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By analyzing spin–spin correlation functions at relatively short distances, we show that equilibrium near-
critical properties can be extracted at short times after quenches into the vicinity of a quantum critical point.
The time scales after which equilibrium properties can be extracted are sufficiently short so that the proposed
scheme should be viable for quantum simulators of spin models based on ultracold atoms or trapped ions. Our
results, analytic as well as numeric, are for one-dimensional spin models, either integrable or nonintegrable, but
we expect our conclusions to be valid in higher dimensions as well.

The concept of universality asserts that certain properties
of a physical system are largely independent of its details.
The generality of the concept of universality, and the reasons
behind its emergence, have intrigued physicists for decades,
and the research efforts culminated in the development of the
renormalization group [1–3]. A prime example are critical
phenomena in the vicinity of a continuous phase transition,
where only the dimensionality of space and the order param-
eter, but not the microscopic details of interactions, are rele-
vant. This permits a unified description, valid close to the crit-
ical point, of systems as diverse as superfluids and magnetic
crystals. Scaling is closely related to universality, and the two
can be seen as twin concepts [4]. For example, universality at
a continuous phase transition manifests in the form of power
laws in the vicinity of the critical point, where the values of the
corresponding exponents are universal quantities. Measuring
such scaling laws provides therefore a way for experimentally
verifying universality, and for extracting the numerical values
of critical exponents and critical amplitude ratios that charac-
terize the different universality classes.

Scaling laws are asymptotic laws in more than one way.
Rigorously speaking, to measure critical exponents of an equi-
librium (thermal or quantum) phase transition, a system of
asymptotically large size is required, in the long-time limit
to reach equilibrium, and at parameter values asymptotically
close to the critical point. For practical purposes, how-
ever, milder conditions are sufficient, as otherwise universal-
ity would never have been observed in nature. For sufficiently
large systems, after sufficiently long times, there will be some
finite region around the phase transition point in which uni-
versal laws can be observed to good accuracy. The size of
that region is a crucial quantity, as it determines whether or
not universal quantities are accessible with the level of con-
trol and precision in a given experiment. In the past fifteen
years, thermal as well as quantum phase transitions have been
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investigated in experiments with trapped ultracold atoms [5–
9]. The advantage of these experimental platforms is their
high level of control and flexibility, allowing the experimen-
talist to emulate a variety of models, control their parameters,
and measure their properties with high accuracy and spatial
resolution. In some ultracold-atom experiments, dynamical
protocols have been used to probe Kibble-Zurek-type scaling
laws by slowly ramping a control parameter across the phase
transition point [10, 11].

Here we explore a unitary dynamical protocol based on sud-
den quenches into the vicinity of a quantum critical point. We
focus on correlation functions and correlation lengths at fairly
short times after the quench, and compare them with the cor-
responding equilibrium quantities. Such a protocol has re-
cently been used in experiments with a two-component Bose
gas [12]. The scheme has the advantage of being much less
affected by the difficulties near-adiabatic protocols face due
to the finite lifetime of the trapped atomic gas samples. Uni-
versal dynamics and scaling after a quantum quench has been
analyzed in different contexts in Refs. [13–25].

Our goal is to identify, in clean models and by means of
well-controlled analytic and numeric approaches, the regimes
and parameter values for which universal equilibrium scal-
ing functions can be extracted at short (and hence experimen-
tally accessible) times after the quench. The study is con-
ducted for two models with complementary properties, both
of which within reach of cold-atom-based quantum simula-
tors. (a) The one-dimensional transverse-field Ising model
(TFIM), for which analytic results can be obtained; this model
is integrable and its states, in the long-time limit, can be de-
scribed by Generalized Gibbs ensembles [26–29]. (b) The
one-dimensional anti-ferromagnetic XXZ chain in a trans-
verse field; for the chosen parameter values this model is non-
integrable and is expected to thermalize at late times.

Our main result is encouraging: universal properties can be
observed for fairly small system sizes of O(102) particles, af-
ter short times of only O(1/J ) in the spin–spin coupling J .
This regime can be reached in many cold-atom-based experi-
mental platforms, including the one in Ref. [12] where such a
quench protocol has already been successfully implemented.
The proposed protocol is therefore expected to be a viable tool
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for extracting universal quantities in a variety of experimental
settings.

Our results show that the extraction of equilibrium scaling
functions is feasible not only for nonintegrable systems, but
also in the integrable case, despite the presence of conserved
quantities that prevent thermalization in general. These find-
ings are supported by exact computations of correlation func-
tions for the one-dimensional TFIM via a determinant for-
mula, by analytical calculations for the TFIM in the contin-
uum and scaling limits, and by numerical simulations for the
one-dimensional XXZ model using a matrix-product-state-
based simulation method for infinite systems.

Quench protocol.—We consider a family of Hamiltonians,
parametrized by ! ! , that are the sum of two noncommut-
ing terms,

H (! ) = H1 + !H 2. (1)

The idea of a quantum quench is to prepare the system in
the ground state of H (! 0), and then, starting at time t = 0 ,
time-evolve that state under H (! ) with ! "= ! 0. A quench is
rather simple to implement in many ultracold-atom platforms,
and it has become a standard tool for experimentally probing
nonequilibrium properties of quantum systems.

The real parameter ! in Eq. (1) controls the relevance of
H2, and in many cases, at some critical parameter value ! c, a
quantum phase transition occurs, i.e., an abrupt change of the
ground state properties of H when considered in the thermo-
dynamic limit. We introduce the parameter " = !/! c # 1 as
a measure of the parametric distance from the quantum crit-
ical point ! c. To probe universal scaling laws, the system is
quenched from " $ 1 into the vicinity of the quantum phase
transition at " = 0 .

Transverse-field Ising model.—We consider the TFIM
Hamiltonian

H (h) = # J
N!

n =1

#z
n #z

n +1 # h
N!

n =1

#x
n , (2)

describing a chain of N spin-1/ 2 degrees of freedom with
periodic boundary conditions. The spins are exposed to an
external magnetic field h ! in x-direction, and J > 0
is the strength of a ferromagnetic exchange coupling in z-
direction. Without loss of generality we set J = 1 , which
fixes the energy scale. At zero temperature and in the ther-
modynamic limit the model has quantum phase transitions at
|h| = hc = 1 , separating a ferromagnetic phase at |h| < 1
from paramagnetic phases at |h| > 1, with %#z

n &being the or-
der parameter of the transition. The Hamiltonian (2) can be
mapped onto non-interacting fermions, and the spectrum and
energy eigenstates can be derived analytically [30].

Calculating the dynamics of equal-time spin–spin correla-
tion functions essentially amounts to diagonalizing an N ' N
matrix [31]. Alternatively, for a quench from h0 to h, and
for an infinite chain, calculating the dynamics of equal-time
correlations Czz (t, $) = %#z

n #z
n + ! &(t) between sites that are

a distance $ apart can be reduced to computing the determi-
nant of an $' $matrix (Eq. (57) in [32]). We study quenches
from h0 $ 1, which is equivalent to preparing an essentially
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FIG. 1. Order-parameter correlations Czz (t, ! ) of the one-
dimensional transverse-field Ising model as a function of the spin–
spin distance ! , for various fixed times t after a quench from h0 = !
to " = h " 1 = 0 .001 (left), and " = 0 .1 (right). Time is given in
units of 1/J = 1 . A quasi-stationary short-distance fall-off of the
correlations is reached within a few times 1/J .

x-polarized initial state, to a final value h that is at a distance
" = h # 1 from the critical value hc = 1 .

Quench dynamics.—For quenches to " ! 0, i.e., within the
paramagnetic phase and into the close vicinity of the quan-
tum critical point, the correlation function Czz ($) shows over-
damped dynamics (Fig. 1 left). At least for those distances
$ where Czz is large enough to be detected experimentally,
correlations approach their stationary value already on a time
scale of the order of 1. This finding comes as a surprise, as
theoretical arguments indicate that, at least for certain types
of quenches, full stationarity is reached only at times several
orders of magnitude later, even up to 1020 (Sec. 2.2.4 of [32]).
For quenches that end further away from the quantum critical
point, like the one in Fig. 1 (right) for " = 0 .1, oscillations are
superimposed on the building-up of correlations. Relaxation
time scales are somewhat longer in that case, in the range of a
few or even tens of 1/J = 1 , but the short-distance decay of
Czz again reaches its stationary values at a time of the order
of 1.

The rapid convergence to stationarity suggests to use an-
alytic asymptotic expressions, valid at late times t and large
distances $, also for describing the behavior at early times and
moderate distances. To this purpose, building on a formula
originally put forward in [32], we propose an improved ana-
lytic expression for the spatio-temporal behavior of the order
parameter correlations of the TFIM,

Czz (t, $) ( C0(h0, h)e�!/" 1 (h0 ,h ) +
"
h2 # 1

#1/ 4 )
4h

'
$ #

�#

dk
%

%
nBF(k)

1 # nBF(k)

&1/ 2 sin[2&BF(k; h)t # k$]
&BF(k; h)

' exp
' $ #

0

dk
%

ln |1 # 2nBF(k)|

'
(

$+ ![ $# 2vBF(k; h)t][2vBF(k; h)t # $]
) *

. (3)

Here, ! denotes the Heaviside step function, and all param-
eters and functions appearing in (3) are specific to a quench
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FIG. 2. Order-parameter correlation functions and correlation lengths after a quench from h0 # 1 into the vicinity of the quantum phase
transition of the one-dimensional transverse-field Ising model. (a) Correlation function |Czz | as a function of the spin–spin separation ! at two
different times t after the quench from h0 = 10 3 to " = h " 1 = 0 .1. Circles mark the exact solution obtained by diagonalisation in terms
of Bogoliubov fermions while the solid line shows the approximate function (3). Note the logarithmic scale. The envelope of the correlations
shows approximately exponential decay, |Czz | $ exp(" !/# i ), with different correlation lengths #i , i = 1 , 2, below and above a characteristic
scale ! 1(t), see main text. (b) As in (a), but for a quench to " = 0 .001. (c) Inset: Time evolution of #1 , obtained by fitting exponential
functions to the short-distance fall-off of |Czz | for finite spin chains. Data for four different quenches are shown, with final quench parameters
" = 1 .0 (blue), 0.1 (green), 0.01 (red), and 0.001 (yellow). Main graph: Correlation length #1 at t = 10 , as a function of the post-quench
parameter " . Red circles are obtained from exponential fits to the data, the blue and green lines are the analytical expressions (10) for #1 and
(A.2) for #2 , respectively. #T marks the thermal correlation length (13) for an effective temperature T = 1 .58. (d) Analytic results for the
transverse-field Ising model in the scaling limit. Main graph: Asymptotic post-quench correlation lengths #1,2(t % ! ; !) (blue and green
lines, respectively) as given in Eqs. (18) and (A.3), after a quench from ! 0 = 1 to ! . The black dashed line shows the thermal correlation
length #T at an effective temperature T = Teff = 2! 0/$ . This choice of temperature ensures that #T eff and the post-quench correlation lengths
#1,2(t) coincide at the critical point, i.e., #T eff = lim t "# #1,2(t) for ! = 0 . The inset shows that, for ! / ! 0 & 1, the same linear corrections
apply to #1 and #T eff .

from h0 > 1 to h > 1, and have been derived in [32], specifi-
cally, the amplitude

C0(h0, h) =

+
h(h0 # h)

,
h2

0 # 1
(h + h0)(hh0 # 1)

- 1/ 2

, 1 < h < h 0,

(4)
and the inverse correlation length

' �1
1 (h0, h) = !( h # 1)!( h0 # 1) ln min { h0, h1}

#
1

2%

$ #

�#
dk ln |1 # 2nBF(k)| , (5)

where one defines

h1 =
1 + hh0 +

,
(h2 # 1) (h2

0 # 1)
h + h0

. (6)

The integrands in Eq. (3) contain the mode occupation num-
bers of the Bogoliubov fermions that diagonalize (2) after the
quench,

nBF(k; h0, h) =
1
2

# 2
h0h + 1 # (h0 + h) cos(k)

&BF(k; h)&BF(k; h0)
, (7)

with mode frequencies

&BF(k; h) = 2
,

h2 + 1 # 2h cos(k). (8)

From these, the group velocity is obtained as

vBF(k; h) =
d&BF(k; h)

dk
. (9)

Our improved formula (3) has the virtue of being consistent
with Eq. (33) of Ref. [32] when quenching to values of h far
away from the critical point, and with Eq. (36) of that refer-
ence in the limit of quenching close to the critical point. In ad-
dition, Eq. (3) provides a much improved approximation also
within the full range of quench parameters h in between, at
early times t and short distances $.

In Figs. 2(a) and (b) we compare exact results for the corre-
lation function Czz to the asymptotic formula (3), finding very
good agreement already at rather early times t . In particular,
at short distances $ " $1(t) the asymptotic long-time behav-
ior Czz (t, $) ( exp(# $/' 1) is already attained to a very good
degree. The weaker decay at larger distances is described by
the second, integral term in Eq. (3), and is characterized by a
second correlation length ' 2, see Appendix A for more details.
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Correlation length.—The rapid approach to the asymptotic
long-time behavior suggests to try and extract equilibrium
(i.e., late-time) properties from data at rather early times t and
for distances up to $1(t). We extract the correlation length ' 1
from the data in Fig. 1 by fitting exponential functions to the
short-distance decay of Czz . The time-dependence of ' 1 is
shown, for various " , in Fig. 2(c) (inset), where stationarity is
observed after a rather short time t ! 1 for small " , and at
somewhat later times for larger " .

The main graph of Fig. 2(c) shows the correlation length ' 1,
at time t = 10 after the quench as a function of the quench pa-
rameter " (red points). Excellent agreement with the asymp-
totic late-time limit of ' 1, obtained from Eq. (5) as

' �1
1

.

.
h0!1 = ln(2 h), (10)

and shown as a blue line in Fig. 2(c), is observed.
Comparison with thermal equilibrium.—Our findings con-

firm that, for the quenches studied here, equilibrium correla-
tion lengths can be reliably extracted on the basis of short-
time data for pair correlation functions at short spin–spin dis-
tance. To support this claim further, we compare the post-
quench correlation length ' 1 to its thermal equilibrium coun-
terpart. As shown in Ref. [33], the thermal equilibrium corre-
lation length ' T can be expressed in terms of a universal scal-
ing function of the temperature T . Since the one-dimensional
TFIM does not have a phase transition at non-zero temper-
atures, the correlation length remains finite for all non-zero
T . In order to compare ' T with the post-quench correlation
length ' 1, we need to express ' T as a function of h (instead of
T ). The relation between T and h originates from the fact that,
upon quenching the ground state of the pre-quench Hamilto-
nian H (h0) with the post-quench Hamiltonian H (h), exci-
tations above the ground state of H (h) get populated. In a
nonintegrable model, these excitations will thermalize at long
times, and the energy content of the excitations will determine
the corresponding temperature T(h) in equilibrium. In the in-
tegrable one-dimensional TFIM, thermalization does not oc-
cur in general, and therefore a unique mapping between h and
T does not exist.

To show this, we consider the occupations (7) of the
fermionic Bogoliubov modes diagonalizing the TFIM Hamil-
tonian after a ground state at h0 is suddenly quenched into the
vicinity of the critical field strength, h0 > h ! 1. These oc-
cupations characterize the mapping of the pre-quench ground
state onto the eigenmode spectrum of the near-critical Hamil-
tonian. In Fig. 3, they are shown for quenches from h0 = 103

to three different " close to the critical value " = 0 . For com-
parison, the dashed and dotted lines show thermal occupation
numbers

nT (k; h) =
1

exp[&BF(k; h)/T ] + 1
, (11)

for h = 1 , at effective temperatures T = 2 and T = 1 .58,
respectively. None of the thermal distributions matches the
post-quench spectrum over the full range of quasi momenta,
which is consistent with the expectation that the steady state
reached at long times after the quench is described by a non-
thermal generalized Gibbs ensemble.
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FIG. 3. Occupation numbers of the Bogoliubov fermions as func-
tions of the quasi momentum k after a quench from h0 = 10 3 to
three different h = 1 + " close to the critical value at " = 0 , marked
by solid lines. The black dashed line marks the thermal occupation
number for h = 1 and an effective temperature T = 2 , cf. Eq. (12),
while the dotted line is the same distribution at T = 1 .58.

The low-k mode occupations, however, near " = 0 ap-
proach a thermal distribution. At an effective temperature

T = 2
h0 # 1
h0 + 1

=
"0

1 + "0/ 2
, (12)

and " = 0 , the thermal and Bogoliubov-fermion distributions
are equal to linear order in k, nT (k; 1) = nBF(k; h0, 1) +
O(k3). This shows that, when the system is quenched close
to h = 1 , the long-wavelength behavior of the fluctuations
is equivalent in character to those of a near-critical thermal
system. Note though that at any h > 1, the zero-mode remains
empty since the quench causes modes to become occupied in
a pairwise fashion, with Bogoliubov fermion pairs created in
modes k and # k.

For comparison of the post-quench and thermal correlation
lengths, we use Eq. (A.6) of [33], where the dependence on
h of the correlation length for a thermal distribution of the
Bogoliubov fermions is made explicit,

' �1
T (h) = 2( h# 1)!( h# 1)#

$ #

�#

dk
2%

ln[1# 2nT (k; h)] (13)

with thermal fermion distribution (11). We use the temper-
ature T in (13) as a free parameter, which we adjust to a
value of 1.58 (in units of J = 1 ), chosen such that ' T =
limt!1 ' 1(t) at " = 0 [dashed line in Fig. 2(c)]. Further
away from the critical point deviations between ' T and ' 1 are
visible, and they may be attributed to two possible reasons:
First, we fixed T in (13) to a specific value, whereas in real-
ity T may effectively vary with h, at least for nonintegrable
models where thermalization will take place in the long run.
Second, as discussed above, due to the integrability of the one-
dimensional TFIM, the post-quench spectrum corresponds to
a generalized Gibbs ensemble [32, 34, 35], resulting in de-
viations from a thermal distribution near the Brillouin edge,
cf. Fig. 3.
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Overall these results demonstrate that the short-distance
correlation length shows its long-time near-critical behavior
already after short evolution times, and that it is consistent
with the nondiverging thermal correlation length at " * 0.

Scaling.—A further important parallel between post-
quench and thermal correlation lengths near the quantum crit-
ical point is their potential to exhibit universal scaling be-
haviour in the vicinity of h = 1 . The thermal correlation
length at h = 1 diverges as ' T + T�$ for T * 0, exhibiting
the critical exponent ( = 1 of the Ising universality class.

To obtain a diverging post-quench correlation length ' 1, the
effective temperature (12) needs to be lowered. For quenches
within the paramagnetic regime with 1 < h < h 0 < , , the
asymptotic correlation length (5) is given by

' �1
1 = ln

/
2h0h

h0 + h

0
. (14)

Hence, for "0 = h0 # 1 - 1 and h * 1+ the correlation
length scales as ' 1 + 2/ ("0 + "), while for "0 $ 1 it ap-
proaches the asymptotic value 1/ ln 2 given in Eq. (10). Criti-
cal scaling of the correlation length with respect to the effec-
tive temperature scale T ( "0, cf. Eq. (12), can therefore be
observed when quenching from ground states in the vicinity
of the critical point, h0 ! 1, to h = 1 . As a consequence,
in order to observe scaling behavior in "0, one needs to tune
the pre-quench parameter to different values h0 = 1 + "0 ! 1
close to the critical point, and then to quench to h = 1+ " ( 1.
We point out that it suffices to tune "0 to a sufficiently small
value while the subsequent quench to " , 0 . " < " 0, yields at
most a factor of two in ' 1 ( 2/ (" 0 + ").

To gain intuition on the time evolution of the correlation
functions and lengths after such quenches, we repeat the anal-
ysis of Fig. 2(a–c) for quenches with "0 " 1; see Appendix B
for details. Our main finding, namely that correlation lengths
can be extracted at relatively short distances and times, re-
mains valid. Choosing "0 closer to the critical point, the cor-
relation length after quenches to h = 1 increases as + 1/" 0,
and accordingly longer spin chains are required to observe this
behavior.

Continuum and scaling limits.—The near-critical scaling
' 1 + "�ø$

0 at fixed " = 0 , with critical exponent ø( = 1 is
equivalent to the scaling of the TFIM equilibrium correlation
length ' T + T�1 in the quantum critical regime, i.e., within
the “wedge” where the temperature is larger than the modulus
of the gap, T > |" |. To show this explicitly we consider the
TFIM in the continuum limit, assuming the spins to reside on a
lattice with spacing a and taking a to zero. Keeping the sound
velocity c = 2Ja and the gap energy " = 2 |h # J | non-
zero and finite, it follows that J diverges as 1/a and hence
the scaling limit must be taken with ! = h/J * 1+ as
! # 1 = " / 2J = a" /c * 0. The fermion frequencies
reduce to

&BF(k, ") =
,

" 2 + ( ck)2 = " 0

,
" 2 + ) 2, (15)

where we defined

" = " / " 0 and ) = ck/ " 0. (16)

The mode occupations after a quench from " 0 to " in this
scaling limit are given by

2nBF(k; " 0, ") = 1 #
"" 0 + ) 2

&BF(k, " )&BF(k, " 0)
. (17)

The gap energy " 0 (or " ) now sets the scale of units. In-
serting the above expressions and 2J ln(h1) =

)
"" 0 into

Eq. (5), the post-quench correlation length ' 1 takes on the
form (cf. [32], Eq. (271), and Appendix A for ' 2)

' 1 =
2c!(" 0 # ")

" 0 + "
+

c!(" # " 0)
" 0 + c/' 2

, (18)

The thermal correlation length in the scaling limit,

' T = c T�1F �1
TFIM (" /T ) , (19)

with the universal crossover function

FTFIM(x) = |x|!( x)+
4*
%

$ 1

0
dy ln coth

,
x2 + y2

2
, (20)

was obtained in Ref. [33]. The anomalous exponent * = 1 / 4
in (20) determines the spatial scaling at the quantum critical
point, i.e., Czz (y) + | y|�% asymptotically around T = 0 and
" = 0 .

According to Eq. (18), at " = 0 one has ' 1 = 2c/ " 0,
which coincides with the thermal critical length scale ' T (" =
0) = 4c/ (%T) [33] at a temperature T = Teff = 2" 0/% de-
fined by the initial-state energy gap. Hence, as asserted above,
we find the universal scaling ' (" = 0) + 1/ " 0 + 1/T eff,
which confirms the relation between post-quench and thermal
critical behavior close to the quantum critical point.

In the scaling window 0 . " - " 0 near the critical point,
both, ' �1

1 and ' �1
Teff

deviate from the critical value " 0/ (2c) by
a linear term " / (2c), see the inset of Fig. 2(d), while only
' �1

Teff
receives additional corrections, in even powers of " [33].

Figure 2(d) in its main part shows the crossover behavior of
the post-quench correlation lengths ' 1,2(" 0, ") as well as of
the thermal length ' Teff (") as functions of the post-quench gap
" . All three length scales fall off as (" / " 0)�1 for " $ " 0
but there is a factor of two difference between the excited-state
post-quench and the zero-temperature equilibrium lengths.

In summary, quenches into the vicinity of the quantum
critical point h = 1 are a viable path for probing thermal-
equilibrium critical properties at relatively short times after
the quench. When quenching a ground state at h > 1, with
" 0 > 0, to h = 1 , the length scale characterizing the short-
distance exponential fall-off of the spatial spin autocorrelation
function scales to leading order in " 0 in the same way as the
h = 1 thermal correlation length in the temperature T . This
scheme facilitates the probing of scaling in the quantum criti-
cal regime by controlled quenches starting from states outside
this regime, without requiring a separate fine tuning of " 0 and
" to criticality.

XXZ chain.—To demonstrate the validity of our obser-
vations on more general grounds, we consider the one-
dimensional anti-ferromagnetic XXZ chain in a transverse
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ical points separate the equilibrium phases as indicated. We study
quenches at fixed % = 0 , 2, from ground states at large h into the
vicinity of the quantum phase transitions at h ' 1.5 and h ' 2.5,
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magnetic field,

H =
N!

n =1

"
#x

n #x
n +1 + #y

n #y
n +1 + + #z

n #z
n +1

#
# h

N!

n =1

#x
n ,

(21)
where + ! is the anisotropy parameter and we have set
the Heisenberg coupling to J = # 1. For any transverse-
field strength h, the model is known to be integrable in the
isotropic case + = 1 as well as for + * ±, [36], but non-
integrable otherwise. This allows us to tune the model away
from integrability by varying +, while using h as an indepen-
dent quench parameter. The ground state phase diagram of the
model, comprising four different phases, is fairly well-known,
see [36] and Fig. 4. We choose the two cases + = 0 and + = 2 ,
both of which are deep in the nonintegrable regime. As in the
protocol we used for the TFIM, we start in the paramagnetic
phase from the fully x-polarized ground state at h $ 1. In
the case + = 0 we quench into the vicinity of the quantum
critical point at around h / 1.5, which separates the para-
magnetic phase from a phase with Néel ordering in the y di-
rection. In the case + = 2 we quench to the quantum criti-
cal point around h / 2.5, which separates the paramagnetic
phase from a phase with anti-ferromagnetic order along the z
direction; see Fig. 1 of [36].

We use the infinite-system density matrix renormaliza-
tion group (iDMRG) [37–41] based on matrix product states
(MPS) [37, 42], and carry out the time-evolution simulations
using time-evolving block decimation [43–45]. In the frame-
work of iDMRG, one uses a truncation threshold [46–48],
which sets an upper bound on the norm distance between the
exactly-evolved state and its approximated counterpart in the
simulation. We use a truncation threshold of 10�12 per time

step, with a time step of " t = 0 .01. Correspondingly, we do
not set an upper limit on the MPS bond dimension, thereby
allowing the latter to grow freely (exponentially) in evolu-
tion time in order to always achieve the truncation threshold
we set. This eventually exceeds the available numerical re-
sources, which in turn limits the range of accessible evolution
times. Nevertheless, even with our stringent accuracy goals,
we reach sufficiently long evolution times for our purposes.

Fig. 5 shows the thus obtained equal-time correlations Cyy

(left) and Czz (center) as a function of the spin–spin separa-
tion $ for various t . To suppress fluctuations, the plots show
correlations averaged over short intervals of time,

C
aa

(t, $) :=
1
,

$ t

t�&
dt0Caa (t 0, $), (22)

where a denotes any of the spin components. We chose , = 1
for the averaging interval. At times around t = 10 or 20 (de-
pending on the model parameters), averaged correlations are
found to have essentially converged to an exponential fall-off
that extends over ten or more lattice sites. The correspond-
ing correlation length ' , obtained by fitting an exponential
function to the fall-off, is shown in Fig. 5 (right). Qualita-
tively the behavior of ' as a function of the distance " from
the critical point is similar to the analytical results for the one-
dimensional TFIM reported in Fig. 2(c).

Conclusions.—In summary, we have demonstrated that
equilibrium near-critical properties can be extracted from cor-
relation functions at short times and short distances after
quenches into the vicinity of a quantum critical point. Our
results were obtained for one-dimensional spin models, ei-
ther integrable or nonintegrable, so that either analytic cal-
culations or tDMRG calculations are feasible, but we do not
see a reason why the same kind of quench protocol should
not be applicable also in higher dimensions. The time scales
after which equilibrium properties can be extracted appear
sufficiently short compared to coherence time scales of ex-
perimental quantum simulators of spin models, and determin-
ing equilibrium scaling laws should therefore be feasible with
these platforms. We believe that a crucial ingredient that leads
to the short equilibration time scales after the quench is the
fact that the initial state, which is chosen such that it can eas-
ily be prepared experimentally, is spatially homogeneous, and
not too different from the (likewise spatially homogeneous)
equilibrium state after the quench. As a consequence, local
equilibration, which happens fast, seems to imply also global
equilibration.
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APPENDIX

Appendix A: Long-range correlations at finite times

Here, we discuss the transient long-range spatial correla-
tions appearing after the quench applied to the initial ground
state of the TFIM Hamiltonian. In Figs. 2(a) and (b) we
show snapshots of the time evolution of the correlation func-
tion for quenches to " = 0 .1 and " = 0 .001, at times
t = 5 .0 and t = 40.0. At short distances $ " $1(t), below
a limiting length scale $1, the asymptotic long-time behavior
Czz (t, $) ( exp(# $/' 1) is already attained to a very good
degree. The weaker decay at larger distances is described
by the second, integral term in Eq. (3). Moreover, in accor-
dance with Eq. (37) in [32], the limiting scale $1 increases
logarithmically in time. $1(t) can be defined as the cross-
ing point of the first and second terms in (3), and is shown
in Fig. A.1. For quenches to " ! 0.1, the scale increases as
$1(t) + (3' 1/ 2) ln( t/t 0). Beyond $1, the correlations show
a spatial decay with superimposed oscillations, with an en-
velope decaying proportional to exp(# $/' 2) with a second
characteristic length scale

' �1
2 = #

1
2%

$ #

�#
dk ln |1 # 2nBF(k)| . (A.1)

In the limit h0 * , , the correlation length (A.1) simplifies
to

' �1
2 = ln(2 h) # !( h # 1)arcosh(h), (A.2)
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FIG. A.1. Time dependence of the limiting scale ! 1(t) for three
different quenches, from a large value of h0 = 10 3 to " = 0 .1 (red),
" = 0 .01 (green), and " = 0 .001 (blue), on a semi-logarithmic
scale. ! 1(t) is extracted as the distance ! where the length scales
defined by the two terms in Eq. (3), the asymptotic exponential
$ exp{" !/# 1} and the transient integral contribution, intersect; see
inset. The dashed line marks the analytically determined growth
! 1(t) $ (3#1/ 2) ln( t/t 0) (cf. Eq. (37) of Ref. [32]) for quenches
to " ! 0.1. After an initial period where the exponential correlations
build up, the transition scale ! 1 oscillates, with envelope increasing
logarithmically in time, the slower, the smaller #1 is.

shown as a green line in Fig. 2(c), respectively. In the limit
" = h# 1 * 0+ , the two correlation lengths equal each other,
' 2 * ' 1 + 0 + .

In the continuum and scaling limits, inserting the expres-
sion (17) for the occupation number distribution nBF and
2J ln(h1) =

)
"" 0 into Eq. (A.1), the correlation length ' 2
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FIG. B.1. Order-parameter correlation functions and correlation lengths after a quench from h0 = 1 .1 into the vicinity of the quantum
phase transition of the one-dimensional transverse-field Ising model. (a) Correlation function |Czz |, on a log scale as a function of the
spin–spin separation ! at two different times t after the quench from h0 = 1 .1 to " = h " 1 = 0 .01. Circles mark the exact solution
obtained by diagonalisation in terms of Bogoliubov fermions, while the solid line shows the approximate function (3). (b) As in (a), but for
a quench to " = 0 .001. (c) Inset: Time evolution of the correlation length #1 , obtained by fitting exponential functions to the short-distance
(! ( { 21, ..., 30} ) fall-off of |Czz | for finite spin chains. Data for four different quenches are shown, with final quench parameters " = 0 .01
(blue), 0.001 (green), 0.0001 (red), and 0.00001(yellow). Main graph: Correlation length #1 as a function of the post-quench parameter " .
Circles are obtained from exponential fits to the data for ! ( { 21, ..., 30} , at times t = 40 (red) and t = 140 (blue circles). The blue line
is the analytical expression (10) for #1 in the thermodynamic limit. #T marks the thermal correlation length (13) for an effective temperature
T = 0 .12. The total number of spins in the periodic chain in the numerical computations is N = 800 , which is large enough to avoid finite-size
effects. (d) Correlation length #1 for quenches from different h0 to h = 1 for a chain of N = 800 spins at time t = 140 after the quench (red
circles). The blue solid line depicts the asymptotic behavior (t % ! ) in the thermodynamic limit.
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FIG. B.2. Occupation numbers of the Bogoliubov fermions as func-
tions of the quasi momentum k after a quench from h0 = 1 .1 to
three different h = 1 + " close to the critical value at " = 0 , marked
by solid lines. The black dashed line marks the thermal occupa-
tion number for h = 1 and an effective temperature T = 0 .1 )
2(h0 " 1)/ (h0 + 1) , while the dotted line is the same distribution at
T = 0 .12, leading to the same " % 0 limit of the post-quench and
thermal correlation length, as seen in Fig. B.1(b).

takes on the form (cf. [32], Eq. (271))

' 2 = 2c(
)

" #
,

" 0)�2. (A.3)

This is shown as a green line in Fig. 2(d).

Appendix B: Quenches in the vicinity of the critical point

Here we provide numerical results for quenches in the scal-
ing regime, from h0 " 2 to 1 < h - 2. In Figs. B.1(a)
and (b), we compare exact results for the correlation function
Czz to the asymptotic formula (3), finding good agreement at
rather early times t < 40. At short distances 10 " $ " 60,
the asymptotic long-time behavior Czz (t, $) ( exp(# $/' 1) is
already attained to a very good degree.

We extract the correlation length ' 1 from the data for the
correlation functions shown in Figs. B.1(a, b) by fitting ex-
ponential functions to the short-distance decay of Czz . When
doing so, we discard the short-range fall-off near $= 0 , which
is due to the finite size of the system, by fitting to the data
in the range $ ! { 11, ..., 20} . The time-dependence of ' 1 is
shown in Fig. B.1(c) (inset) for various " , and stationarity is
observed after times t ! 10 for small " .
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As Fig. 3 does for quenches from large h0, Fig. B.2 shows
the occupation numbers (7) of the Bogoliubov fermions after a
quench from h0 = 1 .1 into the vicinity of the quantum critical
point. The colored lines mark different values of the post-
quench parameter " close to the critical value " = 0 . The
dashed and dotted lines show the thermal occupation numbers
at effective temperatures T = 0 .1, approximating T = 2( h0 #
1)/ (h0 + 1) as obtained in Eq. (12), and T = 0 .12 for which
the thermal and post-quench correlation lengths are equal at
" * 0+ . None of the thermal distributions matches the post-
quench spectrum over the full range of quasi momenta, which
is consistent with the expectation that the steady state reached
at long times after the quench is described by a nonthermal
generalized Gibbs ensemble.

In the thermodynamic limit N * , , the correlation length
(5) simplifies to the expression given in Eq. (14), which in
the main graph of Fig. B.1(c) is compared with the thermal
correlation length ' T , Eq. (13), for an effective temperature
T = 0 .12.

The asymptotic post-quench correlation length ' 1 is, fur-
thermore, compared with its values at times t = 40 (red cir-
cles) and t = 140 (blue circles) after the quench. The plot
illustrates that for quenches within the scaling regime the ap-
proach to the asymptotic correlation length takes longer than
for the quenches considered in Fig. 2. Fig. B.1(d) demon-
strates the scaling of ' 1 + "�1

0 for quenches from h0 < 1
to h = 1 . The saturation at small "0 = h0 # 1 is due to the
finite time after the quench and the finite length of the chain.
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L. Reichsöllner and M. Gustavsson and M. Dalmonte and G.
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