurement of the light
beam (and it is thus termed conditional), the reduction
in spin noise according to Eq. (95b) is completely deter-
ministic, with no post-selection necessary. Unconditional
spin squeezing can be achieved via quantum feedback
that compensates, via a spin rotation, the stochastic shift
of (.J.) in Eq. (95a) due to the random measurement out-
come (Berry and Sanders, 2002; Thomsen et al., 2002).
Cox et al. (2016) and Inoue et al. (2013) have experi-
mentally demonstrated such unconditional spin squeez-
ing via feedback control, see also Vanderbruggen et al.
(2013). In the QND scheme, the squeezing is due to the
projective measurement of the atomic state upon detec-
tion of the light, and its efficacy is determined by the
performance of the detector. Yet, the above discussion
is highly idealized: far-off resonant dispersive probing is
unavoidably accompanied by decoherence due to Raman
spin flips.!” Notice that k? = nag, where oy o No/A
is the resonant optical depth and 7 o< ng(%)? is the av-
erage photon scattering rate per atom during the probe
pulse. Scattered photons carry information about the
spin state of the atoms: these photons reduce the spin
length as [(JOU)| ~ (1 — n)|(J,)| for n < 1 (Hammerer

17 In the literature, non-ideal measurements are still termed QND
provided that the loss of coherence in the atomic ensemble re-
mains small.
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FIG. 27 Spin squeezing via quantum nondemolition
measurements in free space. a) A cloud of cold Cs atoms
is confined in an elongated dipole trap placed in one arm
of an optical Mach-Zehnder interferometer and aligned with
the largest resonant optical depth. The relative populations
of the clock levels |a) and |b) are measured via the phase
shift ¢ accumulated by two detuned probe beams propagat-
ing through the atomic cloud. b) Red diamonds are Var(®)
(with @ = ¢1 — (¢2) obtained after two consecutive QND
measurements of covariance ¢. Blue symbols are Var(®) ob-
tained for a coherent spin state (® = ¢1, dots, and ® = ¢o,
stars). The solid line is a quadratic fit and the dashed line is
the expected linear scaling with the atom number N due to
projection noise. The dot-dashed line is the projection noise
scaled down by the factor (1—77)2 = 0.64, corresponding to the
reduction by the measured observed loss of atomic coherence.
Different color regions are the optical shot noise (light blue),
detector noise (dark blue) and projection noise (green/light).
The inset illustrates the trade-off between spin squeezing £%
and loss of coherence 7 due to spontaneous emission. Adapted
from Appel et al. (2009).

et al., 2004)] and add noise that counteracts the reduc-
tion of spin variance (de Echaniz et al., 2005; Hammerer
et al., 2004; Madsen and Mglmer, 2004)—unless a suit-
able choice of atomic levels is used to avoid this effect
(Chen et al., 2014; Saffman et al., 2009). The successful
implementation of QND measurements is thus based on
a proper choice of light power (increasing n reduces the
photon shot noise of light detection but increases Raman
scattering) and detuning [exploiting the favorable scaling
of k x T'/A over n o< (I'/A)?]. The most important figure
of merit of an atom-light interface is the resonant optical
depth ag, which should be much larger than unity.
Appel et al. (2009) reported the first experimental
demonstration of metrological spin squeezing (reaching
&r < 1) via QND measurements in free space. This ex-
periment used N = 1.2 x 105 Cs atoms (with measured
k? = 3.2 and optical depth ag ~ 16). Two equally in-
tense and linearly polarized laser beams of different fre-
quencies enter the arms of an optical Mach-Zehnder in-
terferometer, see Fig. 27(a). The beams off-resonantly
probe different atomic transitions and experience phase
shifts proportional to the number of atoms in the probed
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levels (Saffman et al., 2009). The detection of the relative
phase shift ¢ accumulated in the optical path performs
a QND measurement of the relative population in the
two atomic levels (Kuzmich et al., 1998; Saffman et al.,
2009). Spin squeezing is quantified by correlations be-
tween two consecutive QND measurements. One finds
Var(¢z — (61) = L + 155 %, where ¢1 and ¢, refer to
the first and second phase shift detection, respectively,
and the covariance ¢ = Cov(¢1, ¢2)/ Var(¢1) = L’ﬁ% ex-
presses the correlations between the two measurements.
The results reveal a spin squeezing ¢ = —3.4dB, see
Fig. 27(b). Furthermore, Louchet-Chauvet et al. (2010)
have used a similar apparatus to perform a Ramsey
sequence (between the two QND measurements) and
demonstrated an atomic clock with a measured phase
sensitivity 1.1 dB below the standard quantum limit.

Spin squeezing has also been experimentally performed
by measuring the polarization rotation of probe light
passing through a cloud of atoms. This technique was
pioneered by Kuzmich et al. (2000, 1999), and more re-
cently investigated in ensembles of spin-1/2 '"'Yb (In-
oue et al., 2013; Takano et al., 2009, 2010) and spin-
1 8"Rb atoms (Sewell et al., 2012, 2014, 2013). In
Sewell et al. (2012, 2014) spin squeezing was achieved
using a two-polarization probing technique (Koschor-
reck et al., 2010a,b). These experiments demonstrated
& = —1.5dB (Sewell et al., 2014) [¢ = —2dB inferred
(Sewell et al., 2012)] using N ~ 5 x 10° atoms, mainly
limited by the photon shot noise of the readout light.
Polarization-based QND measurements find direct ap-
plication in entanglement-assisted optical magnetometry,
see Sec. VII.C.

Puentes et al. (2013) have proposed to generate pla-
nar spin squeezing (see I1.C.8.d) in spin-1 atomic ensem-
bles via sequential QND measurements of two orthogo-
nal spin components. Measurements by Colangelo et al.
(2017a,b) in cold F = 1 8"Rb atoms show phase and am-
plitude squeezing simultaneously, as well as entanglement
between the atoms’ spins (Vitagliano et al., 2018).

2. Cavity-based quantum nondemolition measurements in the
dispersive regime

The strength of the interaction between the light and
the individual atoms is usually weak, but can be en-
hanced by placing the atoms inside an optical cavity.
This method is very promising as the squeezing factor
increases with the cavity finesse, which can be pushed to
large values. Moreover, a small single-pass optical depth
is advantageous for applications in atomic clocks, since it
allows to reduce atomic-density-dependent atom losses,
dephasing, and systematic errors.

The essential features of dispersive atom-light interac-
tion in a cavity (Bouchoule and Mglmer, 2002a; Madsen
and Mglmer, 2004; Nielsen and Mglmer, 2008; Vernac
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FIG. 28 Spin squeezing via cavity-based quantum non-
demolition measurements in the dispersive regime.
(a) Laser-cooled atoms are optically trapped in a standing
wave (red/lighter line) inside an optical resonator. The cavity
resonance is shifted in proportion to the relative population of
two clock levels. The shift is measured from the transmission
of a probe beam (blue/darker line). (b) Measured spin-noise
reduction 4(AJ,)?/N (dots) normalized to the coherent spin
state projection noise. The solid line is a model fit. (c¢) Allan
deviation of a clock that uses the generated squeezed states
(black dots; the solid line indicates 9.7 x 10~ s'/2/,/7) or co-
herent spin states (blue circles; the dashed line being the stan-
dard quantum limit). Adapted from Hosten et al. (2016a).

et al., 2000) are captured by a simplified model compris-
ing N three-levels atoms, see Fig. 28(a). Each atom has
two hyperfine levels |a) and |b) of energy difference fiw,
and an excited state |e) with linewidth T' (spontaneous
decay rate into free space). The atoms are placed in an
optical cavity with resonance frequency w. and linewidth
K¢, driven resonantly with a single-atom-single-photon
effective intra-cavity Rabi frequency 2¢g. The detuning of
the cavity from the |a) <> |e) and |b) <> |e) transitions
is chosen of equal magnitude A = +w/2. Assuming ho-
mogeneous interaction (see Sec. I1.LE.3), low intra-cavity
photon number (n, = (éfé) < A?/g?), and large de-
tuning (A > ke, I',vV/Ng), the coupling Hamiltonian is
(Schleier-Smith et al., 2010a)

. 292 . .
H = hwoéte + h%é*fﬂz + Rl (96)

where ¢ and ¢ are cavity mode operators. The effect of
the light on the atoms is an ac Stark shift of the transi-
tion frequency dw = %nc between |a) and |b). Atoms in
|a) (]b)) increase (decrease) the index of refraction seen
by the probe light, so that the net effect is a shift of the
cavity resonance by dw. = zﬁfw = %Jm where
N, and N; are the numbers of atoms in |a) and |b), re-

42

spectively. This shift can be probed by injecting a laser
into the cavity, providing a QND measurement of J,. A
detailed analysis including decoherence associated with
free-space scattering of the probe light shows the possi-
bility to achieve (Chen et al., 2014; Hosten et al., 2016a)

¢ o L NC/wP
R ™ \/TO )

where C = % is the single-atom cavity cooperativity.
C is the ratio between the number of photons scattered
into the cavity mode and those scattered into free space,
and quantifies the optical depth of an atom with respect
to the cavity mode (Tanji-Suzuki et al., 2011). Note that
C depends on the cavity geometry and is proportional to
the cavity finesse (Tanji-Suzuki et al., 2011).

Spin squeezing via cavity-based QND measurement
has been first demonstrated by Schleier-Smith et al.
(2010b) using magnetically-insensitive clock states of
87Rb atoms. This experiment reached a spin squeezing
&% = —1.45dB with respect to (Afsqr)? = 1/Nes, refer-
ring to Neg =~ 0.66N uncorrelated atoms (Neg accounts
for spatial variation in the atom-light coupling due to
the trapping lattice being incommensurate with the cav-
ity mode used for probing, and N = 5 x 10%). This re-
sult is mainly limited by inhomogeneous dephasing due
to the cavity locking light. Hosten et al. (2016a) have
used a cavity of higher cooperativity and exploited prob-
ing and trapping beams of commensurate frequencies,
achieving a uniform atom-light coupling, see Fig. 28(a).
This avoids the need for spin-echo techniques required for
non-uniformly coupled systems. This experiment demon-
strated 10.5 dB of improved phase sensitivity with respect
to (Absqr)? = 1/N, with N = 1x 10° 8’Rb atoms, and a
spin squeezing & = —18.5dB, see Fig. 28(b). This rep-
resents the highest value in expected metrological spin
squeezing and measured phase sensitivity gain to date.

(97)

3. Heralded atomic entanglement created by single photon
detection

In the preceding sections we have discussed the in-
teraction of an atomic ensemble with an intense laser
pulse (10°—107 photons in typical experiments), which is
subsequently detected by a standard linear photodetec-
tor that does not resolve individual photons. The light
in these experiments is effectively a continuous-variable
quantum system. A different approach uses weak laser
pulses in combination with single-photon counting, in
close analogy to the techniques developed for atomic
ensemble-based quantum repeaters (Duan et al., 2001;
Sangouard et al., 2011). These techniques allow to cre-
ate a range of highly nonclassical states of a large number
of atoms in a heralded way, i.e., conditioned on the de-
tection of a single photon. The interaction of a linearly
polarized photon with the atoms according to Eq. (93)
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FIG. 29 Entangled states generated by the detection
of a single photon. (a) An atomic ensemble confined in a
cavity interacts with vertically polarized light. The detection
of an outgoing horizontally (vertically) polarized single pho-
ton projects the atoms into a state with a negative (positive)
Wigner distribution. (b) Experimental Wigner distribution
of the heralded atomic state obtained from the least-squares-
fitted atomic density matrix via Eq. (60). It shows negative
parts. The dashed line is the contour at which the Wigner
distribution of an N-atom coherent spin state is equal to 1/4/e
of its maximum value. Adapted from McConnell et al. (2015).

produces a weak Faraday rotation of the photon polar-
ization. Denoting |v) and |h) the vertical and horizontal
polarizations, respectively, an atom-light system initial-
ized in |v) ® |9, ¢, N) [where |3, ¢, N) is a coherent spin
state, see Sec. I1.C] evolves by the QND interaction (93)
to the state (McConnell et al., 2013)

(|79a§0+7N> + |19790*7N>)+
S4) @ (1904 N) 0,0 N)), (98)

where p1 = ¢ = ¢ and ¢ is the phase accumulated dur-
ing the interaction. The detection of a vertically po-
larized photon projects the atomic ensemble to |¢)y)
|9, 0+, N) + |9, p_, N), whereas the detection of a hor-
izontally polarized photon prepares |¢y) o |9, ¢4, N) —
|9, ¢o_, N). The entanglement properties strongly depend
on the phase ¢, and the quantum Fisher information is
(without loss of generality we assume here that ¢ = 7/2

and ¢ = 0)
Fo[|tny), J,] 1+ -1 sin? ¢ + cos™V ¢, (99)

N 1+ cosM ¢

[¥) =3} ®

where the plus (minus) sign holds for the detection of a
vertically (horizontally) polarized photon. To leading or-
der in N, we have Fgl[ih,), J,]/N = 1+N¢?/2+O(N?¢*)
and Fg[¢n), J,]/N = 3+ N¢?/2 + O(N2¢*): for |¢| <
2/v/N, the state |[¢y,) is metrologically more useful than
1) In particular, for |¢| < 1/v/N, the (rare) detection
of a horizontally polarized photon heralds the genera-
tion of |¢n) = |(N/2 —1),), which is the one-excitation
Dicke state. For |¢| > 2/v/N, we have cos™ ¢ ~ 0 in
Eq. (99) and the two states give approximatively the
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same quantum Fisher information. At ¢ = £7/2, we get
the NOON state [¢n) = (|(N/2),)£|(—=N/2),))/V2. In
the realistic scenario |¢| < 1/v/N, the detection of a se-
quence of photons conditionally prepares more and more
entanglement. For instance, disregarding losses and de-
coherence, the detection of ny h-polarized photons pre-
pares the NOON state (|(N/2).) + |(—=N/2).))/v/2 when
nn X || = V/N. Finally, Chen et al. (2015b) have gener-
alized the above method showing the possibility to gener-
ate a broad class of entangled states of many atoms using
single photons having a tailored frequency spectrum and
time-resolved detection.

Experimentally, the use of single-photon counting for
preparing entangled states of an atomic ensemble has
been pioneered by Christensen et al. (2014, 2013). These
experiments have shown the expected increase of spin
fluctuations due to the single-photon detection. Mec-
Connell et al. (2015) have demonstrated the generation
of entanglement in an atomic ensemble of N = 3100
laser-cooled ®"Rb atoms prepared in an optical cavity
and probed with an off-resonant weak pulse (of about 200
photons) of vertically polarized light, see Fig. 29. The ac-

2

cumulated phase is ¢ = iimc, where 2/, is the character-
istic atom-photon interaction time. For the experiment
of McConnell et al. (2015) we have ¢pv/N ~ 0.03. This ex-
periment has investigated the entangled state produced
by the detection of a horizontally polarized photon, while
the detection of vertically polarized photons gives, for
these experimental parameters, only a slight spin squeez-
ing. From the tomographic reconstructed density matrix
it is possible to obtain a Wigner distribution with nega-
tive areas, see Fig. 29, and an entanglement depth (not
related to metrological usefulness) of 2900 atoms. This
work demonstrates how the information carried by a sin-
gle (or a few) photon(s) can create entanglement in a
large atomic ensemble. In Hu et al. (2017) the same au-
thors have re-analyzed these data to show that the gener-
ated atomic state violates classical physics even if no as-
sumptions related to quantum mechanics are made. This
conclusion (Kot et al., 2012), similarly to Bell inequali-
ties (Brunner et al., 2014), observes that marginal proba-
bility distributions measured for non-commuting observ-
ables do not always come from a joint probability distri-
bution identified with a classical state. As in Schmied
et al. (2016) (see Fig. 17), Hu et al. (2017) show that
classical physics is insufficient for describing mesoscopic
entangled states of atoms.

4. Cavity-based quantum nondemolition measurements in the
normal mode splitting regime

The experiments discussed in the previous sections op-
erate in the dispersive regime, where the cavity is far
detuned from atomic resonance. In this section, we dis-
cuss quantum state preparation schemes where the cav-
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FIG. 30 Spin squeezing via quantum nondemolition
measurements in the normal mode splitting regime.
(a) Energy-level diagram showing the cavity shift due to
atoms in level |b). (b) ¢&/N as a function of atom number
N for uncorrelated particles (black dots) and spin-squeezed
states (red [grey] dots). The inset shows 1/£ of the spin-
squeezed state (red dots) as a function of N. The black line
is a fit to the data according to a 1/N? scaling. Adapted from
Bohnet et al. (2014).

ity is tuned near an atomic resonance with respect to the
atomic transition |b) <> |e), see Fig. 30(a). Let us as-
sume that atoms in |a) do not to interact with the cavity
mode, the number of atoms in |b) is N, > 1, and the sys-
tem is driven weakly so that the mean number of atoms
in |e) is small with respect to N,. We have that atoms
in |b) cause a splitting w. — w¥ of the cavity resonance
frequency (Chen et al., 2014) that depends on Ny:

s xR PN,

w (100)

C

where §, = w. — wpe is the cavity detuning from the
atomic transition wpe, w, is the bare cavity frequency, and
g is the single-atom-single-photon coupling rate (uniform
coupling is assumed). At é. = 0, the appearance of two
well-resolved resonances separated by 2g+/Nj, is referred
to as collective vacuum Rabi splitting. In the limit of col-
lective strong coupling gv/Ny > k., [ the normal modes
of the coupled system are well resolved: a measurement
of w¥ thus allows to determine Nj,.

In the experiments of Bohnet et al. (2014); Chen et al.
(2011); and Cox et al. (2016), the atom number Ny is
measured non-destructively by probing the cavity reso-
nant frequency with an additional probe laser injected
into the cavity. The number of particles in level |a)
can be probed by first applying a resonant m pulse be-
tween |a) and |[b) and then repeating the QND measure-
ment. A detailed analysis of the impact of decoherence
in this system (mainly due to scattering of cavity pho-
tons into free space) can be found in Chen et al. (2014).
In Chen et al. (2011) the optical cavity is tuned to res-
onance, §. = 0, with NC' ~ 1400. Chen et al. (2011)
reported a spin squeezing 51% = —1dB (51% = —3.3dB

44

inferred) relative to the standard quantum limit using
Neg = 7 x 10° 8"Rb atoms (Neg is an effective atom
number taking into account inhomogeneous coupling in
the cavity, see Sec. ILE.3). In Bohnet et al. (2014) and
Cox et al. (2016) noise effects were considerably reduced
taking advantage of a cycling transition (Chen et al.,
2014; Saffman et al., 2009), and higher collective coop-
erativity NC = 6000 was reached. Experimental results
demonstrate & = —10.1dB (Bohnet et al., 2014), see
Fig. 30, and ¢& = —17.7dB (Cox et al., 2016), using
Neg = 5 x 10° 8"Rb atoms. The achieved spin squeezing
witnesses the presence of useful 170 + 30 particle entan-
glement (Cox et al., 2016). This squeezing technique has
been further combined with quantum feedback, reaching
E%{ = —7.4dB of deterministic spin squeezing (Cox et al.,
2016).

Resonant atom-light coupling in an optical cavity also
offers the possibility to create entangled states beyond
spin squeezing. Haas et al. (2014) have used an atom
chip integrated with a high-finesse fiber-optical cavity in
the strong-coupling regime (Volz et al., 2011) to prepare
a generalized W state (Diir et al., 2000) of N =~ 40 cold
87RDb atoms. In this experiment the cavity and probe
laser tuned on resonance with the |b) <> |e) transition.
The single-atom strong coupling g > k.,I' guarantees
that the cavity only transmits light if all NV atoms are
in level |a): a single atom in |b) is sufficient to block
the cavity transmission. The experiment of Haas et al.
(2014) starts with all atoms in level |a), and a weak
microwave pulse coupling |a) and |b) prepares the state
V1I—=p|N),[0), + /pIN —1),[1),, where p < 1 to avoid
multi-particle excitations. The cavity transmission is
then measured with a probe-light beam. A low trans-
mission heralds the QND preparation of the W state
|N —1),/1),. The resulting state is characterized by state
tomography, from which it is possible to extract a lower
bound on the entanglement depth of 13 atoms, at least.

5. Quantum state preparation via quantum Zeno dynamics

Quantum Zeno dynamics combines the coherent evo-
lution of a system with the measurement of an initially
unoccupied quantum state (Facchi and Pascazio, 2008):
if the measurement is performed with high enough fre-
quency, the measured state remains unoccupied. This
profoundly modifies the system dynamics and allows en-
gineering specific entangled states. In Barontini et al.
(2015) a cavity-based measurement in the regime C' > 1
(Volz et al., 2011) is used to prepare a generalized W
state of 36 8"Rb atoms via quantum Zeno dynamics. The
N atoms are all initialized in level |b) and coupled to the
|a) level by a microwave drive at Rabi frequency €. The
cavity is in resonance with the |b) > |e) transition and
transmits only if there are no atoms in level |b). The
cavity transmission is probed at a rate much larger than
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FIG. 31 State engineering via quantum Zeno dynam-
ics. (a) |a) and |b) are coupled by a microwave field at Rabi
frequency €2, while the optical cavity transition [b) > |e) is
probed with a coupling rate much faster than 2. (b) Starting
with all atoms in |b), microwave Rabi coupling and simulta-
neous measurement of the cavity transmission leads to a co-
herent evolution restricted to the subspace highlighted by the
orange/right shaded area. The preparation of the state with
no atoms in |b) (green/left shaded area) is forbidden by the
quantum Zeno effect. The upper row shows the Husimi distri-
butions of symmetric Dicke states. (c) Experimental Husimi
distributions for different evolution times ¢/T", where T = 7/}
is the time for a Rabi m-pulse in the absence of cavity prob-
ing. The upper row shows direct measurements, while the
lower row the reconstructed density matrix. Adapted from
Barontini et al. (2015).

Q. When no measurement is performed, the microwave
Rabi coupling prepares the state |[N),|0), after a time
T = 7/ In presence of the cavity measurement, the
quantum Zeno effect forbids the preparation of |N),[0),
and deterministically prepares the W state [N — 1) _[1),,
see Fig. 31. From the density matrix extracted via state
tomography, it is possible to obtain the quantum Fisher
information. Values up to Fq/N = 1.51 are reported by
Barontini et al. (2015).

B. Light-mediated coherent interaction between distant
atoms

In contrast to the measurement-based scheme of
Sec. V.A, off-resonant atom-light coupling can also be
used to realize a light-mediated coherent interaction be-
tween distant atoms. When the Stokes operator S, in
Eq. (93) is proportional to JAZ7 the Hamiltonian reduces to
fIQND = hkjf (Agarwal et al., 1997; Zhang et al., 2003),
corresponding to an effective one-axis twisting nonlinear-
ity that generates unconditional spin squeezing (Kita-
gawa and Ueda, 1993). The condition S. x J. can be
realized in an optical cavity, see below. As a main dif-
ference with respect to contact interaction discussed in
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FIG. 32 Squeezing via light-mediated effective inter-
action between atoms. (a) The atoms are trapped in a
standing-wave dipole trap inside an optical resonator. (b)
The probe laser is detuned from cavity resonance by half a
linewidth, so that atom-induced shifts of the cavity frequency
change the transmitted power by an amount proportional to
J.. (c) Effective spin squeezing £2; = 0(Q)C(0)/C(Q)? giv-
ing the expected gain with respect to the sensitivity experi-
mentally achieved in absence of entanglement, as a function
of the shearing strength @ (proportional to the photon num-
ber in the cavity). Here 0%(Q) = (AJ.)?/(New/4), and C(Q)
is the contrast of Rabi oscillations of the sheared state, shown
in inset. The effective spin squeezing is related to the metro-
logical spin squeezing Eq. (36) as &2 = C(0)é&. An effec-
tive squeezing &2 = —5.6dB is reached, corresponding to
£% = —4.6dB. Adapted from Leroux el al. (2010a).

Sec. IT1.B, this light-mediated interaction can be applied
to a dilute atomic sample, which is preferred for minimiz-
ing systematic errors in precision measurements. More-
over, in contrast to spin squeezing obtained from QND
measurements, it deterministically produces known en-
tangled states, independently from the detector perfor-
mance. Furthermore, atom-cavity coupling can be easily
switched on and off.

There are different proposals for the realization of an
effective interaction between distant atoms. Takeuchi
et al. (2005) have studied a double-pass Faraday inter-
action in free space where a polarized light beam passes
twice through an atomic ensemble (after the first passage
the polarization is properly rotated such that S, o J, at
the second passage). An improved version of this pro-
posal has been discussed by Trail et al. (2010) using a
quantum eraser to remove residual spin-probe entangle-
ment. Schleier-Smith et al. (2010a) and Zhang et al.



(2015) have proposed the realization of light-induced
atom-atom interaction in an optical cavity (also called
cavity squeezing or cavity feedback). This relies on the
dispersive interaction between one mode of the cavity
and an ensemble of three-level atoms. As shown by
Eq. (96) the atoms modify the cavity resonance frequency
by an amount proportional to jz When the cavity is
driven by a probe laser of frequency w, tuned to the
slope of the cavity resonance (w, = k), the intracavity
photon number n, = (¢t¢) in Eq. (96), being detuning-
dependent, changes linearly with the index of refraction
of the atomic cloud (which, in turn, is proportional to
J.), see Fig. 32(b). Notice that tracing out the light
field (which carries information about the atomic spin)
yields a dissipative dynamics that limits the attainable
squeezing (Leroux et al., 2012). Pawlowski et al. (2016)
analyzed the spin squeezing attainable with the cavity
feedback method in presence of cavity losses and sponta-
neous emission, finding that && o (I'/A)? in the limit
N — oo. Finally, an alternative proposal to realize
an effective one-axis twisting atomic Hamiltonian uses
a four-wave Raman scheme to directly drive the atomic
ensemble, where atoms communicate with one another by
exchanging photons via a weakly-occupied cavity mode
(Sgrensen, 2002).

One axis twisting by light-mediated coherent interac-
tion has been experimentally implemented in an opti-
cal cavity (Leroux et al., 2010a,b), using an effective
number Neg = 3 x 10* of 8Rb atoms. The exper-
iment implements the scheme of Schleier-Smith et al.
(2010a). The squeezed state is characterized via spin-
noise tomography and the contrast of Rabi oscillations.
The results of Leroux et al. (2010a) are summarized in
Fig. 32(c) and demonstrate a gain £ = —4.6dB over
(Absqr)? = 1/Neg (% = —5.6dB over the sensitiv-
ity experimentally reached in absence of entanglement).
Leroux et al. (2010b) have used the squeezed states gen-
erated with this method to realize an atomic clock with
sensitivity 4.5 dB below the standard quantum limit, see
Sec. VII.

C. Quantum state transfer from non-classical light to
atoms

Spin-squeezed states can be created via atom-light in-
teraction by transferring quadrature squeezing of light
to atomic spin squeezing (Agarwal and Puri, 1990; Ham-
merer et al., 2010; Kuzmich et al., 1997). This effect can
be understood from the Jaynes-Cummings model Hamil-
tonian

Hyo = ey +¢éfJ), (101)
describing the interaction of nondecaying two-level atoms
with a light mode. Here ¢! and ¢ are the light creation

46

and annihilation operators, respectively, ji are spin ris-
ing and lowering operators, see Sec. II.A; and 2 is a cou-
pling constant. The Heisenberg equations of motion for
¢ and J4 can be found analytically within a frozen-spin
approximation, assuming J. constant and equal to N/2.
We obtain (Wineland et al., 1994, 1992)

fﬁ(t) = 5}2{(0) cos? (Qnt) + 512,(0) sin? (Qnt) (102a)
£ (t) = £(0) cos*(Qnt) + &R (0) sin®(Qyt),  (102b)
where fz = 2(AP.)?, P. = éi_é;, & = %7 and

Qn = kv N. Similar expressions can be obtained re-
7 3\2 ~ ~
lating €2 = YI)° with 2 = 2(AX,)?, where X, =

(J2)
% These equations predict that atomic spin squeezing

&r < 1 can be achieved by first squeezing the light field,
52 < 1, and then transferring this quadrature squeez-
ing onto the spins. Optimal spin squeezing is reached at
t = m/(2Qy). For strong squeezing the contrast (J,) de-
creases, and the frozen-spin approximation breaks down.
Since the squeezed light is the source of spin squeezing
in this method, the degree of squeezing is determined by
the quality of the quadrature squeezed light.

Quantum state transfer from light to atoms has been
first experimentally demonstrated by Hald et al. (1999)
using a cloud of 107 cold Cs atoms, following the theoret-
ical proposal of Kuzmich et al. (1997). This experiment
used a V-level scheme consisting of three atomic hyper-
fine levels (Hald et al., 1999, 2000). The reduction of
atomic spin noise below the projection noise of uncorre-
lated atoms is generated by the absorption of polarized
coherent and squeezed vacuum light with opposite circu-
lar polarizations. The atomic fluctuations are read out
by the differential photocurrent of a probe beam at the
output ports of a polarizing beam splitter.

An alternative approach, mapping a quantum state
of light onto an atomic state via electromagnetically in-
duced transparency has been proposed by Fleischhauer
and Lukin (2000), see also Liu et al. (2001) and Phillips
et al. (2001). Further studies include the mapping quan-
tum states of light into a Bose-Einstein condensate with
application to atom interferometers (Szigeti et al., 2014)
and atom lasers (Fleischhauer and Gong, 2002; Haine and
Hope, 2005).

VI. ENTANGLED STATES OF TRAPPED IONS

Ensembles of trapped ions confined in electromagnetic
traps and manipulated with laser beams are one of the
most successful systems to generate and exploit entangle-
ment (Blatt and Wineland, 2008; Wineland, 2013). Di-
rect applications include quantum information and com-
putation (Héffner et al., 2008; Roos, 2014), quantum net-
works (Duan and Monroe, 2010), quantum simulations
(Blatt and Roos, 2012; Martinez et al., 2016; Schneider



et al., 2012) and, as reviewed here, quantum metrology.
Trapped ions are well isolated from the environment,
can be coherently manipulated, individually addressed
and detected with almost unit efficiency (Leibfried et al.,
2003a).

Typical experiments (Leibfried et al., 2003a) confine
ions in a linear Paul trap [Fig. 33(a)], surface-electrode
Paul trap (Mielenz et al., 2016; Sterling et al., 2014),
or Penning trap [Fig. 33(b)], followed by ground-state
cooling. So far, up to 20 ions have been entangled in a
Paul trap (Monz et al., 2011) and up to about 200 ions
in a Penning trap (Bohnet et al., 2016; Britton et al.,
2012). One- and two-dimensional ion arrangements are
well suited for individually controlling and reading out
internal states of the ions. We note that individual par-
ticle manipulation and detection are crucial for many
quantum-computation and quantum-information tasks,
but they are not necessary for quantum-enhanced metrol-
ogy. Interesting metrological experiments can thus be
also performed in Penning traps (where local manipula-
tion is currently not available), which are well suited to
store, manipulate, and entangle large numbers of ions.

In trapped-ion experiments, the qubit is formed by two
internal (usually hyperfine) states |a) and |b) of each ion.
This internal qubit can be coupled by an electromagnetic
field to external (motional, vibrational) degrees of free-
dom, see Fig. 33(c). A key aspect is the local detection
of the internal ion’s state with extremely high efficiency.
This is usually achieved by resonant fluorescence. Detec-
tion errors arise if the qubit changes its state during the
detection interval or if photons scattered off trap elec-
trodes are mistaken for fluorescence photons. In Harty
et al. (2014) and Myerson et al. (2008) qubit detection
errors smaller than 10~ are reported.

A. Generation of metrologically useful entangled states of
many ions

The generation of entanglement between different
qubits is one major challenge in quantum information
processing with trapped ions (Wineland et al., 1998).
The Coulomb force pushes the ions apart to a distance
much larger than the Bohr radius and thus prevents
state-dependent ion-ion interactions in absence of exter-
nal electromagnetic fields. However, as a consequence of
the Coulomb force, the normal modes of motion in the
trap are shared among all ions and can provide a means
for entangling the qubits. Most of the schemes for en-
tangling trapped ion qubits are based on internal-state-
dependent forces acting on the ions, generated by exter-
nal electromagnetic fields. These forces can be arranged
in time and frequency in such a way that an effective
entangling operation is carried out between two or more
qubits and no entanglement persists between the qubits
and the vibrational degrees of freedom.
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FIG. 33 Common ion-trapping setups. a) Linear Paul
trap. lons are trapped using radio-frequency oscillating elec-
tric fields combined with static electric control fields. In tight
radial confinement, laser-cooled ions form a linear string (see
inset image for 8 ions) with a spacing determined by the bal-
ance between external confining fields and ion-ion Coulomb
repulsion. Taken from Blatt and Wineland (2008). b) Pen-
ning trap. Ions are confined in the zy plane with a strong ho-
mogeneous magnetic field and axially by a quadrupole electric
field. The green ODF arrows indicate bi-chromatic light fields
used to generate entanglement. The inset shows an image of
a 2D crystal of 91 ions. Taken from Bohnet et al. (2016).
¢) Each trapped ion can be modeled as an effective inter-
nal two-level system—|a) and |b) interacting with a radiation
characterized by Rabi frequency Q and decay rate y—and
a shared external harmonic oscillator potential with equally
spaced energy levels of mode frequency wp,.
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The entangling gates can be broadly classified in three
categories, according to the way the electromagnetic
fields interact with the ions: i) Quantum gates induced
by a laser beam that interacts with a single ion at a time
as originally proposed by Cirac and Zoller (1995). The
ion is entangled with a vibrational mode of the ion string
and the entanglement is subsequently transferred from
the vibrational mode to the internal state of a second
ion. ) Quantum gates induced by an electromagnetic
field that simultaneously addresses two or more ions, ei-
ther through optical ac Stark shifts (Garcia-Ripoll et al.,
2005; Kim et al., 2009, 2010; Lee et al., 2005; Lubfuul
et al., 2003b; Milbul n et al., 2000; I\Iohnel and Sgrensen,
1999; Solano et al., 1999; Sgrensen and Mglmer, 1999;
Sorensen and Moglmer, 2000), through static magnetic-
field gradients in combination with homogeneous radio-
frequency fields (Johanning et al., 2009a,b; Mintert and
Wunderlich, 2001; Welzel et al., 2011), or with radio-
frequency field gradients (Ospelkaus et al., 2008, 2011).
As an important advantage, these gates do not require
to cool all ion normal modes to their ground states, but
only the ion motion to be well within the Lamb-Dicke
regime (22) < (\/27)2, where z is the displacement of an
ion along the laser propagation direction and X the laser
wavelength. The basic idea is to drive a phonon (normal)



mode of frequency v by a periodic state-dependent force
with frequency w. In the rotating-wave approximation,
the Hamiltonian describing this conditional interaction is
(Roos, 2014)

H = ihk(etel — e 910, (103)
where O is an operator acting on the (internal) qubit
states, ¢' and ¢ are the harmonic oscillator creation and
annihilation operators of the addressed normal mode, re-
spectively, k is a coupling strength, and 6 = w — v. The
propagator U corresponding to this (time-dependent)
Hamiltonian is

U(t) = expla(t)Oét — o (1)OTe] explip(t) O,

where a(t) = i(k/0)(1 — €%%) and ¢(t) = (k/6)(5t —
sindt). If the interaction time ¢ = 7 is chosen such
that a(7) = 0, then the propagator reduces to U(r) =
explip(7)O?]. A vibrational mode becomes transiently
entangled with the qubits before getting disentangled at
the end of the gate operation, resulting in an effective
nonlocal operation capable of entangling the ions. The
conditional phase gate (Leibfried et al., 2003b) is ob-
tained by setting O = %Zf\il 6 = J. in Bq. (104),
and is realized by placing the ions in a qubit-state-
dependent potential created by two counter-propagating
laser beams. The Mglmer-Sgrensen gate (Mglmer and
Sgrensen, 1999; Sgrensen and Mglmer, 2000) is obtained
setting O = QZZ 10 A(Z = J (or O =J, ). This gate
is realized by a bichromatic laber field tuned close to the
upper and lower motional sideband of the qubit transi-
tion (Benhelm et al., 2008; Sackett et al., 2000). In both
gates, the propagator is of the kind U = expl[ip(r).J2],
formally equivalent to Kitagawa-Ueda one-axis twisting,
see Sec. I11.B. Spin-dependent optical dipole forces gener-
ated by a pair of off-resonance laser beams with different
frequencies, addressing many normal modes simultane-
ously, have been recently used to engineer tunable Ising
spin-spin coupling (Kim et al., 2009; Lee et al., 2005; Por-
ras and Cirac, 2006). The resulting propagator is (Porras
and Cirac, 2006)

(104)

(105)

—exp[ ZV ol (;)}

1,7=1

where V;; o d” , di; is the distance between the ith
and jth ions and « can be tuned by adjusting the laser
frequencies in the range 0 < a < 3 (Britton et al., 2012;
Schmied et al., 2011). Ising spin-spin couplings have been
implemented in a linear Paul trap with up to ~20 ions
(Islam et al., 2013; Jurcevic et al., 2014; Richerme et al.,
2014) and in a Penning trap forming a 2D Coulomb crys-
tal of ~200 ions (Bohnet et al., 2016; Britton et al., 2012),
see Fig. 33(b). i) A third way to generate ion entangle-
ment is based on performing joint measurements on pho-
tons that are first entangled with ion qubits (Casabone
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et al., 2013; Moehring et al., 2007; Stute et al., 2012).
This scheme enables the generation of entanglement be-
tween ions separated by large distances and does not re-
quire the ions to be in the Lamb-Dicke regime.

B. Quantum metrology with trapped ions

1. Quantum metrology with two ions

The first deterministic generation of entanglement of
two trapped ions was reported by Turchette et al. (1998).
This experiment was readily followed by the demonstra-
tion of a phase sensitivity below the standard quantum

limit (Meyer et al., 2001; Sackett et al., 2000). Meyer
et al. (2001) reported the creation of the state
1) = cos Bla)®? + isin B]b)®? (106)

of two °Bet ions via a Mglmer-Sgrensen gate in a lin-
ear Paul trap. Here [ is a tunable parameter propor-
tional to the laser pulse duration. The state (106) is spin-

s :
N(&JF) = 2 <1 for 0 < B < 7/2.

It reaches the Heisenberg limit &% = 1/2 at 8 = m/4,
corresponding to the creation of a maximally entan-
gled state. However, at § = 7/4, <J;> = 0 and any
technical noise prevents detecting the maximally entan-
gled state as spin squeezed. The experiment of Meyer
et al. (2001) reached £& = 0.85 at the experimentally
optimal working point § = 7/10. A phase estimation
with sensitivity below Afgqr, with the maximally en-
tangled state (3 = m/4) was demonstrated by apply-
ing a spin rotation exp(—19J ) followed by exp(—i% ~J, ).

Measuring the parity I = &(1) 52 led to a sensitivity
(A0)%/(Absqr)? = 0.70, where N ATL/|d(IT) /d6).
Many experiments with two ions have have reported par-
ity oscillations from which it is possible to extract the
phase sensitivity (Leibfried et al., 2003b): in particu-
lar, in magnetic-field-insensitive clock states of '1Cd™
(Haljan et al., 2005), and using an optical transition in
40Cat (Home et al., 2006; Monz et al., 2011; Noguchi
et al., 2012) and 88SrT (Navon et al., 2014) ions. A
very high visibility of the parity signal has been reported
with 4°Ca® (Benhelm et al., 2008) and 43Ca* (Ballance
et al., 2016) ions, see also Gaebler et al. (2016) for the
high-fidelity generation of the two-qubit GHZ states with
9Bet ions. Finally, Meyer et al. (2001) also reported a
full Ramsey sequence, where the maximally entangled
state is generated between two Ramsey pulses and the
phase 0 is proportional to the interrogation time. In this
case, the initial probe state is a symmetric Dicke (or twin-
Fock) state. By measuring the parity, it was possible to
reach a spectroscopic sensitivity (Af)?/(Afsqr)? = 0.77.
Noguchi et al. (2012) reported the creation of symmetric
Dicke states of two and four “°Ca™ ions.

squeezed, 51% =
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FIG. 34 Phase sensitivity of ion Schrodinger cat
states. a) Typical parity oscillations obtained with cat
states. These have a characteristic period 27 /N (here for
N = 8). Taken from Monz et al. (2011). b) Summary of
the experimental achievements (symbols). Here we show the
Fisher information as a function of the number of qubits N,
F = V2N?, obtained from the extracted experimental visibil-
ities V. The upper thick line is the Heisenberg limit F = N?,
the lower thick line is the standard quantum limit, ' = N.
The thin lines are bounds for useful k-particle entanglement,
Eq. (33): they delimit from below a shaded region correspond-
ing to (k+ 1)-particle entanglement. In particular, the darker
red region stands for useful genuine N-particle entanglement.
The next lighter red region stands for useful (N — 1)-particle
entanglement, and so on. For instance, the point at N = 10
reveals useful 4-particle entanglement. The inset is a zoom
for N = 2 ions. Adapted from Pezze et al. (2016).

2. Quantum metrology with GHZ states of several ions

The maximally entangled (or “Schrédinger cat”) state
@)™ + ) *
V2

has been created with up to N =
(Leibfried et al., 2005) and N =

[N cat) = (107)

6 °Bet ions
14 40Cat ions

(Monz et al., 2011) in a linear Paul trap.  This
state is formally obtained from Ucat|b>®N, where

Uar = exp(—'N”jm)exp(igjg), see Sec. II.B. When

i Nm
2
applying a spin rotation exp(—ifJ,), the state (107)
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FIG. 35 Spin squeezing of hundreds of trapped ions.
Metrological spin-squeezing parameter as a function of the
number of ions. The black points are obtained for a co-
herent spin state. The purple symbols are obtained with
spin-squeezed states (optimized over probe preparation time):
with (open squares) and without (solid squares) subtraction
of photon shot noise. The dashed (solid) line is a theoreti-
cal prediction (including spontaneous emission). Taken from
Bohnet et al. (2016).

transforms as |¢Yncat(d)) = [exp(i0N/2)|a)®N +
exp(—i0N/2)|b)®™N]/v/2, such that the relative phase be-
tween |a)®" and [B)®Y is N6. The state can be de-
tected after a m/2 Rabi rotation around the z-axis.
The probability to obtain N, atoms in level a and
N, = N — N, atoms in level b is P(N,|N,0) =
2_N(J]\Xz) {1+ (=1)Ne cos[N(6 +7/2)]}. These proba-
bilities oscillate with a frequency N times faster than
that of a single qubit. Therefore, most observable prop-
erties of these states, such as the occurrence of N atoms
in level a or b, or collective properties such as the par-
ity of the relative number of particles in the output state
(Bollinger et al., 1996), feature this rapid oscillation. No-
tably, applying the nonlinear transformation Usat again
after phase encoding, one obtains only two detection
events (N atoms in level a or b) that can be experimen-
tally distinguished with high efficiency (Leibfried et al.,
2004, 2005). Experiments exploring quantum metrology
with states (107) generally report dichotomic events—
the parity of the relative atom number, in Leibfried
et al. (2004) and Monz et al. (2011), or the detec-
tion of all atoms in the same level in Leibfried et al.
(2004, 2005). Figure 34(a) shows an example of par-
ity oscillations, P(+£|f) = HEV‘;M, where the visibility
0 < V <1 accounts for experimental noise and imper-
fect state preparation. The corresponding the Fisher in-

. B dP(+]6)\2 dP(—]6)\2
formation, F'(0) = p(}rw)( 1(19‘ ) + P(i|0)( dGl )) ’




is

V2N2sin? N6

F(0) = 1—V2cos2 N§’

(108)

It reaches the maximum value F = V2N? when sin N§ =
+1. It is thus possible to detected useful entangle-
ment and obtain sensitivities below the standard quan-
tum limit when V? > 1/N (corresponding to F' > N).
Metrologically-useful maximally entangled states are de-
tected when V2 > (1 — %)2 + ﬁ [corresponding to
F > (N—1)%2+1, obtained from Eq. (33) with k = N —1].
Figure 34(b) gives an overview of the experimental results
obtained with cat states of trapped ions. In Monz et al.
(2011) the fringe visibility of parity oscillations was suffi-
ciently high that the Fisher information witnesses metro-
logically useful genuine N-particle entanglement up to
N =6 ions (Pezze et al., 2016).

Note that the fast oscillations of the output probabili-
ties obtained with the state (107) seem to prevent the un-
ambiguous estimate of a phase larger than 27/N (Berry
et al., 2009; Boto et al., 2000; Mitchell, 2005; Pezze and
Smerzi, 2007). A phase estimation at the Heisenberg
limit with no constraint on 6 in [—7, 7| can be obtained
using states (107) with different numbers of particles.
The optimal sequence N = 1,2,4,...,2P provides Af =
2.55/Ny (at 6 = 0), where Np = S2P_ 2n = 20+l — 1
is the total number of particles used (Pezze and Smerzi,
2007).

It is finally worth pointing out that W states (that,
ideally, are less useful than cat states for metrological
applications) have been created experimentally with up
to eight ions (Héffner et al., 2005; Roos et al., 2004).

3. Spin squeezing and useful entanglement of many ions

Recently, entanglement and metrological spin-
squeezing of hundreds of trapped ?Be* ions have been
demonstrated in a Penning trap (Bohnet et al., 2016).
The experiment realized a homogeneous Ising spin-spin
interaction (Kitagawa and Ueda, 1993) (i.e., a ~ 0 in
Eq. 105) corresponding to the one-axis twisting model,
see Sec. IIL.B. Figure 35 shows &, optimized over
time, as a function of the number of ions ranging from
N = 20 to 220. For long interaction times, the state
wraps around the Bloch sphere and spin squeezing is
lost (see Sec. IIL.B). In this case, the experimental data
of Bohnet et al. (2016) still show F/N > 2.1 signaling
useful entanglement, where the Fisher information has
been extracted following the Hellinger method of Strobel
et al. (2014). For an analysis of decoherence in this
system see Foss-Feig et al. (2013).

a0

VIl. WORKING ENTANGLEMENT-ENHANCED
INTERFEROMETERS AND PROSPECTS FOR
APPLICATIONS

Atomic ensembles are routinely used as precision sen-
sors of inertial forces or external fields, or as atomic
clocks, which usually operate as Ramsey interferome-
ters (Barrett et al., 2016; Borde, 2002; Cronin et al.,
2009; Kitching et al., 2011; Wynands, 2009; Wynands
and Weyers, 2005). The accumulated phase is 8 = wTkg,
where Ty is the Ramsey interrogation time (not the over-
all measurement cycle time) and w is the parameter to be
estimated. In an atomic sensor, w = AE/h, where AF is
the energy shift between the two interferometer modes,
induced by an external field, an acceleration, a rotation,
or a force. In an atomic clock, w = wyo — wy, where
wro is the instantaneous frequency of a local oscillator
to be locked to the transition frequency wy between the
two atomic levels that define the clock. The standard
quantum limit for the estimation of the frequency w is,
from Eq. (29),

1 _ 1 « Tcycle
TevVNv  TrVN T’

where we have expressed the number of measurements
v = T/T¢yele in terms of the total averaging time 7 and
the cycle time T¢ycle of the experiment, with Teycle > TR
Using separable states, if quantum noise dominates over
technical noise and Ttycle &~ TR is optimized, the sensi-
tivity can thus only be increased by increasing the in-
terrogation time Tg, the number N of particles, and/or
the total averaging time 7. In realistic setups this is
not always possible: every sensor has an optimal work-
ing range for Tr and N, and drifts always limit the du-
ration 7 over which identical state preparation can be
assumed (Bak et al.,, 1987). In general, increasing the
atom number leads to systematic errors due to collisions
that spoil the sensitivity. Ramsey interrogation times are
limited by mechanical restrictions (e.g., the limited bal-
listic flight time in fountain clocks), by the desired tem-
poral resolution (e.g., when measuring high-frequency
magnetic fields in broadband magnetometers), or deco-
herence (e.g., the phase coherence time of the local os-
cillator in atomic clocks). Can entangled states improve
the performance of atomic sensors and, if so, under what
conditions?

Entangled states are typically more susceptible to de-
coherence than separable states during phase encoding.
Thus their gain (i.e., their more favorable scaling of
phase sensitivity with N) is often counterbalanced by
the requirement of shorter interrogation times (Huelga
et al., 1997). Whether or not an improvement is pos-
sible can only be decided after a detailed analysis of a
specific sensor taking its actual limitations into account,
and ultimately hinges on an experimental demonstra-
tion. As an example we note that squeezing of light

AwSQL == (109)



has recently been used to improve the performance of a
laser-interferometer gravitational wave observatory (Aasi
et al., 2013; The LIGO Scientific Collaboration, 2011).
The aim of this section is to review the state of the art
of entanglement-enhanced measurements with atomic en-
sembles beyond proof-of-concept demonstrations, and to
discuss prospects for applications.

A. The influence of noise and decoherence

A common and central aspect of quantum-enhanced
metrology is the fragility of useful entangled states when
coupled to the environment. Noise affects the prepara-
tion of the probe state, phase encoding, and detection.
The literature has focused mainly on specific noise mod-
els and only few general results are available. An im-
portant challenge is to devise protocols (e.g., differential
schemes, or error correction), special phase sensing sit-
uations (e.g., non-Markovian, or transverse noise) and
detection schemes that make metrology below the stan-
dard quantum limit robust against noise.

1. General results

Phase encoding in the presence of noise can be for-
mally described by a 6#-dependent completely-positive
trace-preserving map Ag (Rivas and Huelga, 2012), such
that pg = Ag[po], where py and pp are the probe and
output state, respectively. The evolution from pg to gy
can be conveniently studied by introducing additional de-
grees of freedom that are not under control and play the
role of an “environment”. The action of any quantum
channel Ay can be described via its Kraus representa-
tion ,59 = EZ [A(gﬁof(g, where K@ = <€E|USE(6)|OE> are
Kraus operators, |[/g) is an orthonormal and complete set
of states (3, [¢g) (| = 1g guarantees ), ngg = 1),
and |Og) is the initial state of the environment (taken
pure, without loss of generality). We recall that a Krauss
representation is not unique: we can generate a new
set by a unitary (eventually 6-dependent) transformation
(Nielsen and Chuang, 2000).

In the enlarged Hilbert space #s ® #Hg, given by the
product of the Hilbert space of the system and of the en-
vironment, phase encoding is modeled by a unitary oper-
ation USE(G). Decoherence is taken into account by trac-
ing over the environment: pp = Trg[[5") (¥5F|], where
[3E) = Use(0)|¥5E) is a purification of pg and [¢§F)
a purification of the probe state po = Trg[[v5") (Y§¥].
We recall that two purifications |1/5%) and [¢)5F) of the
same state are related via unitary operations acting only
on the environment space (Nielsen and Chuang, 2000),
[3E) = Ur(0)|d5F). Discarding part of the information
regarding the unitary phase encoding in #s ® #g moti-

o1

vates the inequality

Folpo] < Fo[1v5™)]. (110)
valid for all purifications |[§F) of g, where
2
Fo[[05™)] = 4((0005%10005%) — [0005=105)|
(111)

Equation (110) suggests to search for the minimum of
Fq|w5®)] over all purifications of pg (Escher et al., 2012,
2011). Following Uhlmann’s theorem (Uhlmann, 1976),
Escher et al. (2011) have indeed shown that

Fqlpe] = min Fo[[vp™)],

(112)
{w5™))

see also Fujiwara and Imai (2008). In other words, there
is always an environment that—when monitored together
with the system—does not lead to more information
about @ than monitoring the system alone. In partic-
ular, for an initial pure state pop = [¥o){(¢o|, Eq. (112)
can be rewritten as (Escher et al., 2011)

. R R N2
Falps] = 4 min >~ (9K (@0K0)) — (i Y (Kfoke) ),
{Ke} 7

(113)

where the mean values are calculated over |¢)y) and the

minimization runs over all Kraus representations of the

quantum channel. It is worth pointing out that, even

if the optimal purification in Eq. (112), or the optimal

set of Kraus operators in Eq. (113), are difficult to find,

specific choices may yields non-trivial upper bounds to
the quantum Fisher information (Escher et al., 2011).

A special case of the above formalism is that of a 6-
independent quantum channel A where noise acts after
phase encoding. In this case the quantum Fisher infor-
mation never increases (Fujiwara, 2001; Petz, 2002):

Fo[Ao)] < Folp).

For example, the partial trace operation can only de-
crease the quantum Fisher information, consistent with
the intuition that ignoring part of a system can only de-
crease the information about the estimated parameter.
The equality in Eq. (114) is always obtained if A is uni-
tary, because unitary #-independent transformations can
be absorbed into a redefinition of the optimal measure-
ment saturating the quantum Fisher information.

(114)

2. Uncorrelated decoherence

A typical example of the fragility of frequency estima-
tion with respect to noise has been discussed by Huelga
et al. (1997). Let us consider a single atom prepared
in the superposition (|a) + |b))/v/2 that evolves freely
for a time TR, according to the Hamiltonian wd,, and



acquires a phase wTRr in the presence of local Marko-
vian dephasing. The probability to find the probe in
its initial state is P = [1 + e7?T® cos(wTRr)]/2, where
v > 0 is the dephasing rate. If the phase estimation
is repeated v times in parallel (using a total of N = v
particles), a calculation of the Cramér-Rao bound gives
Aw = /2ve/(NTRr)2v+/e/N at the optimal Ramsey
time Tr = 1/(2v), with a total measurement time of 7 =
Tr = 1/(27). If we take a GHZ state (|a)®™ +]6)®™)/v2
in the presence of the same source of (single-particle) de-
phasing, the probability to find the probe in the initial
state is P = [1 4+ e "VT® cos(wNTR)]/2: it oscillates N
times faster than in the single-particle case (this is typical
for GHZ states, see Sec. I1.C.7), but the visibility of these
oscillations decays N times quicker. A calculation of the
Cramér-Rao bound gives Aw = /2ve/(NTR) = 2v+/e,
reached already at the optimal time Ty = 1/(2N7). Re-
peating this experiment N times in the same total mea-
surement time 7 = 1/(27) (neglecting experimental dead-
time, Teycle = Tr) allows for a reduction of the measure-
ment uncertainty to Aw = 2y4/¢/N. In this example,
the ideal sensitivity enhancement offered by GHZ states
for v = 0 disappears in the presence of arbitrarily small
uncorrelated dephasing (v > 0). Although the overall ab-
solute sensitivity is not improved, the GHZ state reaches
the sensitivity limit N with times faster Ty with respect
to the uncorrelated atoms: this may be of practical in-
terest when experimental constraints require Tr < 1/v
(Huelga et al., 1997; Shaji and Caves, 2007). An opti-
mization over probe states shows that at most a constant
factor of 1/4/e in the absolute frequency error can be
gained in the presence of single-particle dephasing (Es-
cher et al., 2011; Huelga et al., 1997; Ulam-Orgikh and
Kitagawa, 2001).

Bounds to the quantum Fisher information in pres-
ence of more general uncorrelated decoherence have been
discussed in the literature. Let us consider N particles
prepared in a state py and a noisy channel Ay that acts
independently on each particle, such that pg = A(?N (Po)-
The maximum of the quantum Fisher information over all
possible probe states is bounded as (Fujiwara and Imai,
2008)

max Fo A7 (7o)] < 4 min (Nl |+ NN =15}
0 [

(115)
where ax = Y2,(05K])(00Ke), B =130 K]) Ko, |-
denotes the operator norm, and the minimization runs
over all equivalent Kraus representations of the channel
Ag. In particular, if there exists a Kraus representation
such that Sk = 0, then the second term in Eq. (115)
vanishes and Fo[A§™ (p9)] has—asymptotically in N—
a bound that scales linearly with N. Relevant single-
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particle quantum channels fulfill the condition'® B =0
(Demkowicz-Dobrzariski et al., 2012; Escher et al., 2011;
Kotodynski and Demkowicz-Dobrzanski, 2013). This
means that, for those channels, the phase sensitiv-
ity achievable with an arbitrary probe state is Af >
1/vVvaN, with o = 4dmin g, 5 _ak|]. Therefore,
asymptotically in the number of particles, the optimal
achievable phase sensitivity has a scaling N~'/2 and the
possible gain over the standard quantum limit is only lim-
ited to a prefactor (when ae > 1). We notice however that
this is an asymptotic result for N — co: entangled states
may still provide a scaling of phase sensitivity better than
the standard quantum limit, up to the Heisenberg limit,
even for relatively large N.

According to Eq. (115) a necessary condition to over-
come the asymptotic scaling N~'/2 of precision is to
have Bx # 0. It has been shown that this condition
can be achieved for relatively short interrogation times
in the case of non-Markovian noise (Chin et al., 2012;
Matsuzaki et al., 2011) and also when considering de-
phasing noise perpendicular to phase encoding evolu-
tion (Chaves et al., 2013). In these cases, quantum-
enhanced frequency estimation can be found in the limit
N — oo. In particular, Chin et al. (2012) and Mat-
suzaki et al. (2011) have shown that a frequency vari-
ance (Aw)? = O(N~3/?) can be reached for an inter-
rogation time Tk = O(N~1/2) under general models of
non-Markovian phase noise; see also Berrada (2013); Ma-
cieszezak (2015); Smirne et al. (2016); and Szarikowski
et al. (2014). Moreover, Chaves et al. (2013) have shown
that if Markovian dephasing is acting along a spin di-
rection perpendicular to the phase encoding, in the limit
N — o0 a sensitivity (Aw)? = O(N~5/3) can be obtained
for interrogation times Tg = O(N~1/3). The possibility
to reach the Heisenberg limit (Aw)? = O(N 1) in this
case has been discussed by Diir et al. (2014) and Kessler
et al. (2014b) when making use of quantum error correc-
tion techniques (see below). The orientation-dependent

18 A notable class of channels that fulfill Bx = 0 is that of quantum
stmulable channels (Kotodyriski and Demkowicz-Dobrzanski,
2013), i.e., those that can be written as Ag(p) = P(p ® dp),
where ® is a 6-independent channel (Matsumoto, 2010). ® acts
on an enlarged space including the auxiliary state 69 that contain
all information about the parameter. We have Fg [A?N(ﬁ)} <

Fq [&;@N} = NFq [&g], that follows from Eq. (114) and the ad-
ditivity of the quantum Fisher information. A quantum sim-
ulable channel may admit several decompositions, the optimal
one being that giving the smallest value Fg[d9]. When 6y has
a diagonal form, Gg = >, pe;le;)(ei|, where |e;) is some ba-
sis of the enlarged Hilbert space, the channels is said to be
classical stmulable (Matsumoto, 2010). In this case we have
FQl6¢] = 1/eyre— (Demkowicz-Dobrzanski et al., 2012), where
e+ can be found from the geometric properties of the convex
space of quantum channels (Bengtsson and Zyczkowski, 2006). In
particular, e+ > 0 for channels that lie into the set of completely-
positive trace-preserving maps away from its boundary, including
full-rank channels.



lifetime of spin-squeezed states has been investigated ex-
perimentally by Leroux et al. (2010Db).

3. Correlated phase noise, differential interferometry, and
decoherence-free subspaces

In many systems, a significant source of noise is corre-
lated dephasing, where all atoms are subject to the same
stochastic fluctuation of the phase shift. For instance,
correlated dephasing is relevant in experiments with ions
stored in linear Paul traps (Monz et al., 2011; Roos et al.,
2006): phase fluctuations are caused by noisy stray fields
inducing random energy shifts of the atomic levels. Cor-
related phase noise is modeled as

po= [ dePlB)0.0T}, (116)
where P(p|0) describes the phase fluctuations around 6

and U, is the phase-encoding unitary tramsformation.
The probability of a generic detection event u is

Po(4160) = / doP(ul)P(glf),  (117)

where P(plf) = <M\U¢f70ﬁ$|#>- Inserting Py, (p|6) into
Eq. (7) allows to calculate the Cramér-Rao bound in
presence of arbitrary phase noise. Taking P(p|0) =
e*(“"*eﬁ/(%fm)/1 [2m02, for opn < 27, U, = e=i#J: and
considering states symmetric under particle exchange, we
obtain
o2

(ma|poln=) = (ma|polns)e™ 5 ("= 700 (118)
where |m.) is an eigenstate of .J, with eigenvalue m. As
a consequence of correlated phase noise, off-diagonal el-
ements (m|pg|n) are exponentially suppressed at a rate
proportional to (m — n)%. Equation (118) predicts that
the coherence of a N-qubit GHZ state decays faster than
that of a single qubit by a factor N2. This effect, also
known as super-decoherence, has been demonstrated ex-
perimentally with maximally entangled states of 4°Ca™
ions by adding a variable delay time between creation
and coherence investigation (Monz et al., 2011). Cor-
related phase noise is more dramatic than uncorrelated
dephasing discussed above. Indeed, taking the sum of

(the smallest possible) quantum and phase noise [see also
Escher et al. (2012) and Genoni et al. (2011)], we have

1 1
Af > ﬁ\lUfm‘F N2

which does not scale with N for N > 1/0,,, in contrast

with uncorrelated dephasing where A8 > a/v/UN.
Correlated phase noise can be counteracted by a dif-

ferential interferometer scheme (Landini et al., 2014),

(119)

33

(@) ingert 1 interf, 2 (b)

common
0 noise

[ [
% it ‘ ‘\
103 102 10! 1 10

phase noise, o,,

gain (dB)

FIG. 36 Differential interferometry. (a) Differential
interferometry scheme: two Mach-Zehnder interferometers
working in parallel are coupled to the shot-to-shot fluctu-
ating phase noise p. The signal to be estimated is 6. (b)
Normalized Fisher information (F/N, gain over the shot
noise) as a function of the phase noise, modeled according to
Eq. (116) with P(p|0) ~ e~ (#=0?/(200)  The green (darker)
lines refer to NOON states in each interferometer, while the
orange (lighter) lines to spin-squeezed states obtained via
Kitagawa-Ueda evolution efixt‘]3|0,7r/2) of a coherent spin
state |0,7/2), with xt = 0.0lw. The thick solid lines are
obtained with a differential interferometer, while the dashed
lined with a single interferometer. The thin black solid line
is Eq. (119). The horizontal dashed line is N?/2, giving the
quantum Fisher information of a differential NOON-state in-
terferometer in presence of arbitrary large phase noise. Here
N = 100.

see Fig. 36(a), that consists of two interferometers run-
ning in parallel. The phase shift in the first interferom-
eter is 6 + ¢, while that in the second interferometer
is g, where 0 is the signal phase to be estimated and
1,2 are shot-to-shot random phases. Taking a Gaussian
P(p1.2|0) as above, U, = e @i and perfectly
correlated interferometers with 7 = ¢s, we have

0_2
(mpolnz) = (me|polns)e 2 (mmammTnemi0im )
(120)
where |m,) = |m9)> ® |m§2)> and |mgl’2)> are eigen-

states of JI"? with eigenvalues m; ». Components with
my +mg = ny +no are insensitive to phase noise and de-
fine a decoherence-free subspace (Lidar et al., 1998; Za-
nardi and Rasetti, 1997). This condition is met by non-
trivial states achieving the Heisenberg limit of phase sen-
sitivity (Dorner, 2012; Jeske et al., 2014; Landini et al.,
2014). Figure 36(b) illustrates examples showing the su-
perior performance of a differential scheme (thick solid
lines) with respect to a single interferometer (dashed
lines) affected by the phase noise with the same ampli-
tude op,,. For a differential scheme where each inter-
ferometer is fed with NOON states and relative particle
number measurement, the Fisher information saturates
to Fq = N?/4 for Nop, <1 (Landini et al., 2014). Fi-
nally, noise correlations between the two interferometers
are crucial: achieving the Heisenberg limit in a differen-

)



tial interferometer requires Ay — ¢2) > 1/N (Landini
et al., 2014). Roos et al. (2006) demonstrated experi-
mentally the preparation of a designed entangled state of
two ion qubits in a decoherence-free subspace and proved
its robustness by measuring the electric field quadrupole
shift while removing sensitivity to a noisy magnetic field
environment. In Monz et al. (2011) decoherence-free
states with up to 8 ions were constructed, achieving
coherence times of ~100, see also Pruttivarasin et al.
(2015). In specific cases, entanglement can be preserved
in the presence of correlated dephasing even if the state is
not in a decoherence-free subspace (Carnio et al., 2015).

4. Error correction

Quantum error correction techniques are crucial in
quantum computing (Nielsen and Chuang, 2000; Shor,
1995; Steane, 1996) and can be used to counteract the
effect of noise in quantum metrology (Arrad et al., 2014;
Diir et al., 2014; Herrera-Marti et al., 2015; Kessler et al.,
2014b; Ozeri, 2013; Plenio and Huelga, 2016). These
schemes correct the imprinting of phase information in
a quantum state against decoherence by employing an-
cilla qubits that neither interact with the parameter nor
are subject to noise. Noise operators map the state to an-
cilla Hilbert subspaces orthogonal to the phase encoding
subspace. Error correction is accomplished by projective
measurements into the orthogonal subspaces, and then
applying a correction sequence. These techniques can be
used to extend the coherence time and/or to achieve the
Heisenberg limit for certain noise models (Arrad et al.,
2014; Diir et al., 2014; Kessler et al., 2014b; Ozeri, 2013).
Lu et al. (2015) have provided conditions under which the
quantum Fisher information, rather than the full quan-
tum state, can be protected under a class of noisy chan-
nels.

Finally, it has been shown that entanglement between
the probe and an ancillary system in the preparation and
measurement stage can be useful in the presence of un-
correlated noise (Demkowicz-Dobrzariski and Maccone,
2014; Haine and Szigeti, 2015; Haine et al., 2015; Huang
et al., 2016).

5. Particle losses

The incoherent loss of particles can strongly impact the
usefulness of a state for quantum metrology. A paradig-
matic example is the NOON state: the loss of a single
particle transforms Eq. (43) into the incoherent mixture
LN — 1), (N — 1/@10), (0] + 1[0, (0] ® [N — 1),(N — 1]
which is useless for phase sensing. Losses can be modeled
by a beam splitter of transmission coefficient 0 <7 <1
that equally couples each interferometer arms to environ-

o4

ment modes. This leads to the bound of sensitivity

1 1—n
A > —— /1 + ——
=NV T Ty

that is valid for any probe state (Escher et al., 2011):
when N < /(1 —n), A is bounded by the Heisen-
berg limit, while for N > n/(1 — n) one obtain Af§ >

1— . .
\/iTv’ / T” In this case, one recovers the 1/v/N scaling

1/17777 <1 forn>1/2.

For ultracold atoms, collisional losses are especially rel-
evant. One-body losses are due to collisions of trapped
atoms with residual hot atoms due to imperfect vacuum,
whereas two- and three-body losses are caused by inelas-
tic collisions within the trapped cloud and are relevant in
dense samples. In particular, Li et al. (2008a) have stud-
ied the impact of atom losses during the preparation of
spin-squeezed states via one-axis twisting (see Sec. II1.B)
and have shown that (& = O(N~%/1%) for one-body
losses, assuming N — oo and an optimal evolution time.
For two-body losses, the optimal £ does not depend on
N, while for three-body losses £ = O(N*/1%) and there
is a finite optimal number of particles for squeezing.

(121)

with at best, a prefactor that is

6. Finite detection efficiency

Low efficiency in the detection of large atom numbers
is one of the main limitations in many current quantum-
enhanced metrology experiments. Finite detection effi-
ciency blurs the interferometer signal and thus degrades
its phase sensitivity. A noisy detector can be modeled as
a beam splitter of transmission coefficient n followed a
perfect detector. In this case (assuming equal efficiency
for both detectors), the bound (121) applies. More gen-
erally, we can model an imperfect detection by replacing
ideal probabilities P(u|6) = (u|pe|p)—here u is the result
of a measurement (we restrict for simplicity to projec-
tive measurements but the discussion can be straightfor-
wardly extended to generalized measurements, see foot-
note 2)—with

Pan(1l0) = 3~ Plul@) P(i10), (122)

where P(u|f) is a convolution function giving the prob-
ability to obtain the result p when the “true” value
is fi. In practice, one can use a normalized Gaussian
P(ulp) = ef(ufﬁﬂf/(?oin)/zﬂ e*(u*ﬁﬁ)2/(20§n)’ where
oan accounts for the detection noise (independent on
the detection signal, for simplicity) and 0 < 77 < 1 for
the attenuation of the signal. Finite detection efficiency
limits the distinguishability of the probability distribu-
tion when changing the parameter and thus decreases
the Fisher information, see Sec. 11.B.4.



20 - ‘ ‘
(a) . = =
' g I =
15+ \ © b’a N
) !
E '
=10 x 1
<
en
5r |
0 ; i
107 107" 10°
detection noise, o,
0.15/ (b = 0=0 I (¢
( ) = =m/N ( )
0.75
& 0.1
3 il
= 0.5
0.05 025
0 0
-20 -10 0 10 20 =50 =25 0 25 50
2 J

FIG. 37 Interaction based readout. (a) Normalized
Fisher information (F/N, gain over the shot noise) as a func-
tion of the detection noise, modeled according to Eq. (122)
with a Gaussian P(u|i) of width oan and 7) = 1. The green
(darker) lines refer to a NOON state, and the orange (lighter)
lines to a spin-squeezed state obtained via Kitagawa-Ueda
evolution e =172 |0, 7/2) of a coherent spin state |0, 7/2), with
7 = 0.017. The solid lines are obtained with an interaction
based readout, and the dashed lines with a standard particle
number detection. (b) Probability distributions of a NOON
state, P(m|0) = \(my|efi9Jz|NOON>\2, for 6 = 0 (red/lighter
histogram) and § = «/N (blue/darker histogram). Parity
oscillations of the probability distributions are washed out
by a detection noise of just one atom (o = 1, black line).
(c¢) Probability distribution for an interaction based readout,
P(m|0) = |(myle~™/272¢71%7: NOON)|". The distribution
for & = 0 [P(m|0) = 6,,,_n/2, red/lighter histogram] and
that for = 7/N [P(m|0) = 0., n/2, blue/darker histogram)]
are maximally distinguishable and thus robust against detec-
tion noise: the thick and thin black lines are Pan(m|0) for
oan = VN for § = 0 and w/N, respectively, showing that
the two distributions do not overlap even in presence of large
detection noise. Here N = 100.

An interaction-based readout can make phase estima-
tion robust against detection noise, removing the re-
quirement of single-atom resolution to reach a precision
approaching the Heisenberg limit (Anders et al., 2018;
Davis et al., 2016; Frowis et al., 2016; Nolan et al.,
2017). In an interaction-based readout, some nonlinear
unitary evolution U (e.g., generated by the interaction
between the particles) is applied before the readout mea-
surement, such that the probability of a result p is given
by P(u|f) = <u|Un1pAgU'I1|,u). For instance, Uy can be the
inverse of the nonlinear transformation that generates the
entangled probe state, thus realizing an echo sequence

%)

(Garttner et al., 2017; Macri et al., 2016). Notice that
SU(1,1) interferometers, see Sec. IV.C.4, take advantage
of an interaction-based readout and their robustness to
detection noise has been emphasized by Marino et al.
(2012) and Ou (2012). An example of the advantage of-
fered by the interaction-based readout is illustrated in
Fig. 37(a). This effect can be understood as a phase
magnification (Hosten et al., 2016b): output probability
distributions of phase-shifted states become more distin-
guishable (and thus less prone to detection noise) when
applying a nonlinear evolution prior to readout. As a
simple example, following Leibfried et al. (2005), let us
consider phase estimation using the NOON state (43).
Applying a phase encoding exp(—if.J,) followed by a 7/2
Rabi rotation around the z-axis, one can measure the
relative number of particles in |a) and |b). The phase in-
formation is included in fine structure of this probability
distribution. These structures are washed out by the de-
tection noise of just one atom, see Fig. 37(b). However,
applying the transformation exp(fi¥jm) exp(igj:f) af-
ter phase encoding (i.e., to exp(—if.J,)[NOON)) one ob-
tains cos (2¢ — Z) [N,0) + icos (22 + Z) |0, N). Only
two detection events are possible (N atoms in |a) or |b))
that can be experimentally distinguished even for a large
detection noise (e.g., oqn ~ VN), see Sec. 37(c).

A nonlinear readout has been exploited by Leibfried
et al. (2004, 2005) for quantum-enhanced metrology with
GHZ states of N < 6 trapped ions (see Sec. VI.B), and
more recently, by Linnemann et al. (2016) for the real-
ization of a SU(1,1) interferometer with a spinor Bose-
Einstein condensate (See Sec. IV.C.4). In the experiment
of Hosten et al. (2016b) the collective spin of N = 5 x 10°
87RD atoms is first squeezed via a light-mediated interac-
tion in an optical cavity (see Sec. V.B), and then rotated
by an angle 6. After a second period of collective spin
interactions in the cavity, the state is detected via fluo-
rescence imaging, demonstrating a phase sensitivity 8 dB
below the standard quantum limit, using a detection with
a technical noise floor 10dB above the projection noise
of uncorrelated atoms.

B. Atomic clocks

Passive atomic clocks operate by locking—via a feed-
back loop—the frequency of a local oscillator wpo to
the transition frequency wp between two levels |a) and
|b) of an atom (Kohlhaas et al., 2015; Ludlow et al.,
2015; Wynands, 2009; Wynands and Weyers, 2005). The
standard clock configuration is based on Ramsey spec-
troscopy (Ramsey, 1963). Atoms are initially prepared
in the clock state |a). A near-resonant 7/2 pulse from
the local oscillator prepares a superposition of |a) and |b).
Finally, after a time Ty of free evolution (Ramsey interro-
gation time), a second m/2 pulse is applied to the atoms.
The difference wy,o —wp is estimated from a measurement



of the atom number in the two levels and used for a feed-
back loop that steers the wy,o toward wg. Atomic clocks
are characterized by their accuracy and stability (Vanier
and Audoin, 1992). Accuracy refers to the frequency off-
set from the ideal value, whereas stability describes the
fluctuations of the instantaneous frequency wy,o(t) from
wp. Improving the stability of time-keeping is one of the
primary targets of quantum-enhanced metrology. It also
allows for faster evaluation of systematic errors, which in
turn can improve the accuracy (Nicholson et al., 2015).

The standard figure of merit for quantifying the sta-
bility of a clock is the Allan standard deviation of the
relative frequency fluctuations y(t) = (wro(t) — wo)/wo
(Vanier and Audoin, 1992),

2 tr+7 dt
\/ S T
v—1) e T

(123)
where yr+1 — yi is the relative change of the clock fre-
quency between two successive averaging bins of dura-
tion 7. The Allan deviation quantifies the discrepancy
between two consecutive observations of the clock fre-
quency averaged for a time 7, including dead times in
preparation of the sample and data acquisition. For an
atomic clock operating at the standard quantum limit
with uncorrelated (shot-to-shot) measurements, we have

1 Tcycle

woTr VN

where Teyele > Tr is the clock cycle duration (7/T¢ycle
being the number of measurements performed in a time
7). Currently, the stability of atomic clocks is nearly
(Bloom et al., 2014; Hinkley et al., 2013; Nicholson et al.,
2012) or already—as in the case of ion spectroscopy
(Ttano et al., 1993) and fountain clocks (Santarelli et al.,
1999)—limited by Eq. (124). In principle, the clock sta-
bility is optimized by extending the interrogation time
until atomic decoherence dominates in the interferome-
ter output signal. In practice, a main limitations of cur-
rent clocks—in particular of optical clocks using trapped
atoms—are random fluctuations of the local oscillator
frequency. These limit the stability of frequency com-
parisons to interrogation times of the order of a second,
well short of the limits imposed by atomic decoherence,
such as excited-state decay (Wineland et al., 1998).
Theoretical studies of entanglement-enhanced atomic
clocks have focused on the impact of collective dephasing
caused by fluctuations of the local oscillator frequency,
taking into account temporal noise correlations as well
as the feedback mechanism that controls the local os-
cillator frequency. State and measurement optimization
(André et al., 2004; Buzek et al., 1999; Rosenband, 2011)
as well as adaptive schemes (Borregaard and Sgrensen,
2013; Kessler et al., 2014a) have been considered. André
et al. (2004) have shown the possibility of achieving an

osqL(T) = (124)
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entanglement-enhanced stability o(7) oc 1/(N?/3,/7) by
optimizing over a family of moderately squeezed states.
More recently, Borregaard and Sgrensen (2013) have
shown that using squeezed states and weak output mea-
surements it is possible to achieve o (1) o< 1/(N+/T), thus
reaching the Heisenberg scaling. The adaptive optimiza-
tion of probe state and output measurement has been
studied for low atom number by Rosenband (2011) and
Mullan and Knill (2014). The adaptive use of GHZ states
in an atomic clock—in the presence of local oscillator
noise only—has been considered in Kessler et al. (2014a),
see also Leroux et al. (2017). Overall, these protocols
show that entangled states can be can useful to track
and stabilize the fluctuations of the local oscillator over
long time scales. Finally, quantum bounds of frequency
stability have been discussed by Chabuda et al. (2016)
and Fraas (2016).

1. Entanglement-assisted atomic clocks

Atomic clocks with a performance beating the stan-
dard quantum limit have been experimentally demon-
strated with two trapped ions (Meyer et al., 2001), en-
sembles of cold thermal atoms (Hosten et al., 2016a;
Leroux et al., 2010b; Louchet-Chauvet et al., 2010) and
Bose-Einstein condensates (Gross et al., 2010; Kruse
et al., 2016; Ockeloen et al., 2013). The neutral atom
experiments have realized microwave-frequency clocks on
magnetic field-insensitive hyperfine transitions with spin-
squeezed states as input.'® Leroux et al. (2010b) mea-
sured an Allan deviation of o(7) = 1.1 x 10~2s'/2/\/7
for their squeezed clock, corresponding to an improve-
ment of 4.5dB in variance beyond the standard quan-
tum limit, see Fig. 38. More recently, Hosten et al.
(2016a) performed a similar measurement, reaching
o(1) = 9.7 x 107 "sY/2/ /7, or 10.5dB in variance be-
yond the standard quantum limit. While these exper-
iments are impressive proof-of-principle demonstrations
of entanglement-enhanced atomic clocks, they do not yet
reach the frequency stability of state-of-the-art fountain
clocks. This is mostly due to a much shorter Ramsey
interrogation time of Ty ~ 200 us, limited by the noise of
the microwave local oscillator. For comparison, current
fountain clocks using uncorrelated atoms operate with
Tr ~ 1s and reach o(7) ~ 107sY/2/\/7 (Wynands,
2009).

19 Note that, to date, squeezing has not yet been realized on an
optical transition. Monz et al. (2011) have created GHZ states
on the optical clock transition of ¥9Ca™ ions.
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FIG. 38 Stability of an atomic clock beating the stan-
dard quantum limit. Allan deviation of an atomic clock
with a spin-squeezed input state (red data with error bars,
the solid red line being a guide to the eye), with Tr = 200 us,
N = 3.5 x 10* and Teycte = 9s.  The red dotted line,
o(t) = 1.1 x 107°sY2/\/7 is a factor 2.8 (corresponding to
4.5 dB) below the standard quantum limit (black dashed line).
Open black circles: reference measurements with uncorrelated
atoms. Taken from Leroux et al. (2010b).

2. Proposals for entanglement-assisted lattice clocks

Optical atomic clocks that interrogate narrow optical
transitions in ensembles of atoms trapped in an optical
lattice are currently the most precise and accurate mea-
surement devices (Ludlow et al., 2015; Ye et al., 2008),
reaching stabilities of o(7) ~ 107'0s'/2/\/7  integrat-
ing down to the lower 10718 level after a few thousand
seconds of averaging (Nicholson et al., 2015). Their sta-
bility is within a factor of two above the quantum projec-
tion noise limit (Bloom et al., 2014; Hinkley et al., 2013;
Ludlow et al., 2008). Since, in these systems, there is a
limit to the exploitable number of atoms, using entangle-
ment to increase the sensitivity is of considerable inter-
est. So far, only theoretical studies are available. Meiser
et al. (2008) have studied the creation of spin-squeezed
states in a neutral-atom optical lattice clock through a
cavity-based QND measurement. Weinstein et al. (2010)
considered the creation of GHZ states through the on-
site interaction of an atom moving across the lattice.
A further interesting possibility is to exploit long-range
Rydberg-dressing interactions between atoms at differ-
ent lattice sites induced by laser excitations (Bouchoule
and Mglmer, 2002b; Henkel et al., 2010; Mohammad-
sadegh et al., 2016; Opatrny and Mglmer, 2012; Pupillo
et al., 2010) [see Browaeys et al. (2016) and Saffman et al.
(2010) for reviews| to generate spin-squeezed (Gil et al.,
2014) and non-Gaussian entangled states (Macri et al.,
2016).
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C. Optical magnetomenters

Optical magnetometers (Budker and Kimball, 2013;
Budker and Romalis, 2007) exploit the interaction of
light with a spin-polarized atomic ensemble (either ther-
mal atoms in a vapor cell at room temperature or laser-
cooled atom in an optical trap®’) to measure the strength
of a magnetic field (Budker et al., 2002). Generally,
the device consists of NV spin-F atoms initially optically
pumped into a fully polarized state (pointing along the
z-axis, for instance), such that the collective spin of the
ensemble has length (J,) = FN. A weak magnetic field
along the y-axis causes the precession of the collective
spin in the z — z plane at a rate gugB/h, where g is the
gyromagnetic ratio, up the Bohr magneton, and B the
magnetic field strength. The atomic spin precession is
measured by observing the polarization rotation of the
probe light transmitted through the atomic sample. The
interrogation time is limited by spin-relaxation due to
collisions of the atoms with the cell walls that enclose
the vapor or, for high density gases, due to spin-exchange
collisions (Budker and Romalis, 2007). The sensitivity of
current optical magnetometers is fundamentally limited
by quantum noise in the form of atomic projection noise
and photon (polarization) shot-noise. The back-action of
light onto the atoms is a further limiting factor. Current
optical magnetometers are approaching quantum noise
limits (Kominis et al., 2003; Wasilewski et al., 2010).

Polarization squeezing of the probe light (Horrom
et al., 2012; Wolfgramm et al., 2010) or spin squeezing
of the atomic ensemble (Auzinsh et al., 2004; Geremia
et al., 2003; Petersen et al., 2005; Sewell et al., 2012) can
be used to reduce the quantum noise. Spin-squeezing
induced by continuous quantum nondemolition measure-
ments (Auzinsh et al., 2004) can enhance the sensitiv-
ity, and a scaling N—3/* is predicted when using shot-
noise-limited light. This can be further pushed to the
Heisenberg limit 1/N if squeezed light is used. However,
single-atom spin-relaxation modifies this picture, and a
reduction of quantum noise below the standard quantum
limit is expected only for interrogation times shorter than
the spin coherence time (Auzinsh et al., 2004). Spin-
squeezed states can thus increase the measurement band-
width (i.e., they are useful for short interrogation times)
without loss of sensitivity, with important applications
in biology and medicine. For long interrogation times,
entanglement-enhanced sensitivity using spin squeezed
states is expected for high-density ensembles due to the

20 Vapor cell magnetometers are currently the most sensitive mea-
suring devices for low-frequency magnetic fields, reaching sen-
sitivity levels below 1f{T/ \/E with probe volumes of 106-
1012 (um)3 and large atom numbers N = 10'1-10'%. Laser-
cooled atoms in an optical trap contain a much smaller number
of atoms N = 10°-10% but are more compact and better suited
for field measurements with high spatial resolution.
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FIG. 39 Entanglement-assisted optical magnetometry.
(a) Measurement sensitivity obtained in absence (squares)
and in presence (open circles) of entanglement between atomic
ensembles in a two-cell radio-frequency magnetometer. An
improvement is demonstrated for short radio-frequency pulse
durations 7, where drr = 1/7. Taken from Wasilewski et al.
(2010). (b) Measurement sensitivity as a function of the num-
ber of atoms with a coherent spin state (blue circles) and
spin-squeezed (red diamonds) probe. Solid lines are expected
results while dashed lines are different contributions to the
sensitivity. Taken from Sewell et al. (2012).

suppression of spin-relaxation noise (KKominis, 2008; Vasi-
lakis et al., 2011).

1. Entanglement-assisted optical magnetometers

An improvement in magnetic field sensing via the re-
duction of the optical polarization noise has been demon-
strated by Horrom et al. (2012) and Wolfgramm et al.
(2010) using squeezed probe light. Atomic projection
noise limited and entanglement-assisted magnetometry
has been demonstrated in the experiment of Wasilewski
et al. (2010), who realized a pulsed RF magnetometer
made of two atomic ensembles (two vapor cells with op-
posite atomic polarizations) with N = 3.6 x 1012 Cs
atoms. A first light pulse is used to entangle the two
ensembles via a quantum nondemolition measurement,
as first demonstrated by Julsgaard et al. (2001). This is
a useful resource to improve the sensitivity of the mag-
netometer for large bandwidths, as shown in Fig. 39(a).
The improvement is observed for interrogation times
shorter than the entanglement lifetime of 4ms. The in-
crease of measurement bandwidth in DC magnetome-
ters has been shown by Shah et al. (2010) using con-
tinuous quantum nondemolition measurements. Sewell
et al. (2012) generated spin-squeezed states in ensembles
of cold spin-1 8Rb atoms via quantum nondemolition
measurements (Koschorreck et al., 2010a,b) and applied
them to optical magnetometry. Results corresponding to
interrogation pulses of 5 us (giving a measurement band-
width of 200kHz) are shown in Fig. 39(b).
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FIG. 40 Entanglement-enhanced Bose-Einstein con-
densate interferometer. Performance of a spin-squeezed
Bose-Einstein condensate interferometer expressed in terms
of €& as a function of varying interrogation times Tg for
squeezed (blue diamonds) and coherent (red circles) input
states. Dashed lines model constant performance of (& =
—4.0dB (squeezed state) and +0.2dB (coherent state) plus
technical noise due to shot-to-shot frequency fluctuations. In-
set: scanning probe measurements of microwave fields. The
Bose-Einstein condensate (blue) is translated near the surface
of an atom chip to measure the spatial dependence of mi-
crowave magnetic near-fields. Adapted from Ockeloen et al.
(2013).

D. Scanning-probe magnetometers using Bose-Einstein
condensates

Trapped Bose-Einstein condensates are particularly
well suited for sensing applications requiring high spa-
tial resolution, taking advantage of their small size, high
degree of coherence, and the availability of sophisticated
techniques for precise positioning of the atoms. Current
Bose-Einstein condensate magnetometers reach sensitiv-
ities of the order of 10 pT/v/Hz with probe volumes of
102-10* (um)?® (Aigner et al., 2008; Eto et al., 2013; Ven-
galattore et al., 2007; Wildermuth et al., 2006). In these
systems, the required small probe size gives rise to an up-
per bound on the atom number due to density-dependent
collisional trap losses. It is thus crucial to use entangled
states to increase the sensitivity without increasing the
atom number.

Ockeloen et al. (2013) have demonstrated a scanning
probe atom interferometer operating beyond the stan-
dard quantum limit. Bose-Einstein condensates of 8"Rb
atoms were prepared on an atom chip and spin-squeezed
by means of collisions in a spin-dependent trapping po-
tential (see Sec. II1.B). Using the spin-squeezed state
as input, a Ramsey interferometer sequence was imple-
mented, achieving a performance of 4 dB below the stan-
dard quantum limit with N = 1400 atoms for interro-
gation times up to Tg = 10ms, see Fig. 40. This inter-



ferometer is sensitive to microwave magnetic fields, with
a sensitivity of 77pT/ VvHz using a small probe volume
of 20 (um)3. The interferometer was operated as a scan-
ning probe, by translating the Bose-Einstein condensate
on the atom chip to measure the spatial dependence of
an on-chip microwave near-field.

The magnetometer of Muessel et al. (2014) consists
of ~30 independent Bose-Einstein condensates in a one-
dimensional optical lattice each containing about N =
400 3"Rb atoms. Spin squeezing is created via one-axis
twisting (see Sec. IIL.B), with interactions tuned by a
Feshbach resonance. Subsequently, a microwave m-pulse
transfers the squeezing to a magnetic-field-sensitive hy-
perfine transition. This experiment demonstrated sub-
SQL magnetometry (3.4 dB below the standard quantum
limit) with interrogation times up to 340 us, reaching a
sensitivity of 1.9nT /v/Hz for static magnetic fields. The
array configuration is particularly well suited for differ-
ential measurements and magnetic field gradiometry.

Taking the small probe volume into account, the ex-
periments of Muessel et al. (2014) and Ockeloen et al.
(2013) already achieve state-of-the-art sensitivity (Bud-
ker and Kimball, 2013).

E. Nonlocal phase encoding

Usually, the coupling between an atomic ensemble and
an external field is local in the particles. The phase-
encoding transformation of standard (or linear) interfer-

ometers is thus modeled by exp(—if Zf\il &Y /2), where

6 is a single-particle Pauli operator (see Sec. IT). Yet in
some cases (see below) the coupling between the atoms
and the external field to be measured may be associated
with a nonlocal Hamiltonian that involves interactions
between the particles. Nonlinear interferometry has been
first proposed by Luis (2004) and extensively studied in
the literature (Boixo et al., 2008, 2007; Choi and Sun-
daram, 2008; Luis, 2007; Rivas and Luis, 2010; Roy and
Braunstein, 2008). In this case, the notions of a stan-
dard quantum limit (i.e., the highest phase sensitivity
achievable by separable states) and a Heisenberg limit
(i.e., the ultimate allowed phase sensitivity) discussed
in Sec. II.C still hold. However, the scalings of these
bounds with the number of particles in the probe state
depend on the specific phase-encoding Hamiltonian. For
instance, Boixo et al. (2008, 2007); and Choi and Sun-
daram (2008) have considered phase encoding of the kind
exp[fiH(Z?Ll Ergf)/2)k]. For N > 1, the standard quan-
tum limit and Heisenberg limit become

7 Br
AQSQL = m and AQHL = NT\/;’ (125)

respectively, where «j and [y are constant prefactors.
For k > 1 these bounds have faster scalings of phase
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sensitivity with the number of particles than Afgqr, =
1/v/Nv and Ay, = 1/(N/v), discussed in Sec. 1T for
linear interferometers. Several systems have been pro-
posed to observe these scalings of phase sensitivity, in-
cluding Kerr nonlinearities (Beltrdan and Luis, 2005), col-
lisions in Bose-Einstein condensates (Boixo et al., 2009,
2008; Choi and Sundaram, 2008; Rey et al., 2007), non-
linearities in nano-mechanical resonators (Woolley et al.,
2008), double-pass effective nonlinearities with a cold
atomic ensemble (Chase et al., 2009), topological exci-
tations in nonlinear systems (Negretti et al., 2008), and
atom-photon interactions in cold atom systems (Napoli-
tano and Mitchell, 2010). Nonlinear interferometers find
applications in optical magnetometry (Chase et al., 2009;
Sewell et al., 2014) and in the measurement of atomic
scattering properties (Rey et al., 2007).

Napolitano et al. (2011) have engineered an effective
atom-light Hamiltonian Heﬁ‘ = asz'z + ﬂjz,é'szh/Q us-
ing an optical pulse passing through a cold atom ensem-
ble of 8"Rb atoms. Here, J is collective atomic spin, S
is the Stokes vector of the light, and Npy, is the photon
number. H.g describes a paramagnetic (nonlinear) Fara-
day rotation of the light beam (Napolitano and Mitchell,
2010) with rotation angle proportional to (.J,). The co-
efficients o and [ strongly depend on the detuning of the
light beam, and experimental conditions for which o« = 0
can be achieved (Napolitano and Mitchell, 2010). The
second term in Heg accounts for nonlinear photon-photon
interactions. The measurement uncertainty achieved
with unentangled photons is AJ, = 1/(AN;}<2 + BNI%Q)
where A o o and B o« . A scaling AJ, x Np_h3/2, ob-
tained by varying the photon number between 5 x 10°
and 5 x 107 has been demonstrated by Napolitano et al.
(2011). Sewell et al. (2014), using a nonlinear Faraday
rotation based on alignment-to-orientation conversion
(Budker et al., 2000), have demonstrated AJ, o Np_h3/2,
surpassing the sensitivity achievable by a linear measure-
ment with the same photon number.

VIIl. OUTLOOK

The possibility to achieve phase sensitivities beyond
the standard quantum limit using atomic ensembles is
fueling a vivid and exciting research activity that focuses
on the engineering, characterization and manipulation
of entangled many-body quantum states. On the the-
oretical side, a comprehensive and convincing conceptual
framework has been developed for quantum metrology
with entangled states, centered around key concepts such
as spin-squeezing and Fisher information. Connections
between the concepts of quantum metrology and other
fields of quantum information (such as Bell correlations,
quantum Zeno dynamics, and Einstein-Podolsky-Rosen
entanglement) can shed new light on quantum technolo-



gies. Current active research trends are centered on
quantum-enhanced metrology, taking into account rele-
vant experimental imperfections and searching for proto-
cols where the fragile entanglement is protected against
noise sources.

On the experimental side, many of the key concepts
that were proposed during the past decades, such as spin-
squeezing created via particle-particle or atom-light in-
teractions, have recently been implemented in proof-of-
principle experiments. The progress—in terms of sensi-
tivity gain with respect to the standard quantum limit—
has been extremely fast, in particular when compared to
squeezing of light. In atomic ensembles, less than ten
years after the first spin-squeezing experiments, impres-
sive gains up to 20dB have been achieved. The field is
now at the verge of moving from proof-of-principle ex-
periments to technological applications in entanglement-
enhanced precision measurements of time, external fields,
and forces.
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