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Entanglement is not only the resource that fuels many quantum technologies but also plays a key
role for some of the most profound open questions of fundamental physics. Experiments controlling
quantum systems at the single quantum level may shed light on these puzzles. However, measuring,
or even bounding, entanglement experimentally has proven to be an outstanding challenge, especially
when the prepared quantum states are mixed. We use entropic uncertainty relations for bipartite
systems to derive measurable lower bounds on distillable entanglement. We showcase these bounds
by applying them to physical models realizable in cold-atom experiments. The derived entanglement
bounds rely on measurements in only two different bases and are generically applicable to any
quantum simulation platform.

Introduction.– Quantum entanglement is known to lie
at the heart of many physical phenomena [1]. For exam-
ple, in quantum statistical mechanics [2, 3] and quantum
field theory [4] entanglement explains how time-evolving
quantum systems become locally thermal. In condensed
matter theory, entanglement allows to characterize topo-
logical states of matter [5], and it may explain the in-
formation paradox in quantum gravity [6]. At the same
time entanglement is also the reason why many of these
phenomena remain poorly understood as it makes simu-
lating strongly correlated quantum systems numerically
prohibitively hard.

Rapid progress on experimental techniques over the
past decades has lead to a range of readily available plat-
forms that can emulate strongly interacting quantum sys-
tems in highly controlled settings, beyond what is pos-
sible on classical computers [7]. If we want to harness
such quantum simulation experiments for addressing the
questions mentioned above, methods for detecting entan-
glement in experimental data are needed [8]. This poses
a challenge as the entanglement entropy, the prime en-
tanglement measure for pure states, cannot be extracted
from a few local observables. Its determination generally
requires the full reconstruction of the prepared quantum
state, which is only feasible for very small system sizes.
Recently, two ways for bypassing this problem have been
proposed and implemented successfully. By preparing
multiple identical copies of a many-body system and in-
terfering them, Rényi entanglement entropies become ac-
cessible [9–13]. The second approach to entanglement
quantification is based on random measurements [14, 15].
These schemes rely on the possibility to prepare almost
pure states, which is a priori not given in experiments due
to noise and decoherence. In the case of general mixed
states entanglement entropy is not a valid entanglement
quantifier any more. Various ways exist to generalize
entanglement entropy to mixed states [16], one of them

being distillable entanglement defined as the maximum
number of Bell pairs that one can on average obtain when
repeatedly preparing a state. Such quantities are chal-
lenging to evaluate even numerically for more than a few
qubits [16]. No methods for directly measuring mixed
state entanglement are known. What is experimentally
accessible are lower bounds on entanglement measures
[8, 17]. However, these often lack tightness and scalablil-
ity to large system sizes.

Here we derive a measurable lower bound on coherent
information, which in turn is a lower bound on distill-
able entanglement [18]. Our bound is based on entropic
uncertainty relations for bipartite systems [19] and re-
quires measuring in only two different local bases. The
basic principle behind these relations goes back to the
EPR paradox [20]. In a bipartite system, measurements
made on one subsystem allow the prediction of the out-
comes of measurements on the other one. If such pre-
diction is possible, beyond a certain degree of precision,
for two measurements that have no common eigenstates,
then the state must be entangled. Entropic uncertainty
relations turn this into a quantitative statement using
conditional entropies and thus into a bound on coherent
information [19]. We derive an entropic entanglement
bound that improves upon previously known bounds and
thereby enables entanglement detection in typical cold-
atom experiments.

Entanglement bounds.– The quantum state of a bi-
partite system is described by the density operator
ρ̂AB on a Hilbert space HA ⊗ HB with local Hilbert
spaces HA and HB , assumed to be finite-dimensional
here. We consider local non-degenerate projective mea-
surements, characterized by basis states |Xx〉 for out-
comes x. The joint probability for obtaining out-
come xA in subsystem A and xB in B is P (xA, xB).
We quantify the average uncertainty about xA given
the outcome xB by the classical conditional entropy
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H(XA|XB) =
∑

xB
P (xB)H(XA|XB = xB), where

P (xB) is the marginal distribution over outcomes in B
and H(XA|XB =xB) = −

∑
xA
P (xA|xB) log [P (xA|xB)]

is the Shannon entropy of the conditional distribution
P (xA|xB) = P (xA, xB)/P (xB). If the two subsystems
are strongly correlated such that precise inference of out-
comes is possible, the conditional entropy becomes small.

If we additionally measure in a second basis |Zz〉, the
following entropic uncertainty equation holds [19, 21]:

H(XA|X ′B) +H(ZA|Z ′B) ≥ qMU +H(A|B) (1)

where qMU = − log
(

maxx,z |〈Zz|Xx〉|2
)

is the comple-

mentarity factor, introduced by Maassen and Uffink [22],
which quantifies how incompatible the two measurements
are. qMU only depends on the measurement basis chosen
in subsystem A and we have added the primes in eq. (1)
to stress that different bases can be chosen in B. The
quantity H(A|B) = H(ρ̂AB) − H(ρ̂A) is the quantum
conditional entropy, where H(ρ̂) = −Tr[ρ̂ log(ρ̂)] is the
von-Neumann entropy and ρ̂A = TrB(ρ̂AB) the reduced
state of subsystem A. IB〉A = −H(A|B) is called the
coherent information. It is a lower bound on distillable
entanglement [18] and, for pure states ρ̂AB = |ψ〉 〈ψ|,
it reduces to the entanglement entropy. Thus, eq. (1)
gives a lower bound on distillable entanglement involv-
ing classical conditional entropies of measurable distri-
butions and the complementarity factor, which can be
calculated. Intuitively, if the measurement outcomes are
strongly correlated between A and B (i.e. H(XA|X ′B)
and H(ZA|Z ′B) are small) and X and Z are strongly in-
compatible (i.e. qMU is large), then one detects a large
amount of entanglement.

The example of a maximally entangled state measured
in mutually unbiased bases (MUBs) illustrates that the
inequality eq. (1) can indeed give tight entanglement
bounds. Consider a system of local Hilbert space dimen-
sion d in the pure state |ψ〉 =

∑
x

√
1/d |Xx〉A ⊗ |Xx〉B ,

for which −H(A|B) = log(d). Upon measuring both
subsystems in the basis |Xx〉, one obtains the distri-
bution P (xA, xB) = δxA,xB

/d, and thus perfectly cor-
related outcomes leading to H(XA|XB) = 0. Strik-
ingly, measuring in the Fourier transformed basis |Zz〉 =∑

x

√
1/d exp(2πixz/d) |Xx〉 also yields perfect correla-

tions, i.e. H(ZA|ZB) = 0. For the complementarity fac-
tor we have qMU = log(d) since | 〈Zz|Xx〉 | = 1/

√
d for all

pairs of basis states, a property called mutual unbiased-
ness. Thus, eq. (1) yields −H(A|B) ≥ log(d), which is a
tight lower bound.

The example above is remarkable as measuring in only
two different bases allows detecting all the entanglement
that the state contains. However, measuring in MUBs is
in general extremely challenging especially when consid-
ering subsystems containing multiple particles. The set
of experimentally feasible local measurement pairs will be
strongly restricted and depend on the system under study

and thus eq. (1) will in general not be tight. Also, as we
show in [23], even assuming measurements in MUBs, the
relation is only tight for very special states, such as the
maximally entangled state, which may be far from the
states that are of interest from the perspective of many-
body physics. The main goal of this work is to derive an
improved uncertainty relation, that allows one to detect
a significant amount of entanglement for experimentally
relevant classes of states and under realistic assumptions
about the available measurement bases. One reason for
the lack of tightness of eq. (1) is that the complementarity
factor is state independent. It involves a maximization
over all basis state overlaps and thus only depends on
the chosen measurements. For non-MUB measurements
some overlaps may be large leading to a small qMU and
thus little detectable entanglement. The key idea is to
exploit that not all basis states contribute equally to a
given state ρ̂AB and thus one can tighten the bound by
including measured state occupancies.

We are now ready to state the main result of this work:

Theorem 1 (State dependent entanglement bound). Let
H = HA⊗HB be a bipartite Hilbert space. Let X and Z
be two measurements in the bases {|Xx〉A} and {|Zz〉A}
on HA, and Y and Z ′ be measurements in bases on HB.
Let cxz = |〈Zz|Xx〉|2 and

qFSD = −
∑
x,y

PXY (x, y) log

(∑
z

cxzPZY (z|y)

)
, (2)

where PXY (x, y) is the probability for measuring outcome
x in A and y in B upon measuring X and Y , respectively,
and PZY (z|y) is the conditional probability for obtaining
outcome z upon measuring Z in A given that outcome y
was found upon measuring Y in B. Then

−H(A|B) ≥ −H(XA|YB)−H(ZA|Z ′B) + qFSD . (3)

Proof. A proof is given in [23].

The complementarity factor qFSD is state dependent
and no maximization over the basis state overlaps ap-
pears any more. For not mutually unbiased measure-
ments, this improves the tightness compared to eq. (1)
as well as to previously known state-dependent bounds
[24]. The conditional probabilities PZY (z|y) appearing
in qFSD need to be determined through measurements.
Thus, in addition to PXY (x, y) and PZZ′(z, z′) a joint
measurement of Z on A and Y on B is required. In the
examples below we will always consider equal subsystems
HA = HB and measurements X = Y and Z = Z ′.
Particles on a lattice.– Our first example system is a

pair of distinguishable particles on an L-site lattice. The
particles can tunnel between the lattice sites with equal
rate J and interact with interaction strength U if they
are on the same site of the lattice [cf. Fig. 1(a)]. Thus
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FIG. 1. Two particles on a lattice. (a) Illustration of
the system Hamiltonian and measurement bases. For the site
basis measurement the positions of both particles on the lat-
tice are detected. For the tilted basis measurement the par-
ticles are allowed to tunnel independently for time t before
their positions are measured. (b) Entanglement entropy of
the ground state of two particles with strongly attractive in-
teractions U/J = −100 compared to the maximally entangled
state. (c) Detectable entanglement using eq. (2) (solid lines)
and eq. (1) (dashed lines) as a function of the tunneling time
t.

their dynamics is governed by the Hubbard Hamiltonian

Ĥ = −J
∑

p∈{A,B}

L−1∑
i=1

(â†p,i âp,i+1 + h.c.) + U

L∑
i=1

n̂A,i n̂B,i

(4)

where â†p,i creates a particle of species p on lattice site i

and n̂p,i = â†p,i âp,i. We consider entanglement between
the two particles A and B. The local Hilbert spaces are
spanned by the states |ip〉 of particle p occupying site i.
In the ”site basis” |iAiB〉, for strongly attractive interac-
tions (U < 0, |U |/J � 1) the ground state of this model
is close to the maximally entangled state discussed above,
i.e. a superposition of all states with both particles oc-
cupying the same lattice site. Figure 1(b) shows that the
coherent information of the ground state for U/J = −100
increases as log(L). Compared to the maximally entan-
gled state, the ground state features slightly less entan-
glement due to the fact that the sites close to the bound-
ary of the lattice are energetically less favorable and thus
have reduced occupations. The experimental preparation
of such entangled ground states has been demonstrated
for two sites [25].
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FIG. 2. Collective spin-1 system. (a) Schematic of sys-
tem Hamiltonian and local measurement bases. Subsystems
A and B are obtained by applying a balanced beam splitter
operation to each mode. For the bare mode basis one detects
the number of particles in each mode, while for the tilted ba-
sis occupation numbers are detected after a non-interacting
local unitary was applied. (b) Entanglement generated by
the evolution under spin-mixing dynamics out of the polar
state |0, N, 0〉 (N = 50, q = −g (N −1/2)) (dashed) and state
dependent bounds. For short and long-time evolution differ-
ent tilted bases were used (see text). (c) Entanglement and
bounds for the ground state of Hamiltonian (5) for varying
q (N = 50). The dotted vertical lines designate the bound-
aries between different ground state phases. (d) Scaling of
true entanglement entropy and bound using qFSD deep in the
Twin-Fock phase (q/qc = −5). Only even N are shown. For
odd N , both −H(A|B) and the bound take somewhat larger
values but scale in the same way with N [23]. The solid lines
are fits to the data points.

We show that entanglement can be detected using our
improved entropic bound (2) by choosing the site basis
for the measurements X and Y , experimentally realiz-
able using standard tools [26–28]. A second ”titled ba-
sis” measurement is implemented by letting the particles
tunnel independently for a time t by switching off the in-
teractions between them before measuring the particles’
positions. We choose Z and Z ′ both to be measurements
in the tilted basis. As shown in Fig. 1(c) we only obtain
a tight entanglement bounds in the case of L = 2 sites
where at tJ = π/4 an MUB measurement is realized.
For larger lattice sizes the entanglement bounds are far
from tight, however, our improved relation does detect
a significant amount of entanglement (solid lines) while
previously known bounds fail to detect any entanglement
(dashed lines).

Collective spin-1 system.– Our second example system
is an ensemble of N collectively interacting three-level
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systems, or equivalently bosonic particles in the ground
state of some trapping potential. This choice is motivated
by recent experiments demonstrating entanglement gen-
erated in spinor Bose-Einstein condensates (BECs) [29–
31]. These works used variance based inseparability crite-
ria to detect the presence of entanglement. Here we show
that atom number resolved measurements would enable
the detection of bounds on entanglement measures.

For concreteness, we consider N 87Rb atoms initially
prepared in the internal statemF = 0 of the F = 1 hyper-
fine manifold. This initial Fock state [32] |N−1, N0, N1〉 =
|0, N, 0〉 then evolves under the Hamiltonian [29, 31, 33]

Ĥ = gâ†1â
†
−1â0â0+h.c.+[g(N̂0−1/2)+q](N̂1+N̂−1) , (5)

where the fist term describes spin-changing collisions cre-
ating pairs of particles in the ±1 modes, while the sec-
ond term accounts for the quadratic Zeeman effect (and
elastic collisions), see Fig. 2(a). When q is tuned such
that the second term approximately vanishes, the short-
time evolution creates a state reminiscent of a two-mode
squeezed vacuum state [33, 34].

The system is split into parts A and B by coupling
each mode to an ancillary mode resulting in the beam

splitter transformation â†k →
(
â†A,k + â†B,k

)
/
√

2. Exper-

imentally, this can be realized by spatially splitting the
atomic cloud [29, 30] or by coupling to additional internal
levels [35]. This type of division into subsystems comes
with a peculiar feature encountered when dividing sys-
tems of indistinguishable particles into local subsystems,
namely fluctuating local particle numbers. As a conse-
quence the entanglement entropy decomposes into two
parts. For pure states, considered in the present exam-

ple, one has −H(A|B) = H({p(n)}) +
∑

n p(n)H
(
ρ̂
(n)
B

)
,

where where p(n) is the probability distribution of par-
ticle number n in subsystem A (or B) [36]. The first
term is the particle number entanglement which is due
to the splitting process only and is non-zero even in the
absence of interactions. The second term is the configu-
rational (or spin) entanglement which is created through
interactions. The operations that we admit for trans-
formations between local bases conserve the local parti-
cle number, and thus we only detect the configurational
entanglement. In Ref. [23] we generalize these notions,
also for mixed states, by observing that the configura-
tional contribution to the quantum conditional entropy
is obtained by removing any coherences between different
(generalized) particle number sectors in the state ρ̂AB .

As local measurements we allow the detection of the
particle number in each mode (”bare mode basis”) and
corresponding tilted bases reached by locally applying

collective SU(3) spin rotations R̂ = exp
(
i
∑

j,k Cjkâ
†
j âk

)
prior to detecting the mode occupation numbers. This
choice is motivated by the experimental capabilities of
typical BEC experiments [29, 35]. We note that the mea-

surement bases reachable in this way are far from mutu-
ally unbiased, as MUB measurements would require uni-
tary transformations generated by terms of higher order
in the mode operators,and it is unclear how such trans-
formations could be implemented experimentally.

As a consequence of particle number fluctuations be-
tween subsystems, the split state includes a component
where all particles end up on one side. Thus the com-
plementarity factor qMU in eq. (1) vanishes since in this
case any pair of operators has the vacuum as a common
eigenstate. This means that any non-trivial entangle-
ment bound is necessarily state dependent in this case.
Besides our fully state dependent bound, we consider two
less state dependent bounds, which can be derived from
an entropic uncertainty relation due to Coles and Piani
[24]. The complementarity factor qPN takes into account
the measured total particle number in each subsystem,
and qC exploits the full distribution of outcomes of the
X measurement in subsystem A, see [23] for details. Both
of these bounds are strictly weaker than our fully state
dependent bound (qPN ≤ qC ≤ qFSD).

In our numerical experiments we fixed X (and Y ) as
the bare mode basis and chose Z (and Z ′) by maximiz-
ing the detected entanglement over all possible SU(3) ro-
tations (see [23] for details). We found that in almost
all cases, choosing Z to be reached by the ”single parti-
cle Fourier transform” [exp(C)]jk = (i/

√
3) exp(2πijk/3)

(j, k = 0, 1, 2) is the optimal choice. The entan-
glement generated at short times, shown in the left
panel of Fig. 2(b), is detected by imprinting the phases
(φ1, φ0, φ−1) = (0.095,−0.495, 0.400)π onto the modes
before applying the single particle Fourier transforma-
tion. At later times zero phase imprint is optimal. In
both cases our improved entanglement bound is far from
tight but presents a large improvement over previously
known bounds which do not detect any entanglement.

Next, we consider ground states of the Hamiltonian
(5), which features quantum phase transitions at |q| =
qc = 2N |g| [37]. In the polar phase (q > qc), the ground
state is close to |0, N, 0〉 with little configurational entan-
glement. When entering the broken-axissymmetry phase
(|q| < qc), where all modes are populated, entanglement
increases and is detected by our bound, as shown in
Fig. 2(c). Finally, in the Twin-Fock phase q < −qc), the
ground state is close to |N/2, 0, N/2〉. Most of of the con-
figurational entanglement of this state is detected by our
entropic uncertainty bound (2). Our bound clearly out-
performs the previously known state-dependent bounds.
Figure 2(d) shows the N -dependence of the true and
detected configurational entanglement in the Twin-Fock
phase. While the true value scales as (1/2) log(N), fit-
ting the bound with a log(N + b) + c yields a = 0.599(4).
This means that the bound increases faster than the true
value, leading us to the conjecture that the bound be-
comes tight asymptotically at large N .

Conclusions.– In conclusion, we have established an
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experimentally accessible lower bound on distillable en-
tanglement and demonstrated its applicability to relevant
experimental setups. We stress that our entanglement
bound only requires measurements in two bases which
do not need to be mutually unbiased. Thus we expect
application across all experimental platforms for quan-
tum simulation. In the future, it will be important to
test the requirements in terms of measurement statistics
for obtaining faithful estimates for conditional entropies
and find ways to calculate complementarity factors an-
alytically. Both these aspects will determine the degree
to which this approach is scalable and will most likely
depend on the considered system and states.
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