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In this thesis, the thermodynamic properties of holmium in gold were investigated to
determine their impact on the performance of metallic magnetic calorimeters. This
research was carried out in the context of the ECHo (Electron Capture in 163Ho) ex-
periment, which is designed to investigate the electron neutrino mass in the sub-eV
range by means of high precision and high statistics measurement of the 163Ho electron
capture spectrum. For this measurement, the 163Ho is implanted directly into the gold
absorber of a metallic magnetic calorimeter.
A theoretical model for the thermodynamic properties of holmium in gold was derived,
taking into account the crystal field effect and hyperfine interaction of the magnetic
moments of single, non-interacting Ho3+-ions, which have a total angular momentum
of J = 8 and a nuclear spin of I = 7/2. The crystal field parameters of Au:Ho were
determined to be W = −0.112 and x = −0.357 using magnetisation measurements on
a Au:Ho alloy with 1 % holmium concentration.
The heat capacity of a metallic magnetic calorimeter implanted with about 9×1013 165Ho
-ions was determined at temperatures between 60mK and 100mK, by the analysis of
signal amplitudes. No direct evidence of an additional heat capacity is found. However,
a deviation from the expected pulse shape can be observed. A possible model describing
these results is presented and discussed.

Thermodynamische Eigenschaften von Holmium in Gold

In der vorliegenden Arbeit wurden die thermodynamischen Eigenschaften von Holmium
in Gold untersucht, um deren Einfluss auf das Verhalten von metallischen magnetischen
Kalorimetern zu bestimmen. Diese Untersuchung erfolgte im Rahmen des ECHo (Elec-
tron Capture in 163Ho) Experiments, bei dem das Zerfallsspektrum von 163Ho vermessen
wird mit dem Ziel die Neutrinomasse mit hoher Sensitivität zu bestimmen. Hierzu wird
163Ho direkt in metallische magnetische Kalorimeter implantiert.
Ein theoretisches Modell für die thermodynamischen Eigenschaften von Holmium in
Gold wurde unter Berücksichtigung des Kristallfelds und der Hyperfeininteraktion der
magnetischen Momente von einzelnen, nicht wechselwirkenden Ho3+-Ionen entwickelt.
Anhand einer Magnetisierungsmessung an einer Au:Ho Legierung mit 1 % Holmium-
Konzentration wurden die Kristallfeldparameter von Au:Ho zu W = −0.112 und x =

−0.357 bestimmt.
Die Wärmekapazität eines metallischen magnetischen Kalorimeters mit 9 × 1013 im-
plantierten 165Ho Ionen wurde im Temperaturbereich von 60mK bis 100mK anhand
einer Pulshöhenmessung bestimmt und mit vorhergehenden Messungen ohne implan-
tiertem Holmium verglichen. Es wurde keine signifikante Änderung der Wärmekapazität
gemessen, allerdings wurden Abweichung von der erwarteten Pulsform beobachtet. Ein
mögliches Modell zur Beschreibung dieser Ergebnisse wird vorgeschlagen und diskutiert.
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1. Introduction

The measurement of the neutrino mass is one of the great challenges in modern
physics. Originally described as weakly interacting, massless particles in the standard
model of particle physics, it took more than 40 years from their first experimental
observation until the discovery of neutrino oscillations in 1998 [Fuk98] showed that
neutrinos must indeed be massive particles.

Until now, the mass of the three active neutrinos has not been successfully determined
and only upper limits have been found [Oli14]. The most precise limit to date
has been determined for the electron anti-neutrino mass as m(ν̄e) < 2 eV by the
Mainz/Troitsk experiments, which analysed the β-decay spectrum of 3H [Ber12].

The currently most promising experiments are based on the analysis of the end-point
region of low energy β-decay of 3H and electron capture spectra of 163Ho, where the
finite mass of the neutrino has the largest effect on the spectral shape. However,
only a fraction of ≤ 10−12 of events lie in the region of interest for these experiments.
It is therefore highly important to have a precise understanding of the spectrum and
any possible systematic effects in both detector and source.

In the case of experiments based on the analysis of the 163Ho electron capture spec-
trum, it is of paramount importance that the source is embedded in the detector,
in a way that only the energy taken away by the emitted electron neutrino is not
measured. The resulting spectrum will then be the complementary spectrum of the
emitted neutrino.

In the Electron Capture in 163Ho (ECHo) experiment [Gas14], the enclosure of the
source in the detector is achieved by implanting the 163Ho ions directly in the ab-
sorber of low temperature metallic magnetic calorimeters. The implantation area
will then be covered by a second layer of the absorber material to ensure the full
containment of the energy emitted in the electron capture process. Presently, the
absorber material used in metallic magnetic calorimeters developed at the Kirchhoff
Institute for Physics is gold.

In order to optimize the detector performance, it is important to understand the
thermodynamic properties related to the implanted holmium ions. Detailed models
describing such systems and the inclusion of electronic bands, will also allow for the
study of higher order effects on the de-excitation spectrum of the daughter atom
163Dy.

In this thesis, a theory for the thermodynamic properties of holmium in gold is

1



2 1. Introduction

derived for the limit of dilute alloys. This theory takes into account the effects of the
crystal field and the hyperfine interaction on the magnetic moments of Ho3+-ions in
a gold matrix and without mutual interaction. The developed theoretical model will
first be applied to the investigation of the specific heat of holmium ions in a gold
matrix. A precise understanding of this quantity will allow for the determination of
the maximum number of 163Ho which can be implanted in a single detector, so that
the additional heat capacity is still smaller than the one of a pure absorber.

For this investigation, three MMC chips, each consisting of 4 pixels, have been im-
planted with natural holmium 165Ho. The number of ions implanted into the chips
were 9× 1011, 9× 1012 and 9× 1013, corresponding to 163Ho-activities of 4Bq, 40Bq
and 400Bq. The heat capacity of these detectors will then be analysed using the
theoretical model obtained in this thesis in addition to the well described heat ca-
pacity of a regular MMC. In this thesis a full characterisation of the detector with
9× 1013 implanted holmium ions was carried out.

In Chapter 2, the different approaches used for experiments designed for the de-
termination of the electron (anti-)neutrino mass are introduced. In particular the
investigation of the electron capture of 163Ho in the ECHo experiment is described.
An overview of the experimental challenges in ECHo is given, motivating the need
for a precise understanding of the thermodynamic properties of Au:Ho dilute alloys.

Chapter 3 describes the principles of the detector type used in the ECHo experiment,
metallic magnetic calorimeters. In particular, the design of the detectors used in this
thesis is presented.

The theory for the thermodynamic properties of holmium ions in gold is given in
chapter 4. Solutions for magnetisation and heat capacity are obtained using numeri-
cal calculations, which take into account the crystal field effect, hyperfine interaction
and external magnetic field. The crystal field parameters of Au:Ho are obtained
by the analysis of magnetisation measurements on a Au:Ho alloy with 1 % holmium
concentration.

The required elements for the heat capacity measurement at low temperatures are
described in chapter 5, introducing the cryostat, detector, experimental setup, and
x-ray source, along with the ion-implantation process performed at the RISIKO mass
spectrometer at the Mainz University.

Chapter 6 then contains the results for this experiment. At first, the detector per-
formance is characterised using noise and magnetisation measurements. The results
for the heat capacity measurement are then analysed and discussed in comparison
with the numerical results of chapter 4.



2. Direct determination of neutrino mass using
163Ho

2.1 Massive neutrinos

The discovery of neutrino oscillations [Fuk98], a change of the neutrino flavour state
between its creation and detection, showed that neutrinos must be massive parti-
cles whose flavour eigenstates are a superposition of mass eigenstates. This can be
expressed by relating the 3 flavour eigenstates to 3 mass eigenstates via a unitary
mixing matrix U:  νe

νµ
ντ

 =

U11 U12 U13

U21 U22 U23

U13 U32 U33

 ·
 ν1

ν2

ν3

 (2.1)

Experiments with solar neutrinos, reactor neutrinos, atmospheric neutrinos and ac-
celerator neutrinos have precisely measured the mixing angles and the differences
of the squared mass eigenvalues. However, neutrino oscillation experiments can be
interpreted as interference experiments and as such can not give the absolute mass
scale. To obtain the mass scale, three approaches are pursued, which measure dif-
ferent observables [Dre13].

Cosmology : Massive neutrinos had an impact on the structure formation from density
fluctuations in the very early universe. Neutrinos with masses in the eV and sub-eV
range are considered hot dark matter, which smears out density fluctuations at a scale
that is dependent on the exact neutrino mass. Satellite base precision experiments
on the cosmic microwave background (CMB), such as WMAP [Kom11] and Planck
[Pla13] provide information on these density fluctuations in the early universe. By
comparing these fluctuations to the current distribution of visible matter with large
galaxy surveys like SDSS [Aih11], the influence of neutrinos on structure formation
can be extracted. The observable for this method of measurement is given by the
direct sum of the individual neutrino masses

mC :=
∑
i

m(νi) (2.2)

This method is, however, model- and analysis dependent, resulting in varying upper
limits for mC. Current upper limits are in the order of mC < 0.5 eV [Dre13].

Neutrinoless double β-decay (0νββ): If neutrinos are their own anti-particles ("Majo-
rana -neutrino" as opposed to the "Dirac-neutrino" of the standard model of particle

3



4 2. Direct determination of neutrino mass using 163Ho

physics), the two neutrinos produced in a double β-decay could annihilate each other,
resulting in an effectively neutrinoless double β-decay. The half life for such a decay
follows from [Giu12] as

T 0νββ
1/2 ∝ |M0νββ|m2

ee (2.3)

with the nuclear matrix element M0νββ and the effective Majorana neutrino mass
given by

m2
ee :=

∣∣∣∣∣∑
i

U2
eim(νi)

∣∣∣∣∣
2

(2.4)

where Uei are elements of the neutrino mixing matrix and m(νi) the neutrino mass
eigenstates. Due to the coherent nature of the neutrino mass contribution to the
half-life, the sum for mee carries the relative phases present in the mixing matrix.
The search for the Majorana neutrino mass is pursued by measuring the 2e− spectra
of different isotopes, such as 76Ge or 136Xe, and precisely analysing the end point
region, where a peak is expected at E = Qββ, with Qββ the total decay energy, in case
of neutrino-less events. A significant uncertainty in these measurements is caused by
the nuclear matrix element relating the measured half life to the neutrino mass. One
claim for evidence of a neutrino mass of mee ≈ 0.3 eV with T 0νββ

1/2 ≈ 1.2 × 1025 yrs
for 76Ge was made by the Heidelberg-Moscow collaboration [KK06]. This has been
challenged by different experiments in the same range, e.g. the GERDA experiment
with a limit of T 0νββ

1/2 > 2.1 × 1025 yrs at 90 %CL for 76Ge [Ago13] and the EXO-
200 experiment with a limit of T 0νββ

1/2 > 1.6× 1025 yrs at 90 %CL for 136Xe [Aug12].
The next generation of these experiments aims to reach a sensitivity for the effective
Majorana mass of mee ≈ 20meV [Art14].

Direct neutrino mass determination:

In this approach, the neutrino mass is determined purely via kinematics. Two types
of experiments fall into this category: Time-of-flight measurements and precision
investigations of β- and electron capture decays. In the former, the difference in
time-of-flight of massive neutrinos and massless photons is measured. As this differ-
ence is very small for the low neutrino mass, this method requires extremely long
baselines and strong sources, both of which cannot be achieved on Earth and require
cataclysmic events like a Type-II supernova. The current limit from this method is
given by the supernova explosion SN1987a with 5.7 eV (95 % C.L.) [Lor01] or 5.8 eV
(95 % C.L.) [Pag10], depending on the supernova model. While sub-eV sensitivi-
ties around 0.8 eV (95 % C.L.) are possible in ideal circumstances [Pag10], the still
not sufficient knowledge of the star’s behaviour during the supernova explosion is a
significant disadvantage of this method.

The kinematic investigation of weak decays, specifically the end-point region of the
β-decay or electron capture spectrum, can be carried out in laboratory based exper-
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Figure 2.1: Difference between vanishing
neutrino mass and an assumed neutrino mass
(m(νe) = 0 eV) is shown for a general case of
the endpoint region in a β- or electron cap-
ture decay. QEC is the energy available to the
decay.

iments and does not make any further assumptions on the neutrino’s nature. It is to
date the most sensitive model-independent and direct method to determine the neu-
trino mass, with the limit of m(ν̄e) < 2.0 eV (95 % C.L.), given by the Mainz-Troitsk
experiment [Ber12].

The neutrino mass influences the shape of the spectrum through the phase space
term. The influence of the neutrino on the shape of the β- and electron capture
decay spectra is dominant in the end-point region, as shown in figure 2.1, and given
by the phase space term

dW

dE
∝ (QEC − E)2

√
1− m(νe)2

(QEC − E)2
(2.5)

where QEC is the decay energy given by the mass difference between the parent
nucleus and daughter nucleus of the decay. The observable neutrino mass in this
case is given by the "average neutrino mass"

m(νe)
2 :=

∑
i

∣∣U2
ei

∣∣m(νi)
2 (2.6)

where the mass eigenstates add incoherently in contrast to mee in 0νββ-decay (see
equation 2.4), which means that the phases in the mixing matrix U do not enter
into the sum. From equation 2.5 follows, that the highest sensitivity for the neutrino
mass is given in decays with low QEC. Using isotopes with a low QEC is therefore a
central aspect for experiments using this method.

In a beta decay to the ground state, a neutron in the nucleus decays into a proton,
emitting an electron and an electron anti-neutrino:

A
ZX −→ A

Z+1X + e− + ν̄e (2.7)



6 2. Direct determination of neutrino mass using 163Ho

Due to its large mass, the nucleus takes almost no energy from the decay and the
energy is divided between electron and electron anti-neutrino. Experiments investi-
gating β-decays are therefore sensitive to the mass of the electron anti-neutrino ν̄e
by measuring the energy of the emitted electron. The most commonly used source
is the heavy hydrogen isotope tritium 3H, with QEC = 18.6 keV. It was used in the
previously mentioned Mainz-Troitsk experiment and will be employed in its succes-
sor experiment KATRIN1 [Ang05], which is intended to start taking data in 2016
and reach a sensitivity of m(ν̄e) ≈ 0.2 eV.

In an electron capture decay, a proton in the nucleus captures an electron, a neutron
is formed and an electron neutrino νe is emitted. The daughter atom is left in an
excited state, due to the hole in the electronic orbital from which the electron was
captured and an additional electron in the external shell. The de-excitation then
follows by the emission of x-rays, Auger electrons and Coster-Kronig transitions,
which can be detected. The process can be written in the following two steps

A
ZX −→ A

Z−1X
∗ + νe (2.8)

↪→ A
Z−1X +QEC ,

describing the decay to the nuclear ground state.

In contrast to the β-decay, where an electron anti-neutrino ν̄e is emitted, the experi-
ments on electron capture decays are sensitive to the mass of the electron neutrino νe.
Due to the uncertainty in branching ratios and complicated de-excitation schemes,
measuring single electrons or x-rays is not sufficient for a high sensitivity neutrino
mass measurement. The optimal solution is that the whole decay energy, except that
of the neutrino, is measured. This can be achieved by embedding the source directly
into a detector with high energy resolution and a high quantum efficiency for the
emitted radiation. Such a detector can be a calorimeter, where the particles emitted
in the decay deposit their energy in an absorber, causing a temperature increase
based on the first law of thermodynamics

∆T =
E

Ctot
(2.9)

where Ctot is the heat capacity of the calorimeter and E the total energy of the decay
emitted via electrons and x-rays.

The main isotope of interest for neutrino mass experiments on electron capture is
163Ho in the ECHo2 [Gas14], HOLMES3 [Alp15] and NUMECS4 [Kun14] experi-
ments.

1Karlsruhe Tritium Neutrino experiment
2Electron Capture in 163Ho Experiment
3The Electron Capture Decay of 163Ho to Measure the Electron Neutrino Mass with sub-eV

sensitivity
4Neutrino Mass via Electron Capture Spectroscopy
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2.2 Electron Capture in 163Ho experiment

The Electron Capture in 163Ho Experiment, ECHo, is a direct neutrino mass exper-
iment investigating the weak decay of the Holmium isotope 163Ho. A sensitivity to
the electron neutrino mass below 1 eV can be reached through a high precision and
high statistics calorimetric measurement of the electron capture spectrum. 163Ho
decays to 163Dy expressed as

163
67 Ho −→ 163

66 Dy
∗ + νe (2.10)

↪→ 163
66 Dy +QEC ,

with a half-life of τ1/2 = 4570 y, corresponding to ∼ 2 × 1011 atoms/Bq. The re-
commended value for the energy available to the decay is QEC = (2.555± 0.016) keV
[Wan12], however, the measured value varies significantly between individual mea-
surements, ranging betweenQEC ≈ 2.3 keV [And82] andQEC ≈ 2.8 keV [Gat97][Ran14].
An independent measurement of QEC by means of Penning trap mass spectrometry
is planned by measuring the 163Ho and 163Dy mass at the newly developed PENTA-
TRAP at the MPIK5 [Rep12][Rou12]. It will be possible to determine QEC with 1 eV
precision.
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Figure 2.2: Theoretical spectrum of the electron capture decay in 163Ho including only
first-order excitations (left) and zoom on the end-point region form(νe) = 0 eV andm(νe) =

1 eV

For first order excitations, where only the one hole left by the captured electron is

5Max-Planck Institut für Kernphysik - Max-Planck Institute for Nuclear physics in Heidelberg,
Germany



8 2. Direct determination of neutrino mass using 163Ho

considered, the spectrum is shown in figure 2.2 and is given in [De 82] as

dW

dE
= A(QEC − E)2

√
1− m(νe)2

(QEC − E)2

∑
H

BHφ
2
H(0)

ΓH
2π

(EC − EH)2 +
Γ2
H

4

, (2.11)

where the phase space term (equation 2.5) is multiplied by a constant A including
the nuclear matrix element, and a sum of Breit-Wiegner resonances, one for each
electronic state where a hole is created in the decay. The latter is characterized by
relative amplitudes of the transitions, given in first approximation by the electron’s
wave function at the origin φ2

H(0), the exchange and overlap corrections BH, and
their Lorentzian function, described by the line’s central energy position EH and its
width ΓH.

A more precise description of the spectral shape can be found in [Fae14, Fae15a,
Fae15b], where a complete relativistic approach has been used to calculate the am-
plitude of the lines, as well as the effects on the spectral shape due to excitations
of higher order, including two holes and three holes in the Dy-atom after electron
capture. The effects due to 2-holes excitations can give contributions below the 1 %

level while the 3-holes excitations contribution is much lower.

To reach a sub-eV sensitivity on the νe mass it is important to measure the 163Ho
spectrum with high precision. The best choice for this measurement are low temper-
ature micro-calorimeters, which can reach energy resolutions below ∆EFWHM = 2 eV
and a quantum efficiency of 100 % below 3 keV [Fle05]. In a micro-calorimeter, the
calorimetric principle is used (see equation 2.9) to measure energy through the asso-
ciated temperature change ∆T . To achieve a significant ∆T for energies E < 3 keV
very small heat capacities are required. To this end, very small detectors in the
µm3-range are used at cryogenic temperatures of T < 100mK, utilizing the heat
capacity’s temperature dependence

C ∝ T 3 (2.12)

given by Debye’s law.

In the ECHo experiment metallic magnetic calorimeters (MMC), which are described
in detail in chapter 3, will be used, where 163Ho is embedded in the detector absorbers,
achieving a quantum efficiency > 99 %. Using a first prototype of an MMC with
embedded 163Ho , the ECHo collaboration has already shown that MMCs are suitable
for the high resolution measurement of the 163Ho spectrum [Ran14] (see chapter 3.5).

2.2.1 Sensitivity

According to equation 2.11, the interesting events for neutrino mass determination
are located in the end-point region of the spectrum. To reach sub-eV sensitivity for
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the neutrino mass, it is important to:

• have detectors with an energy resolution of ∆EFWHM < 2 eV.

• reduce background events below the statistical uncertainty of the 163Ho counts.

• have a suitable expected number of counts.

The required energy resolution can be achieved with metallic magnetic calorimeters,
which will be discussed in chapter 3.

The background in the experiment is due to muons, natural radioactivity, radioactive
contaminations of the source and the intrinsic background caused by unresolved pile-
up events. Muons and natural radioactivity can be suppressed with muon vetos and
material screening, and by moving the experiment to an underground facility. Source
contaminations can be removed using chemical separation processes [Due15]. The
aim of the ECHo experiment is to reduce the external background to a level that is
smaller than an unresolved pile-up fraction of fpu ≈ 10−6. Unresolved pile-up events

Figure 2.3: Theoretical spectrum of the
electron capture decay in 163Ho with (red)
and without (blue) unresolved pile-up events
with the unresolved pile-up fraction (black)
fpu = 10−6.

occur, when two or more events occur in the detector within a time interval smaller
than the detector rise-time τ . The unresolved pile-up fraction with respect to the
total number of counts can be calculated as

fpu = A · τ (2.13)

where A is the activity of 163Ho in a detector. Since pile-up events distort the theo-
retical spectrum predominantly in the end-point region (see figure 2.3), the fraction
of these events need to be kept as small as possible.

In the case of QEC = 2.8 keV, the fraction of events in the last eV below QEC is about
6 × 10−13. To investigate the νe-mass in the sub-eV range, more than 1014 events
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in the full spectrum need to be considered. To measure this number of events in a
reasonable time of T = 1 y, would require a total activity of a few MBq. By using
multiple detectors, the total number of events can be expressed as

Ntot = A · n · t (2.14)

with A the activity per detector, n the number of detectors and t the measuring
time. The activity per pixel is heavily limited by two factors: unresolved pile-up
events leading to an intrinsic background in the spectrum as discussed previously,
and the contribution of holmium ions to the detector’s heat capacity, which reduces
the signal size associated with an event.

As the ECHo experiment aims for an unresolved pile-up fraction of fpu < 10−5,
taking a rise-time of τ ≈ 100 ns and equation 2.13 results in an upper limit for
the 163Ho activity per pixel of A ≈ 10Bq. This means, that 105 detectors need to
be read out in parallel to measure a total activity of Atot ≈ 1MBq, leading to the
ongoing development of multiplexed SQUID-readout for cryogenic micro calorimeters
[Weg13][Kem14].

Figure 2.4: Sensitivity of neutrino mass de-
termination as function of the total decay
count, given for three possible values of QEC

Holmium ions carry a magnetic dipole moment of µ = 10.6µB, which is the largest
of any rare-earth element. Embedding these large dipole moments into the gold
absorber introduces an additional heat capacity CHo into the thermodynamic system.
Equation 2.9 then follows as

∆T =
E

Ctot
=

E

Cdet + CHo
(2.15)

where Cdet is the heat capacity of the detector without considering the presence of
Ho-ions, and CHo is the heat capacity related to the Ho-ion in the absorber material.
It can be calculated by defining a specific heat per Ho-ion. Increasing the 163Ho
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activity per detector, and therefore the number of ions, introduces a higher heat
capacity into the system. This decreases the temperature change due to an event and
consequently the signal-to-noise ratio. This leads to a decreased energy resolution
of the detector, which sets a separate upper limit on the possible 163Ho activity per
pixel, independent from the limit set by the unresolved pile-up fraction.

The aim of this thesis is to develop a method to define the optimal activity per pixel
by compromising between a low unresolved pile-up fraction and the maximal activity
for which the heat capacity of the Ho-ions CHo is smaller than Cdet.
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3. Principles of metallic magnetic calorimeters

3.1 Detection principle

Metallic magnetic calorimeters (MMC) are energy dispersive, cryogenic particle and
x-ray detectors based on the calorimetric principle introduced in section 2.1. In figure
3.1 the essential parts of such a metallic magnetic calorimeter are shown.

B

thermal bath  T<100 mK

Sensor

Absorber

to SQUID

thermal coupling

Figure 3.1: Schematic of a metallic mag-
netic calorimeter. It shows the absorber cou-
pled to the paramagnetic sensor, which is in
turn weakly coupled to the thermal bath. A
magnetic field B is applied to the sensor, and
a superconducting coil surrounding the sensor
is connected to the read-out SQUID.

Particles hitting the detector are stopped in a suitable absorber where they deposit
their energy. The absorber is connected via a strong thermal link to a paramagnet
sitting in a weak magnetic field, which serves as a temperature sensor and is in turn
weakly coupled to a thermal bath. The applied magnetic field causes a temperature
dependent magnetisation in the paramagnet, which is detected by superconducting
pick-up coil coupled to the paramagnet. A SQUID-magnetometer inductively cou-
pled to the pick-up coil then amplified the change in magnetic flux and translates it
into a voltage signal.

The deposited energy E causes an initial temperature rise in the absorber and the
paramagnetic sensor given by equation 2.9 (see section 2.1). Due to weak coupling
with the thermal bath, the system then relaxes back to its initial state with the
relaxation time τ1 defined by the thermal link G:

τ1 ≈
Ctot

G
(3.1)

Any temperature change causes a magnetisation change in the temperature sensor,
leading to a change in magnetic flux

δΦ ∝ ∂M

∂T
δT =

∂M

∂T

E

Ctot
(3.2)

13
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through the superconducting pick-up coil. Since the flux through a closed supercon-
ducting loop is a conserved quantity, a current

δI ∝ δΦ ∝ E (3.3)

is induced in the pick-up coil which creates a magnetic field of equal magnitude but
opposite to the field change caused by the paramagnet. This screening current is de-
tected by using a SQUID-magnetometer (see section 3.4) and serves as a measurable
variable proportional to the absorbed event energy.

3.2 Signal size

The signal size of an MMC is given by the flux change in the SQUID-magnetometer
and can written as

∆ΦS = kΦ
∂M

∂T

E

Ctot
(3.4)

where kΦ is the flux coupling between pick-up coil and SQUID-magnetometer. The
signal size is dependent on the total heat capacity of the detector, which can be
written as

Cdet = Ce + Cph + Cz (3.5)

where Ce is the electronic and Cph the phononic heat capacity of the gold in absorber
and sensor. Cz is the heat capacity of the spin-system of the paramagnetic Er-ions
in the Au:Er -sensor, which is also called Zeeman-system. For temperatures lower
than the Debye temperature T << ΘD (ΘD = 164K for gold), the electronic and
phononic heat capacities behave as

Ce =
V

Vvol
γT (3.6)

Cph =
V

Vvol

12π4

5
R

(
T

ΘD

)3

(3.7)

with the Sommerfeld coefficient γ (γ = 0.729mJ/molK2 for bulk gold),the ideal gas
constant R ≈ 8.31 J/molK, Vmol is the molar volume (Vmol,Au = 1.2× 10−5 mol/m3)
and V the combined volume of absorber and sensor. At temperatures T < 100mK,
the phononic heat capacity Cph is about three orders of magnitude smaller than the
electronic heat capacity Ce and therefore negligible.

The heat capacity of the sensor’s Zeeman-system Cz is dependent on the temperature,
applied magnetic field and the Er-ion concentration and is calculated numerically. A
numerical description for interacting Er-ions was shown to allow calculations of Cz

at a high degree of accuracy (see figure 3.2). A detailed description of the properties
of Au:Er has been compiled by graduate students of our group and can be found in
appendix A.
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Figure 3.2: Specific heat capacity of Au:Er
with 300 ppm enriched 166Er as a function of
temperature at different applied fields. The
solid lines are calculated numerically [Ens05].

3.2.1 Signal shape

The description of the signal size in the previous section does not include the time
dependent thermalisation of the detector. To describe the time dependent behaviour
of the signal size, a metallic magnetic calorimeter can be characterized as a canonical
ensemble, shown in figure 3.3. The thermodynamic system of a metallic magnetic
calorimeter can be described as a canonical ensemble with two sub-systems, as shown
in figure 3.3. The sub-systems are given by the Zeeman system of the magnetic
moments and the electrons of the conduction band, with heat capacities Cz and Ce

as discussed in the previous section. The two systems are thermally coupled by a
coupling Gez, with an additional thermal coupling Geb between the system of the
conduction electrons and the thermal bath. Two noise sources Pez(t) and Peb(t) are
shown in parallel to the thermal links and are used to describe the random energy
fluctuations between the systems in thermal equilibrium [Pie12a].

Ce Cz

thermal bath  T0

PebGeb

Pez

Gez

Q(t)
.

Figure 3.3: Schematic of a double meander
pick-up coil. The direction of the magnetic
field is indicated with symbols.

The time dependence of the temperatures Te and Tz of the two sub-system can now
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be described with two coupled differential equations [Pie12a]

CzṪz = (Te − Tz)Gez + Pez (3.8)
CeṪe = −(Te − Tz)Gez − Pez − (Te − Tb)Geb − Peb + Q̇(t) (3.9)

where equations 3.8 and 3.9 describe the heat flow to the Zeeman system and the
electronic system respectively. External sources of thermal energy are included with
the term Q̇(t). By using the Dirac delta function to describe the absorption of a
particle with energy E

Q̇(t) = Eδ(t) (3.10)

and neglecting the noise sources Pez and Peb, a solution for the energy Ez(t) contained
in the Zeeman system can be found from the differential equations as a function of
time,

Ez(t) = EzTz(t) = Eβ(e−t/τ1 − e−t/τ0). (3.11)

with β = Cz/(Cz+Ce). The time constants τ0 and τ1 describe the thermal relaxation
between the sub-systems and are dependent on the thermal couplings Gz and Ge, as
well as the heat capacities of the systems. The rise time of the signal is given by the
Korringa relation [Whi02]

τ0 = (1− β)
κ

Te
(3.12)

where κ = 7× 10−9 Ks for Au:Er [Sjø75]. For β ≈ 0.5 and T = 50mK a rise time of
τ0 ≈ 100 ns can be found.

The possibility to predict the signal size in MMC with high confidence opens the way
to design detectors with optimized geometries for well defined applications. In this
thesis, the reliable understanding of the signal size of metallic magnetic calorimeters
is used to detect deviations from the expected behaviour, due to the presence of
Ho-ions in the absorber.

3.3 Read-out geometry

Well established MMC geometries are based on planar Au:Er temperature sensors,
which are compatible with micro-fabrication processes for complete detectors. The
pick-up coil in an MMC serves two purposes: Detect magnetisation changes in the
paramagnetic sensor and create the magnetic field which polarizes the sensor spins.
Presently two geometries are commonly used in the fabrication of MMC: The double-
meander geometry and the sandwich geometry [Heu11]. In this work, MMC with
meander geometry have been used.

The double-meander configuration is shown in figure 3.4. The coils are generally
made of niobium, which is superconducting below the critical temperature of Tc ≈
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I0

LS

LL

Li
δI

B

Figure 3.4: Schematic of a double meander
pick-up coil. The direction of the magnetic
field is indicated with symbols.

9.25K. Two pick-up coils with inductance L are connected in parallel to the input
coil of the SQUID with inductance Li, which is inductively coupled to the SQUID-
magnetometer. Since the pick-up coils have opposite winding, they form a first-order
gradiometer which is insensitive to external magnetic field fluctuations. Au:Er is
deposited on top of the meander, with a height h of about 1/3 of the meanders pitch
p (see 3.5).

The magnetic field generated by the current in the meander is highly inhomogeneous
and decays exponentially in the z-direction. This optimizes the magnetic coupling be-
tween coil and sensor [Fle09], while significantly reducing the magnetic field strength
in the absorber. The low magnetic field strength of B < 0.1mT makes it possible
to neglect the effect of the magnetic field on the thermodynamic properties of the
Ho-ions embedded in the absorber, which are discussed in chapter 4.

w

p

Sensor

Substrat

h

w p

4.0 mT

2.0 mT

0.1 mT

pw

Figure 3.5: Cross section through a mag-
netic calorimeter with substrate, meander
shaped pick-up coil, sensor and absorber. The
magnetic field lines are illustrated by grey
lines, the magnitude of the magnetic field is
given by different shades of colours [Seg09].

When Au:Er covers both pick-up coils, the configuration is insensitive to the absolute
temperature of the chip, as magnetisation changes occurring in both sensors cancel
each other out. This allows for a more stable operation of the detector, and the two
sensors can be equipped with absorbers, doubling the detection area of the detector.
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However, this slightly increases the noise, as the thermodynamic noise from both
detectors couple incoherently as flux noise in the SQUID.

When only one pick-up coil is covered with Au:Er, the detector becomes sensitive to
the temperature change of the substrate and therefore it is possible to measure the
magnetisation M as function of temperature of the single sensor.

The current I0 generating the magnetic field of in the paramagnetic sensor is a
persistent current stored in the superconducting loop consisting of the two meanders.
This current is injected using a heat switch, which is fabricated on the detector chip.

3.4 dc-SQUID magnetometer

For this thesis, dc-SQUID1 magnetometers were used for the read-out of the detector
signal. A brief introduction of the relevant principles of a SQUID is given in this
chapter, while a detailed description of SQUIDs can be found in [Cla04].

Φ

Ib

US

Josephson
junction

Shunt 
resistor

(a)

0 20 40 60 80
Bias current I / µA

0

10

20

30

40

50

60

V
ol

ta
ge

U
S

/µ
V

0.0 1.0 2.0 3.0
Magnetic flux ΦS / Φ0

0

10

20

30

40

50

60

V
ol

ta
ge

U
S

/µ
V

Ib = 31 µA(n+1/2)Φ0

nΦ0

(b) (c)

Figure 3.6: a) Schematic representation of a dc-SQUID magnetometer. b) Current-
voltage characteristic for Φ = nΦ0 and Φ = (n + 1/2)Φ0. c) Voltage drop in the SQUID
for constant current as a function of magnetic flux.

As figure 3.6a) shows, a dc-SQUID consists of a superconducting loop, which is
interrupted by two Josephson junctions consisting of thin, normal conducting lay-
ers. The macroscopic wave functions of the Cooper-pairs in the two halves of the
loop are lightly coupled through the thin layers, which allows coherent tunneling
of Cooper-pairs through the barrier. Two shunt resistances are connected in paral-
lel to the Josephson contacts, to avoid hysteretic behaviour of the voltage-current
characteristic [McC68].

A bias current Ib is injected into the SQUID. For Ib smaller than twice the critical
current Ic of a Josephson junction, lossless tunneling (no voltage drop) of Cooper-
pairs through the junctions is possible [Jos62]. For Ib ≤ 2Ic the SQUID shows ohmic

1Superconducting Quantum Interference Device
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behaviour. The resulting current-voltage characteristic is shown in figure 3.6b) and
can be described by

US =
R

2

√
I2
b −

[
2Ic cos

(
Φ

πΦ0

)]
(3.13)

with the magnetic flux through the SQUID ΦS, the magnetic flux quantum Φ0 =

2.07 × 10−15 Vs and the resistance of the two shunt resistances R. For a given bias
current Ib ≤ 2Ic, the voltage drop over the Josephson junctions is dependent on the
magnetic flux through the SQUID, with maxima at Φ = (n+ 1/2)Φ0 and minima at
Φ = nΦ0, n ∈ N. The resulting flux-voltage characteristic is shown in figure 3.6b).
The slope VΦ = δU/δΦ at the point of inflection is a measure for the sensitivity of
the SQUID in regard to flux changes.

Ib1

Mfb

Ub

Rfb

low temperatures room temperature

Ib2Rg
Mi1 Mi2

Li

front-end
SQUID

amplifier 
SQUID-array

Uout

Figure 3.7: Schematic representation of a two stage SQUID setup including the flux-
locked-loop circuit at room temperature.

Due to the periodic characteristic, unique mapping between flux and voltage values is
impossible for flux changes ∆Φ > Φ0/2. To avoid this issue, a feedback circuit is used,
where the voltage signal is amplified, integrated and inverted at room temperature.
This signal is subsequently fed back to the SQUID through an inductively coupled
feedback coil. This stabilizes the magnetic flux in the SQUID at a working point
positioned at a point of inflection in the flux-voltage characteristic.

This so-called flux-locked-loop (FLL) circuit is shown in figure 3.7. A two-stage
SQUID setup is shown, where the first stage consists of the so-called front-end
SQUID, which is connected to the MMC. The second stage consists of 16 SQUIDs
connected in series and serves as a low-T amplifier, which has the advantage of a
low-noise signal amplification [Kra13]. The voltage U across the feedback resistor
Rfb is used as the output signal of the circuit and is given by

U =
Rfb

Mfb
∆ΦS (3.14)
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with the mutual inductance Mfb between feedback coil and front-end SQUID and
the flux change ∆ΦS in the front-end SQUID.

3.5 First prototype metallic magnetic calorimeters with im-
planted 163Ho

Absorber top

Ho implanted area
Absorber bottom
Au:Er sensor

Figure 3.8: Schematic of one detector on
the prototype chip.

Figure 3.9: Measured spectrum of 163Ho
electron capture with theoretical fit in red.
Peaks are labelled according to the corre-
sponding electronic transitions.

A prototype MMC detector with embedded 163Ho was micro-fabricated in the clean-
room of the Kirchhoff-Institute for Physics [Gas13]. Each micro-fabricated chip
consists of four detectors, with the schematic of a single MMC detector shown in
figure 3.8. The MMC consists of two meander shaped coils in a gradiometric setup,
with electrical connections for the input coil of the SQUID, marked SQ1 and SQ2,
and the heat switch with connections for heater current and field current marked
h1,h2 and f1,f2 respectively. A Au:Er sensor of 190× 190× 1.3µm3 is sputtered on
one of the meanders, with a layer of gold sputtered on top of it, serving as absorber
with a height of 5µm and an area of 185× 185µm2.

The radioactive 163Ho is implanted at the ISOLDE2 facility at CERN3 [Kug00]. The
ions are implanted directly into the gold absorber of each detector in an area of

2Isotope Seperator On-Line Device
3Conseil Européen pour la Recherche Nucléaire - European Organization for Nuclear Research

in Geneva, Switzerland
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160 × 160µm2 per absorber, which is defined by a photoresist layer covering the
whole chip. After the implantation process, the photoresist layer is removed and a
second gold layer of 185×185×5µm3 is deposited on top of the absorbers, completely
encasing the holmium. This ensures a quantum efficiency of > 99 %.

The first prototype chip was produced in 2009 and implanted with a 163Ho activity
of only 0.01Bq. Several measurements were carried out over the course of 4 years,
showing no degradation over time. The resulting spectrum is shown in figure (3.9)
with an energy resolution of ∆EFWHM = 7.6 eV and a signal rise time of τ ≈ 100 ns.
Radioactive source contaminations like the 144Pm, which can be seen in the spec-
trum, can be removed by the chemical separation mentioned in chapter 2.2.1. While
improvements on the performance of the detector are still necessary to reach the per-
formance of ∆EFWHM < 2 eV and τ < 100 ns needed for the sub-eV neutrino mass
measurement (see chapter 2.2.1), this shows that MMCs are viable detectors for this
kind of experiment.
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4. Thermodynamic properties of holmium in gold

In the previous sections, it was shown that the implantation of 163Ho is a promising
way to embed the source in the absorber of an MMC, so that the quantum efficiency
of 100 % is achieved. However, the thermodynamic properties of holmium in gold are
not well known. In particular, the heat capacity CHo due to the presence of holmium
in gold needs to be determined, because of its effect on the energy resolution of the
MMC. Specifically the impact on the energy resolution due to the additional heat
capacity CHo needs to be determined. In the following, a statistical approach is used
to describe the thermodynamic propertuies of holmium ions in a gold matrix in the
limit of very dilute alloys.

4.1 General properties of Ho3+-ions

When holmium is implanted into gold, it occupies the place of a gold ion in the fcc
crystal lattice (lattice constant a0 = 4.08Å), as shown in figure 4.1 and loses three
electrons to the de-localised electron system of the surrounding gold lattice. The
resulting Ho3+-ion has an electron configuration of [Kr] 4d104f 105s25p6, which have
a spatial extent of R ≈ 1Å.

4.08 Å

Gold atom

Ho   -ion3+

4f-orbitals

5s- and 5p-
orbitals

Figure 4.1: Schematic view of a crystal lat-
tice section for Au:Ho. The Ho3+-ion takes
the regular place of a Au-atom in the Au-
matrix. The 4f -shell is located deep within
the ion.

The electrons of the unfilled 4f -shell carry a permanent magnetic moment, which
causes the paramagnetic behaviour of holmium. This shell lies deep within the Ho-ion
with a radius of R ≈ 0.3 reducing the effect of the crystal field on the 4f electronic
orbitals. This allows the use of Hund’s rules to determine the spin-orbit coupling of
the Ho3+-ion and determine the angular momenta L, S and J. The magnetic moment
µJ then follows with the Landé factor

gJ = 1 +
J(J + 1) + S(S + 1)− L(L+ 1)

2J(J + 1)
(4.1)

23
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and the relation
µJ = gJµBJ (4.2)

where µB = 9.274 × 10−24 J/T is the Bohr magneton. For Ho3+,J = 8, L = 6, S =

2, gJ = 4/3, resulting in a magnetic moment of µJ = 10.6µB.

For the undisturbed magnetic moment, the energetic ground state would be 17-fold
degenerated, due to the possible values of the magnetic quantum number

mJ = −8,−7, . . . , 0, . . . , 7, 8 (4.3)

ranging from −J to +J . The excited states of the magnetic moment are given by
the spin-orbit coupling on an energy scale of several thousand Kelvin. At temper-
atures below room temperature, the Ho3+-ion therefore has a negligible probability
to occupy an excited electronic state [Sch00], reducing it to a single-level system. A
single-level system could not show thermodynamic properties like magnetisation and
heat capacity, as these require multiple available energy states.

However, the degeneration of the ground state is generally broken by the influence
of external fields, including a possible external magnetic field, the crystal field and
the hyperfine interaction with the holmium nucleus. The effect of these are small
compared to the given energy splitting and can be treated as perturbations on the
ground state.

4.2 Zeeman effect

The simplest approach to break the degeneracy of the ground state levels is to con-
sider an external magnetic field B. This field breaks the spatial symmetry of the
previously undisturbed Ho-ion. The 17-fold degeneracy of the ground state is there-
fore broken, with an energy splitting that can be described with the Zeeman effect,
where the Hamiltonian is given by

HZ = gJµBB · J (4.4)

with energy eigenvalues of
EZ = gJµB|B|mJ (4.5)

where B ‖ Jz is used. The presence of these energy levels leads to a finite heat
capacity and magnetisation. In the standard design of a metallic magnetic calorime-
ter, the magnitude of the magnetic field, generated by the persistent current flowing
in the meander-shaped pick-up coil, is negligibly small in the absorber volume (see
section 3.3) and has therefore no significant impact on the thermodynamic properties
of Ho3+-ions. The energy splitting due to earth’s magnetic field is about 50µK at
60µT and therefore negligible.
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4.3 Crystal field

4.3.1 Crystal field Hamiltonian

The crystal field effect on the Ho3+-ion is caused by the electrostatic field of the
surrounding Au-ions. In section 4.1 it was discussed that the influence of this crystal
field does not break spin-orbit coupling, as the electronic orbitals of the 4f -shell are
deep inside the holmium atoms. While this is correct, the crystal field effect breaks
the degeneration of the ground state on a non-negligible energy scale of about 10K
to 100K and needs to be included in the calculation.

To describe the crystal field, the electric fields of the single ions are combined in
one electrostatic potential having the symmetry of the crystal lattice. For the cubic
symmetry of the gold fcc-lattice, the crystal field acting on the 4f shell can be
described with a potential containing crystal field functions of fourth and sixth order.

The effect of this potential on the energy levels of the holmium ion can be calculated
by transforming the crystal field functions in the potential to quantum mechanical
operators of equivalent symmetry [Ste51]. The resulting Hamiltonian is then given
by [Lea62] as

HCF = W

[
x
Ô0

4 + 5 · Ô4
4

F (4)
+ (1− |x|)Ô

0
6 − 21 · Ô4

6

F (6)

]
(4.6)

where the crystal field operators of fourth and sixth order are

Ô0
4 = 35Ĵ4

z −
[
30Ĵ(Ĵ + 1)− 25

]
Ĵ2
z − 6J(Ĵ + 1) + 3Ĵ2(Ĵ + 1)2

Ô4
4 = 0.5(Ĵ4

+ + Ĵ4
−)

Ô0
6 = 231Ĵ6

z − 105
[
3Ĵ(Ĵ + 1)− 7

]
Ĵ4
z

+
[
105Ĵ2(Ĵ + 1)− 525Ĵ(Ĵ + 1) + 294

]
Ĵ2
z

− 5Ĵ3(Ĵ + 1)3 + 40Ĵ2(Ĵ + 1)2 − 60Ĵ(Ĵ + 1)

Ô4
6 = 0.25

[
11Ĵ2

z − Ĵ(Ĵ + 1)− 38
]

(Ĵ4
+ + Ĵ4

−)

+ 0.25
[
11Ĵ2

z − Ĵ(Ĵ + 1)− 38
]

(Ĵ4
+ + Ĵ4

−)

(4.7)

with Ĵ , Ĵz as the usual quantum mechanical operators for the total electronic angular
momentum and Ĵ+, Ĵ− the corresponding ladder operators defined as

Ĵ+ = Ĵx + iĴy (4.8a)

Ĵ− = Ĵx − iĴy (4.8b)
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The coefficients F (4) and F (6) are J-dependent and are given for J = 8, e.g. in
[Ste51] as F (4) = 60 and F (6) = 13860. The parameters W and x determine the
energy scale of the crystal field splitting, where x is defined to be x ∈ [−1, 1]. They
are dependent on the detailed nature of the magnetic ionic wave function and highly
complicated to derive from theory. The determination of the precise values forW and
x therefore requires experimental input. The available parameter space for W and
x in Au:Ho is constrained by previous theoretical [Ble89] and experimental [Mur70]
investigations. The results obtained by the two groups give conflicting values of
W = −0.112, x = −0.357 [Mur70] and W = −0.113, x = −0.576 [Ble89]. Both of
these parameter sets will be considered in the following discussion.

4.3.2 Numerical calculation of thermodynamic properties

The values of W and x can be determined through measurement of thermodynamic
properties, such as heat capacity and magnetisation. For the empirical determination
of W and x, it is therefore useful to know their influence on these properties. For
this purpose, heat capacity and magnetisation are calculated including only crystal
field and magnetic field.

The basis for a thermodynamic calculation of any thermodynamic system is given by
the choice of the appropriate thermodynamic potential. In this case, the free energy
F is the ideal candidate, with the total differential of

dF = −SdT − VMdB (4.9)

where the influence of a volume change is already neglected. In statistical physics,
this potential can be expressed as

F = −NkBT lnz (4.10)

where the free energy is a function of the number of magnetic moments N , the
Boltzmann constant kB = 1.381 × 10−23 J/K, the temperature T and the single-
particle partition function z associated with each magnetic moment

z =
∑
i

e
− Ei
kBT (4.11)

where Ei are the energy levels available to one magnetic moment. The heat capacity
C and magnetisation M then follow from equations (4.9)-(4.11):

C =
N

kBT 2

[
〈E2〉 − 〈E〉2

]
(4.12)

M = −N
V

〈
∂E

∂B

〉
(4.13)
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This general theory for magnetic moments shall now be applied to Ho3+-ions in gold.
To solve equations (4.12) and (4.13), the energy levels available to the Ho3+-ions at a
given temperature must be known. These are essentially obtained by the eigenvalue
problem

H |Ψi〉 = Ei |Ψi〉 (4.14)

with the Hamiltonian given by

H = Hcf +HZ (4.15)

and the eigenstates |Ψi〉. As both the crystal field term Hcf and the Zeeman term
HZ only include total angular momentum operators, we can chose the 17 states
|J = 8,mJ〉, as a basis. The solution to this eigenvalue problem is then given by
diagonalizing the 17× 17 matrix spanned by the possible values of mJ. Off-diagonal
elements in this matrix are introduced by the ladder operators in the Hamiltonian
(see equation 4.7).

The exact form of the Zeeman term must still be considered prior to the calculation,
as the sensor material is poly crystalline and therefore the crystal field in a given
crystallite has an arbitrary orientation with respect to the external magnetic field.
In the mathematical description here we follow the opposite approach and assume
the coordinate system to be given by the crystal axes and the magnetic field having
an arbitrary direction, B = (Bx, By, Bz), in this coordinate system. Applying this
to equation (4.4) results in

HZ = gJµB|B|
[
Ĵz cos θ + 1

2
Ĵ+(sin θ cosφ+ i sin θ sinφ)

]
+ 1

2
Ĵ−(sin θ cosφ− i sin θ sinφ) (4.16)

where θ and φ are the usual angles for spherical coordinates. For B ∦ êz, additional
off-diagonal terms are introduced in the Hamiltonian. The Au:Ho used during the
work for this thesis is generally polycrystalline, the coordinate system given by the
crystal field is therefore only valid locally around single Ho3+-ions. To generalise the
calculation to the complete ensemble, the thermodynamic properties for different
sets of θ and φ are averaged. In the following discussion of results, all values are
assumed to be averaged without further mention.

The eigenvalue problem and the subsequent calculation of the heat capacity and
magnetisation are solved numerically, using Mathematica1. The resulting energy
eigenstates at zero-field for four sets of crystal field parameters are shown in table
4.1, with different sets of W and x identified by Roman numerals I-IV to simplify
the discussion.

1Wolfram Research, Inc., Mathematica, Version 8.0, Champaign, IL (2010)
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I II III IV
E [K] E [K] E [K] E [K]

Γ5 56.9 Γ1 54.7 Γ5 30.5 Γ1 29.0
Γ1 48.0 Γ4 50.3 Γ1 25.7 Γ4 26.7
Γ4 46.5 Γ3 46.6 Γ4 24.9 Γ3 24.8
Γ3 45.1 Γ5 44.3 Γ3 24.1 Γ5 23.5
Γ5 7.70 Γ4 3.57 Γ5 4.13 Γ4 1.89
Γ4 0.14 Γ3 0.83 Γ4 0.07 Γ3 0.44
Γ3 0.00 Γ5 0.00 Γ3 0.00 Γ5 0.00

Table 4.1: Energy levels for multiplets Γi at B = 0 for several sets of crystal field param-
eters. Parameters are given as follows: (I) W = −0.112, x = −0.357; (II) W = −0.113,
x = −0.576; (III) W = −0.06, x = −0.357; (IV) W = −0.06, x = −0.576

The 17-fold degenerated ground state is split into several multiplets Γi, which cor-
respond to irreducible representations according to group theory [Abr70]. Since
these representations are a result of the natural symmetries of holmium in gold,
they are equal for all possible crystal field parameters W and x and consist of 3
low-energy multiplets and 4 high-energy multiplets (see figure 4.2). However, the
order of these multiplets ans the qualitative arrangement of mutual energy splitting
strongly depends on the parameter x, e.g.for x = −0.357 the ground state and first
excited state are a Γ3-doublet and Γ4-triplet respectively with an energy difference
of ∆E01 = 0.14K (parameter set I), while x = −0.576 results in a Γ5-triplet ground
state with the Γ3-doublet as first excited state and ∆E01 = 0.83K (parameter set
II). Changing the value of W on the other hand does not change the relative order
of multiplets and only scales the magnitude of the energy differences.

The total angular momentum J = 8 makes the Ho3+one of two non-Kramers rare
earth ions (the other being Tb3+ with J = 6), which means that the Kramers
degeneracy is broken. The Kramers degeneracy signifies, that states must have a
multiplicity of at least 2 for B = 0 [Abr70], which is lifted linearly by an external
magnetic field, i.e. ∆Ei = µ̃iB. Breaking this degeneracy leads to a non-magnetic
ground state, visible in figure 4.2. The expected linear dependence of the energy
E on the applied magnetic field B (see section 4.2) is only given at large magnetic
fields, where the Zeeman effect starts to dominate over the crystal field splitting.

The non-Kramers states are in principle also susceptible to small variations in the
crystal field symmetry, due to lattice imperfections, which can lead to a energy
splitting of the ground state at B = 0. Due to the perfect symmetry assumed in the
calculations, this can not be observed in these results.

Figure 4.3 shows the calculated heat capacity and magnetisation for the crystal field
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Figure 4.2: Energy levels for crystal field parameter set I (see table 4.1) as a function of
magnetic field(left). Ground state multiplet (red) and first excited state multiplet (green)
as function of magnetic field B (right).

parameter sets I and II as function of temperature T and inverse temperature 1/T

respectively.

The magnetisation is given for gold with a concentration of Ho3+-ions of 1 % and
an external magnetic field of B = 0.1T. It shows the expected Curie-behaviour of a
paramagnetic material, with a linear dependence on 1/T at high temperatures and
a saturation at very low temperatures. Different crystal field parameters result in
different slopes at high temperatures and change the saturation magnetisation of the
material.

The heat capacity curve shows the contribution of a single implanted Ho3+-ion in the
gold matrix. Both sets crystal field parameters result in multiple Schottky anoma-
lies in the heat capacity between 10mK and 300K. The ground- and first excited
multiplet can be regarded as a two-level system with energy difference E = E01 for
thermal energies kBT < E. Neglecting the multiplicitiy of the two levels of this spe-
cific two level system, which leads to a factor of order 1, the heat capacity is given
by

CS u NkB

(
E

kBT

)2
eE/kBT

(eE/kBT + 1)2
(4.17)

which shows a maximum around thermal energies kBT ≈ E/2. In the case of param-
eter set I, the lowest Schottky peak is found at T ≈ 70mK≈ ∆E01/2, which is in
accordance with this model. This curve can be generalized to multiple energy levels,
with maxima located at thermal energies between energy levels. The amplitude of
the peak depends on the multiplicity of energy levels.
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Figure 4.3: Heat capacity C as function of temperature T at B = 0K (right) and magneti-
sation as function of magnetic field B (left) forW = −0.112, x = −0.357 andW = −0.113,
x = −0.576

Since the position of the Schottky peaks depends on the distribution of the energy
eigenstates, they are highly dependent on the crystal field parameters. For the ECHo
experiment the temperature range below 100mK is of particular interest. At these
temperatures the specific heat, is highly influenced by the crystal field parameter x
and can show a Schottky peak of significant magnitude.

4.4 Hyperfine interaction

4.4.1 Hyperfine interaction Hamiltonian

The nucleus of the isotope 163Ho has a non-zero nuclear spin of I = 7/2, with an
associated magnetic dipole moment of

µI = gIµNI (4.18)

with the nuclear g-factor gI = 1.2 and the nuclear magneton µN = 5.051×10−27 J/T.
The interaction of this nuclear magnetic moment with the electronic magnetic mo-
ment is described by the hyperfine interaction

HHFI = hAI · J = hA
[
ĴzÎz + 1

2
(Ĵ+Î− + Ĵ−Î+)

]
(4.19)

where h = 6.626× 10−34 Js is Planck’s constant, A is the hyperfine coupling given as
a frequency and Îz,Î+,Î− are the nuclear spin operators. The basis for the nuclear
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spin operators is given by |I,mI〉. The hyperfine coupling A is a material dependent
parameter, and its exact value to be determined by experiment. The energy scale
of the hyperfine interaction can be of the order of 100mK, which is comparable to
the energy of the first excited state in the crystal field. The hyperfine interaction
can therefore not be treated as a perturbation and the energy eigenstates for the
combined Hamiltonian

Htot = Hcf +HZ +Hhfi (4.20)

must be considered instead. The solution of this Hamiltonian and the subsequent
calculation of thermodynamic properties follows the principle introduced in section
4.3.2.

Since the combined Hamiltonian Htot contains both electronic angular momentum
operators Ĵ and nuclear spin operators Î, we now chose as basis the states

|J = 8,mJ〉 ⊗ |I = 7/2,mI〉 = |J = 8,mJ; I = 7/2,mI〉 (4.21)

which are the tensor product of the bases for the electronic angular momentum and
the nuclear spin. With the multiplicities of 17 for mJ and 8 for mI, this results in a
136× 136 matrix, which has to be diagonalised.

In principle, the nuclear spin also interacts with the external magnetic field, resulting
in an additional Zeeman term

HZ,N = −gIµNB · I (4.22)

However, this effect is suppressed by a factor of µB/µN ≈ 2000 compared to the elec-
tronic Zeeman term (equation 4.4). Since the resulting energy scale of this Hamil-
tonian is significantly smaller than all previously discussed contributions, it will be
neglected in the following discussion.

4.4.2 Numerical results

For the hyperfine interaction coupling of Ho3+we find in the literature values of about
A = 812MHz [Abr70]. These values were determined for host materials different from
gold, which therefore also have different crystal fields. While the effect of the crystal
field on the magnetic hyperfine interaction should be negligibly small, a possible
deviation from A = 812MHz can not be fully excluded. The 163Ho nucleus also
has an electric quadrupole moment, but as most holmium ions should sit on regular
lattice sites of the gold host, there should not be any quadrupolar energy splittings
due to the cubic symmetry of the fcc lattice.

To understand the influence of the hyperfine interaction on the thermodynamic prop-
erties, results for energy levels, heat capacity and magnetisation with varying values
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Figure 4.4: Energy levels for crystal field parameter set I (see table 4.1) as a function of
the hyperfine coupling strength A (left) and as a function of the magnetic field B for fixed
A = 812MHz.

for A and fixed crystal field are shown in figure 4.4 and 4.5 respectively. The energy
level scheme shows the expected rise in the complexity of the energy level system
when compared to figure 4.2.

Figure 4.5 (right) shows the magnetisation in a magnetic field of B = 100mT. We
observe a change in the saturation level at low temperatures, but the magnetisation
effectively independent of the hyperfine interaction at temperatures above T > 1K.
The magnetisation at high temperatures can therefore be fully described by the
crystal field, without inclusion of the hyperfine interaction.

The heat capacities shown in figure 4.5 (left) on the other hand are drastically dif-
ferent compared to the pure crystal field case. Only the Schottky peak at low-T
has a significant amplitude, with the position given by the energy difference between
the ground- and first excited multiplet. As this energy level splitting is caused by
the hyperfine interaction, the behaviour of the heat capacity of Ho3+-ions in gold at
T < 100mK is dominated by the hyperfine interaction.

4.5 Interacting magnetic moments

The model of Ho3+-ions without mutual interaction, as introduced in the previous
sections, provides a qualitative description of the thermodynamic system and is ex-
pected to be quantitatively correct at Ho-concentrations xHo � 100 ppm. However,
for an accurate quantitative calculation at higher concentrations, the interaction be-
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Figure 4.5: Heat capacity C as function of temperature at B = 0T (left) and magnetisa-
tion as function of inverse temperature for a magnetic field B = 100mT (right) for different
values of the hyperfine coupling strength A.

tween the Ho3+-ions needs to be considered. However, due to the complexity of
the energy levels of Ho3+-ions as given in the previous sections, the inclusion of
interactions in the calculation exceeds the scope of this thesis.

A brief introduction to the interaction mechanisms and the principle of a solution is
given in this section, while a detailed solution for the simpler case of 168Er in gold
can be found in the appendix, chapter A.3.

The magnetic dipole-dipole interaction between two magnetic moments µi and µj
at respective positions ri,j is given by

Hdipole
ij =

µ0

4π
(gJµB)

1

r3
ij

[Ji · Jj − 3(Ji · r̂ij)(Jj · r̂ij)] (4.23)

where the relation µJ = gJµBJ is used. The distance between magnetic moments is
given by rij and r̂ij denotes the unit vector in direction ri − ri. The dipole-dipole
interaction is anisotropic in nature and decreases in magnitude with r−3

ij .

An additional interaction mechanism is caused by the exchange interaction between
the localised 4f -electrons of a single holmium ion and the delocalised electron system
of the conduction band, which leads to an indirect exchange interaction between
the holmium ions. This mechanism, also called Ruderman-Kittel-Kasuya-Yosida
(RKKY) interaction, can be expressed as

HRKKY
ij = J 2 g

2
J(gJ − 1)2

gJ

4V 2
pm

∗
ek

4
F

~2(2π)3
(Ji · Jj)F (kFrij) (4.24)
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with the volume of the primitive unit cell Vp, the effective mass of the free electrons
m∗e, the Fermi wave vector of the gold conduction electrons kF = 1.2× 1010 m−1, the
Kittel function

F (ρ) = ρ−3

(
cos ρ− 1

ρ
sin ρ

)
, (4.25)

and the parameter J describing the strength of the exchange interaction between
4f -electrons and the conduction band [Fle98]. Due to the Kittel function, the RKKY-
interaction oscillates between ferromagnetic and anti-ferromagnetic behaviour as a
function of distance between Ho-ions. The amplitude of the interaction decreases
with the same factor as the dipole-dipole interaction with r3

ij.

Calculations for the system of Au:Er [Fle03][Sch00] showed that a quantum mechan-
ically correct description of these interactions requires a Monte-Carlo simulation for
a random distribution of n magnetic moments on a discrete lattice with a combined
Hamiltonian of all n magnetic moments. Accurate simulations require about n = 10

magnetic moments. For Au:Er at low temperatures T < 1K, the single Er-ion can
be reduced to a well defined two-level system with spin S̃ = 1/2, which results in a
Hamiltonian-matrix of size 2n × 2n (see appendix chapter A.4).

This reduction is not possible for the Ho3+-ion in gold, due to the small energy gap
to the first excited states. Instead, the full Hamiltonian of equation 4.20 needs to
be considered with 136 possible spin configurations for a single ion. The resulting
Hamiltonian for n = 10 interacting spins then spans a 136n × 136n-matrix, with
13610 ≈ 2×1021. The numerical diagonalisation of such a matrix is not feasible with
the available computing power.

In the case of Au:Er with several hundred ppm of erbium, interactions between ions
lead to a smeared out Schottky anomaly for the heat capacity, which has a reduced
amplitude, but is wider than expected for non-interacting ions [Fle03]. The position
of the maximum is only sightly changed however. This can be explained by randomly
distributed shifts in the lower energy levels, centered around the values for single ions,
caused by the random distribution of ions in the lattice.

At such low concentrations no drastic deviation from this behaviour is expected in
Au:Ho. The calculations for the non-interacting magnetic moment given in previous
sections should provide a good qualitative approximation for the heat capacity at
low temperatures.
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4.6 Experimental determination of material dependent pa-
rameters

The crystal field parameters W and x are material dependent parameters and are
best determined experimentally. The same holds to a lesser extent for the hyperfine
coupling strength, as theoretical calculations are more reliable for this case. The pre-
vious sections showed, that the thermodynamic properties show a clear dependence
on these parameters. In the context of this thesis, measurements of the thermody-
namic properties of Au:Ho were used to probe these parameters. As the radioactive
isotope 163Ho does not exist in nature and has to be produced artificially [Gas14],
the naturally occuring and stable 165Ho was used for this purpose. This substitution
is possible as both isotopes have the same nuclear spin of I = 7/2 and total angular
momentum J = 8, and therefore show the same behaviour in the theory described
in sections 4.3.1 and 4.4.1.

4.6.1 Magnetisation

The results of the calculations shown in section 4.4.2 showed that the magnetisation
of Au:Ho does not depend on the hyperfine coupling strength at temperatures above
T > 1K, while it is dependent on the crystal field parameters at these temperatures.
A measurement of the magnetisation in this high temperature range can therefore be
used to probe the crystal field parameters independent from the hyperfine interaction.

Magnetisation measurements were performed on a Au:Ho sample with 1 % 165Ho
concentration and a mass ofm = 15.3mg. A commercial MPMS XL5 magnetometer2

was used, which covers a temperature range 400K > T > 2K with a liquid helium
based cooling system. The results for measurements at B = 0.05T and B = 0.1T
are shown in figure 4.6.

Gold is a diamagnetic material with a magnetic susceptibility of χAu = −3.45×10−5,
which is independent of temperature and therefore results in an offset in the mag-
netisation curve. At T < 50K, the magnetisation is dominated by the paramagnetic
response of the Ho-ions. The crystal field parameters can be extracted by fitting the
theoretical curve to the data set.

The resulting best fit is given forW = −0.112 and x = −0.357, which is in accordance
with the result given by [Mur70].

2by Quantum Design Inc., 6325 Lusk Boulevard, San Diego, CA 92121-3733, USA URL
https://www.qdusa.com
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Figure 4.6: Measured magnetisation of
Au99Ho1 for B = 0.05T and B = 0.1T,
with lines showing a theoretical fit with W =

−0.112 and x = −0.357.

4.6.2 Heat capacity

With the crystal field parameters fixed, numerical calculations using the value of
the hyperfine coupling strength A = 812MHz found in literature can be used as
basis of comparison for measurements of the heat capacity of dilute Au:Ho . At low
temperatures the Schottky anomaly was found to be dependent on A. A detailed
analysis of heat capacity measurements at T ≈ 100mK can therefore be used to probe
deviations from the literature value of A due to the implantation in the gold lattice.
For concentrations above the limit of the dilute alloy, the mutual interactions of the
magnetic moments need to be considered for a quantitatively correct description.

The experimental setup for the heat capacity measurement on a metallic magnetic
calorimeter with NHo = 9 × 1013 implanted holmium ions, which was carried out
during this work, is described in the following chapter. The analysis of the exper-
imental results is presented in chapter 6 and compared to the numerical results of
the theory.
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5.1 Cryostat

As described in chapter 3, magnetic calorimeters are operated at temperatures be-
low 100mK. Several different methods are viable to achieve these low temperatures
[Ens05]. In the context of this thesis, an adiabatic demagnetisation refrigeration cryo-
stat (ADR1) was used. A detailed description of an ADR-cryostat’s cooling principle
is given in [Ens05]. The specific features of the cryostat used for the experiment,
shown in figure 5.1, will be introduced in the following.

G
G
G

FA
A

S D

l. N2

 l. He

K

isolating
vacuum

super
insulation

radiation
shield

Figure 5.1: Schematic cross section of the
ADR-cryostat. The paramagnetic FAA- and
GGG-pills are fixed with Kevlar-threads (K)
and can be thermally coupled to the 4K-
platform with a mechanical heat-switch (S).
The experimental platform (D), is in good
thermal contact with the FAA-pill.

The cryostat consists of multiple nested containers, which act as temperature shields
with decreasing temperature, going from the outer shield at room temperature to the
innermost shield at the temperature of the helium bath. The outer stage is vacuum
sealed so the inside of the cryostat can be kept at a typical operating pressure of
107 mbar to prevent convective heat exchange. The outer stage is followed by two
intermediate shields: The first one is thermally coupled to a bath containing liquid
N2 at 77K with the second one connected to the outlet of the liquid He bath at
a temperature of about 23K. Then follows the inner stage with the so-called 4K-
platform, which is cooled with liquid helium to 4.2K. By reducing the vapour pressure

1Adiabatic Demagnetization Refrigerator; B04, CSP/Vericold GmbH, Ismaning (currently Ox-
ford Instruments)

37
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of the helium bath, the temperature of the inner shield can be reduced to around
1.5K. Superisolation consisting of aluminum foil is located between all of these shield,

In the centre of the cryostat are two paramagnetic salt pills made of GGG2 and
FAA3. The GGG-pill is fixed to the 4K-platform using kevlar threads with low heat
conductance. Due to its high concentration of magnetic moments, the GGG-pill
has a large heat capacity. It serves as a heat sink to prevent parasitic heat flow
to the FAA-pill, to which it is attached with kevlar threads. The FAA-pill is then
connected via a copper rod to the experimental platform, where the detectors and
SQUID-magnetometers used in this thesis were attached. All wires connected to the
experimental platform were thermally coupled to all of the previously described heat
shields, in particular the thermal connections to 4K-platform and the GGG-pill are
very delicate, to reduce the heat flow to the experimental platform.

To create the magnetic field for the adiabatic demagnetisation cooling process, a
superconducting magnet is located in the helium bath around the FAA- and GGG-
pills. The magnet can carry currents of up to 37A leading to a maximum field
of about 6T. During the magnetisation of the salt pills a mechanical heat switch
provides the thermal connection between the salt pills and the 4K-platform. The
switch is opened, when the pills are fully thermalised at maximal magnetic field
strength. Reducing the magnetic field when the pills are thermally isolated decreases
the temperature of the pills and the attached experiment until the base temperature
at zero-field is reached.

For the GGG-pill the base temperature is 250mK, while the FAA-pill has a lower con-
centration of magnetic moments and can therefore reach a temperature of 22mK. As
no cooling power is available after full demagnetisation, the pill temperature slowly
increases due to radiation and the heat input through finite thermal conductivities
of the wires used for the read out of the experiments and thermometers. The time
the FAA-pill, and in extension the experiments, stay at the lowest temperature is
strongly dependent on these thermal loads. To measure the temperature of the
experimental platform a ruthenium oxide resistor4 was read out with an AVS-475

resistance bridge.

As the temperature of the salt pills is dependent on the external magnetic field, the
superconducting magnet can be used for temperature stabilization at temperatures
above base temperature. For this purpose the temperature signal is fed into a soft-
ware PID-controller where the required temperature can be set. The output signal

2Gadolinium Gallium Garnet: Gd3Ga5O12
3Ferric Ammonium Alum: Fe2(SO4)3(NH4)2SO4 · 24H2O
4This thermometer was calibrated at the Walther-Meissner-Institute in Munich and has a relative

sensitivity of log(R) log(T ) = −1.5 in the temperature range from 21mK to 40mK
5AVS-47, Pico Watt Elektronika, Finland; relative accuracy: ∆R/R = 1× 10−4
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then controls the magnitude of the injected current in the magnet, to stabilize the
temperature at the set value.

5.2 Detector

The primary goal for the heat capacity measurement of holmium in gold is to define
the maximum 163Ho activity, that can be implanted in a single detector without
the corresponding heat capacity becoming dominant (see section 2.2.1). A detector
having the same design as the prototype described in section 3.5 was used for this
thesis. Since this design is optimized for the implantation process, the comparison
with available data allows to directly observe any possible impact on the detector
performance from the implanted holmium. The information on the contribution
to the total heat capacity of the detector is deduced in this thesis by analysing
the height of thermal pulses generated by the absorption of a known energy in the
detector, according to equation 2.9. In this work, a 55Fe calibration source with
E(kα) = 5.899 keV was used. The signal shape was compared to the expected shape
without the presence of holmium [Seg09].

A schematic of the detectors used in this work is shown in figure 5.2. The design
differs in two aspects from the previously described version shown in figure 3.8: The
upper half of the absorber is left out while stems between absorber and sensor have
been added.

As the upper absorber half only serves to completely encase the embedded 163Ho
source, it is not needed for a measurement of a purely external calibration source.
Leaving it out of the design has the advantage of decreasing the heat capacity of the
absorber by a factor of two as its total volume is reduced to (185 × 185 × 5)µm3.
This increases the relative contribution of the holmium heat capacity CHo/Cdet. The
stems between absorber and sensor are included to avoid loss of athermal phonons,
which otherwise could enter the substrate without properly thermalising with the
sensor. The additional heat capacity from the stems is less than 1 % of the total
detector heat capacity.

5.3 Implantation at RISIKO

Three chips were prepared for implantation with different amounts of the stable
165Ho , N1 = 9 × 1012, N2 = 9 × 1013 and N3 = 9 × 1014 with an uncertainty in
the implantation process of 10 %. These amounts correspond to 163Ho -activities of
A ≈ 4Bq, A ≈ 40Bq and A ≈ 400Bq, which is in the order of the activity limit set
by the unresolved pile-up fraction given in section 2.2.1.
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Au:Er sensor

Ho implanted area
Absorber 
Stems

Figure 5.2: Schematic of one pixel in the
detector.

The chip was glued to a glass plate and a layer of photoresist was used to restrict the
area of implantation to a 160µm×160µm area. A 100 nm thick layer of gold is then
deposited on top of the whole chip and the glass plate, which made it possible to
measure the ion current during the implantation process by attaching an electrode
to the gold covering the glass plate.

The photoresist, along with the gold on top of it, is removed after the implantation
process. The deposited gold on top of the absorbers adds a volume of (160× 160×
0.1)µm3 to the absorber with heat capacity of about 1 % of the whole absorber.

3mm

3mm

Figure 5.3: Chip after the implantation with highly visible area of implantation on the
conductive gold layer (left). Measured beam profile on the target area using autoradiogra-
phy (right), with increasing intensity from black to white.

The implantation was carried out at the RISIKO mass spectrometer at the Mainz
University [Wen99].

The holmium target for the production of the ion beam consists of holmium nitrate
onto a titanium foil. The foil is rolled and inserted into a tungsten holder which can
be heated to about 2000 ◦C. Holmium atoms are created by sublimation and a laser
is then used for resonant ionisation. The ions are accelerated to 30 keV by applying
a high negative voltage along the beam-line. A mass spectrometer is then used to
create a pure 165Ho beam. The mass spectrometer is made of a magnetic dipole,
which deflects the ions at an angle depending on their mass and the magnitude of
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the applied magnetic field. By tuning the magnetic field, ions with the mass of 165Ho
can be selected to hit a fixed target area, where the chip is positioned. A magnetic
lens system in front of the chip is used to focus the beam on a small area.

Figure 5.3 shows the profile of the implantation area. The profile was determined
using autoradiographic imaging. For that purpose a titanium foil implanted with
165Ho which was irradiated with neutrons, creating the isotope 166Ho which can be
recorded with gamma detectors.

0 50 100 150 200
implantation depth [ ]

0.00

0.02

0.04

0.06

0.08

no
rm

al
is

ed
co

un
tr

at
e

Figure 5.4: Implantation depth profile in Au
for 165Ho ions with 30keV energy, calculated
with SRIM.

This RISIKO facility achieves a mass separation of m/∆m ≈ 500, which is more
than sufficient to suppress any source contaminations during implantation. SRIM6

calculations for the ion-energy of 30 keV result in the implantation depth profile
shown in figure 5.4, with an average implantation depth of 55 below the absorber
surface.

Figure 5.5 shows the absorber surface of the three chips after the implantation pro-
cess. For the chips with higher concentration, a change in the surface colour of the
implantation area is clearly visible, while the chip with the lowest concentration is
mostly unchanged. Calculations for the holmium concentration show, that while the
assumption of a dilute Au:Ho alloy holds for the chip with the lowest amount of
holmium, this is not the case for the other two chips with concentrations exceeding
the 10 % level. Using an implantation depth of d = 10 nm and implantation area of
160× 160µm2 in the gold absorber, the fraction of Ho-ions to Au-ions of

NHo

NAu
= 5.95 (5.1)

is found for NHo = 9× 1013. This means, that the surface of high concentration chip
should be modeled to have a layer of pure holmium deposited on top of the gold

6The Stopping and Range of Ions in Matter, licence free software, www.srim.org
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absorber, with a gradient in holmium concentration between 0 % and 100 % in the
first 10 nm of the gold absorber.

160 µm

Figure 5.5: Absorber surface for each of the three implanted chips after implantation at
RISIKO. Increasing Ho-abundancy from left to right: NHo = 9 × 1011, NHo = 9 × 1012,
NHo = 9× 1013

5.4 Experimental setup

After the implantation process, the protective photoresist layer was removed together
with the conductive gold layer. The two chips with higher holmium concentration
have been installed in a dedicated experimental setup. During this thesis only the
detector with the highest concentration was fully characterised. The detector holder
this chip was glued to was made out of oxygen free copper and is characterized by
a small island where the detector chip and the read out SQUIDs are glued [Ran14].
The SQUIDs for the readout used a 2-stage configuration as described in section 3.4,
where the front-end SQUID and the amplifier SQUID array were fabricated on the
same chip. The chips were produced by the PTB7 and are called C6X114HW.

The basis of the experimental setup, shown in figure 5.6, is a 18mm× 80mm holder
made of solid copper À, with a platform of 23mm × 16mm situated in its middle.
The chips containing the detectors Á and SQUIDs Â were glued to the middle of this
platform with GE 70318 varnish. Two circuit boards Ã and Ä are situated around
the chips to provide the electrical connections needed for the read-out of the detector.
One end of the circuit boards is glued to the elevated platform with Stycast 2850
FT9, while the other is not fixed, to allow bending due to different thermal expansion

7Physikalisch Technische Bundesanstalt , Berlin, Germany
8Lake Shore Cryotronics Inc., 575 McCorkle Boulevard, Westerville, OH 43082, USA,

www.lakeshore.com.
9by Emerson&Cuming, part of Henkel Corporation, 15350 Barranca Parkway, Irvine, CA 92618

USA, URL http://www.henkel.com
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Figure 5.6: Schematic of the experimental setup. See text for full description.

coefficients. The surface of the copper holder around the platform is covered with
kapton foil to avoid electrical connections between the electric lines on the backside
of the circuit board and the copper holder.

Electrical connections between the chips and the circuit board are made with wedge
bonded 25µm diameter aluminum wires Æ. The operating temperature, T < 100mK,
of the experiment is well below the critical temperature of aluminum Tc ≈ 1.2K,
ensuring superconducting behaviour of these wires. To the other ends of the circuit
boards superconducting wires made of NbTi are soldered, which have connectors
attached to them Ç.

Gold wires with 25µm diameter are wedge bonded from the detector chip and SQUID
to large copper areas on the circuit board to increase the contact to the thermal bath.

A collimator Å is used to ensure that x-rays from the 55Fe source È hit only the
detector’s absorber. This is fabricated using a 2mm wide and 1mm high copper
bridge which is glued across the detector chip. The collimator has a hole of 1mm
diameter located above the detectors. To reduce the collimator area, a gold foil of
20µm thickness is placed, which has two holes of d ≈ 80µm diameter placed 200µm
apart. These holes are aligned with two of the absorbers.

The whole experimental setup is surrounded by a lead shield, to shield from time-
varying magnetic field. It is made of 1mm thick lead, which has a welded edge.
The shield is superconducting below Tc ≈ 7.2K. For an optimal shielding effect, the
opening to allow for wiring connections is placed at a large distance from the detector
and SQUID. To allow x-rays from the external calibration source to hit the detector,
an additional hole of d ≤ 3mm diameter is drilled above the previously described
collimator.
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5.5 55Fe X-ray calibration source

To obtain the heat capacity in a calorimetric measurement, the event energy E has
to be known. In the experiment discussed in this thesis, an external 55Fe x-ray source
was used for that purpose. 55Fe decays via electron capture to 55Mn with a half-life
of T1/2 = 2.73 y with subsequent emission of x-rays and electrons from the excited
daughter atom 55Mn. The dominant x-ray energies, with relative amplitudes of 9
to 1, are 5.895 keV for the Kα-line (transition from the L-shell to the K-shell) and
6.490 keV for the Kβ-line (transition from the M -shell to the K-shell). Both the Kα-
and Kβ-line show fine structure splitting due to transitions from sub-levels of the L-
and M -shells, which can be resolved with high energy resolution detectors.

The source is encased in such a way, that auger electrons and x-rays from lower
energy transitions are stopped with p ≈ 100 %. Therefore, only the dominant Kα

and Kβ x-rays can leave the source and hit the detector, which ensure a well defined
x-ray energy.10

At the time of the experiment, the 55Fe source had an activity of A ≈ 6.0MBq.
Positioned 2.5 cm away from the detector using a copper arm connected to the 4K-
platform, this results in a count rate of 4Bq on the absorber of the MMC.

5.6 Room temperature electronics and data acquisition

The treatment of the SQUID signal at room temperature is performed using the
XXF-111 electronic. This SQUID electronics contains the FLL-circuit as described
in chapter 3.4 and controls the SQUID. The output voltage signal of the FLL-circuit
is proportional to the flux change in the pick-up coil of the MMC. This output signal
is split in two paths.

One of the paths is used to read out the DC voltage signal to gain the temperature
information of the chip due to magnetisation changes (see section 3.3).

The other path is digitized by a high speed digitiser with 12-bit resolution and is
AC coupled to acquire the data corresponding to x-rays hitting the absorber of
the calorimeter. The data acquisition and operation of the digitizer is done with a
computer program, which is described in detail in [Sch00]. When energy is deposited
in the absorber, a pulse-shaped voltage signal is generated. If this signal exceeds a
pre-set trigger value, a selectable time-window containing 16384 data points is saved.

10Gamma rays from IBEC (Internal Bremsstrahlung in Electron Capture), with an energy spec-
trum up to 400 keV, can leave the source at rates 10−4 lower than the x-ray emission.

11by Magnicon GmbH, Barkhausenweg 11, 22339 Hamburg, Germany URL
http://www.magnicon.com
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The time window is chosen in such a way, that the pulse begins after 25 % of the
recorded data and contains the interesting part of the signal. This includes the rise
time and the decay of the signal down to 70 % of the maximal height.
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6. Experimental results

For the investigation presented in this thesis, three chips were implanted with differ-
ent concentrations of 165Ho as discussed in chapter 5.3. The measurements discussed
here were performed on the chip with the highest amount of 165Ho-ions. An experi-
mental characterisation of the used detector is given in section 6.1.

Pulse-height measurements for different persistent currents and temperatures were
carried out to determine the heat capacity of the detector using equation 3.4. The
results for these measurements will be analysed in section 6.2.

6.1 Detector characterisation

The accurate analysis of the pulse-height requires the understanding of a number
of detector properties. For that purpose, supporting measurements of the SQUID
noise and the magnetisation curve of the Au:Er-sensor were carried out, which are
discussed in the following.

6.1.1 Flux coupling

The flux coupling between the pick-up coil and the SQUID input coil for the double
meander geometry is given by

kΦ =
δΦS

δΦ
=

Mis

Lm + 2(Li + Lw)
(6.1)

where δΦ is a change of flux in one of the two meanders, δΦ the resulting flux change
in the SQUID, Mis is the input sensitivity of the SQUID, Lm is the inductance of a
single meander, Li is the input inductance of the SQUID and Lw the inductance of
the aluminum bonding wires between the pick-up coils and the input coil. The value
of kΦ can be determined by characterising the spectral density of the flux noise in
the SQUID-magnetometer.

In the temperature range 1.2K < T < 9.25K, the pick-up coils and the input-coil of
SQUID magnetometer are superconducting, while the aluminum wires have a finite
resistance Rw. This resistance is a source of white voltage noise, according to the
fluctuation-dissipation theorem [Joh28][Nyq28], with a spectral power density of

SU =
〈U2〉
∆f

= 4kBTRw . (6.2)

47
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The corresponding current noise directly induces a magnetic flux noise in the SQUID
which can be described by a low-pass characteristic,

SΦ(f) = M2
is

4kBT

Rw

1

1−
(
f
f0

)2 (6.3)

where the cut-off frequency

f0 =
Rw

2πLtot
(6.4)

is caused by the RL-circuit formed by the wire resistance Rw and the total inductance
of the read-out circuit

Ltot = Li + Lw +
Lm

2
(6.5)

which is given by the previously defined inductances.
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Figure 6.1: Measured spectral flux density
in the SQUID at T = 4.2K.

Figure 6.1 shows the measured spectral density of magnetic flux noise in the front-end
SQUID of the integrated SQUID-magnetometer of type C6X114HW at a temperature
of T = 4.2K. At frequencies below f ≈ 300 kHz, the plateau and low-pass behaviour
of the current noise described by equation 6.3 dominates the spectral density. Above
f ≈ 1MHz a second plateau is visible, which is caused by the intrinsic white noise
of the SQUID and leads to a second low-pass cut-off frequency which is given by the
finite bandwidth of the SQUID read-out electronics.

The spectrum can consequently be described by the sum of two low-pass filters

SΦ(f) = M2
is

4kBT

Rw

1

1−
(
f
f0

)2 + SΦ,SQ (6.6)
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where SΦ,SQ denotes the spectral density of the intrinsic flux noise of the SQUID.
Fitting this function to the measured spectral density then results in values of:

Rw = 8.32mΩ (6.7)
Ltot = 5.83 nH . (6.8)

The inductance of the aluminum wires can be derived using an empirically found
relation between inductance and resistance

Lw ≈ 0.15
nH
mΩ

Rw = 1.25 nH (6.9)

which should hold in the situation where each bonding pad of the SQUID input coil is
connected to the corresponding bonding pad of the detector chip by two aluminum-
wires with a diameter of 25µm in the normal conducting state. Using (6.5) and
the input inductance Li = 1.8 nH of the SQUID of type C6X114HW results in an
inductance of a meander of

Lm = 5.56 nH (6.10)

which is significantly larger than the simulated value of Lm = 2.0 nH. The reason
for this deviation, which is also present in previous experiments with this detector
design [Ran14] is not yet found. Possible explanations are fabrication imperfections
and a simplified detector geometry used in the simulation.

Using equation 6.1, a flux coupling of

kΦ = 0.033 (6.11)

is found for the measured inductance.

6.1.2 Temperature dependent magnetisation of the Au:Er sensor

Since the detector used for the experiment has only one of the two meander shaped
pick-up coils of each read-out channel equipped with a sensor, the detector signals
are sensitive to the absolute temperature of the substrate. Measuring the SQUID
output-voltage as a function of the FAA-pill temperature TFAA is therefore a direct
measure of the sensor’s magnetisation M(T ).

Figure 6.2 shows the measured magnetic flux in the front-end SQUID for different
persistent currents in the loop formed by the two meanders. These datasets are com-
pared to the corresponding numerically calculated curves, which take into account
the properties of the detector, including the geometry of the meander and the sensor,
the Er-concentration in the sensor, and the magnetic field generated by the injected
persistent current. The Er-concentration was determined to be 311 ppm with a mag-
netisation measurement on residual material of the micro-fabrication process in an
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Figure 6.2: Measured magnetisation of the
Au:Er sensor as function of temperature T for
different persistent currents. The dotted lines
denote the expected curve from simulations.

MPMS XL5 magnetometer1 in the temperature range 2K to 300K. This is possible,
as the paramagnetic sensors are patterned using a lift-off process.

At temperatures above 100mK the measured data is proportional to 1/T as expected
from the Curie law. A clear discrepancy between the measured- and calculated mag-
netisation is visible at low temperatures. This deviation in the measurement has
been seen in a few previous experiments [Ran14] and is a sign for thermal decou-
pling of the experiment from the FAA-pill temperature, which should be improved
in future experiments. The bias currents necessary to operate the two-stage SQUID-
magnetometer dissipate power and heat the chips containing the SQUIDs and the
detector locally. If the thermal link between the chips and the experimental platform
is too weak, the chips can not thermalize properly, leading to an increased tempera-
ture relative to the FAA-pill. A reason for this thermal decoupling is the breaking of
the glue2 joint between the detector chip and the chip holder made of copper during
the cooldown of the cryostat, due to different thermal expansion coefficients.

The true temperature Tdet of the detector can be extracted as a function of the
FAA-pill temperature TFAA, by projecting the measured values of the magnetisation
M(Tdet) onto the expected, numerically calculated magnetisation curve M(TFAA),
represented by dashed lines in figure 6.2.

Different thermal links connect the sensor of the MMC with the experimental plat-
form serving as thermal bath. One channel for thermal transport is due to the
electric link through the gold bonds to the copper holder and then the experimental
platform. Another is given by the phononic coupling to the substrate, which is con-
nected with the glue joint to the copper holder. If one of these paths dominates in

1by Quantum Design Inc., 6325 Lusk Boulevard, San Diego, CA 92121-3733, USA URL
https://www.qdusa.com

2GE 7031
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Figure 6.3: The corrected temperature Tdet
as function of the measured temperature TFAA
of the experimental platform for the persis-
tent current I0 = 25mA (solid lines). The
dotted line is a guide for the eye representing
Tdet = TFAA.

this temperature range, the sensor temperature should be well described by

Tdet =
(
T n+1
FAA + T n+1

0

)1/(n+1) (6.12)

where n = 1 for a dominant link made of normal conducting metal or n = 2 for a
dominant link carried by phonons in an amorphous material like glue. In figure 6.3
the measured data for I = 40mA is shown as a solid black line and a fit of (6.12)
with n = 1.5 as a dashed red line. This value of n suggests that both of the two
thermal links contribute to the thermalisation behaviour of the sensor, but there is
no single dominant path for the heat flow. This could be due to a partial disconnect
of the chip from the GE 7031 varnish used for the glue joint, which would weaken the
phononic connection significantly and could cause the observed thermal decoupling.

6.2 Heat capacity measurement

For the heat capacity measurement, the response of the detector to x-rays of a
55Fe calibration source is analysed. With a known energy input, equation ∆T =

∆E/Ctot allows for the determination of the total heat capacity of the detector. If
the thermal coupling of the magnetic moments of the erbium ions, which represent
the thermometer, to the other degrees of freedom in the detector is good, the signal
rise is fast and we can use the initial temperature change ∆T (t = 0) of the pulse in
this relation. For all temperatures and persistent currents, the heat capacity of the
Au:Er sensor and the gold absorber can be calculated, and data sets from previous
measurements on similar detectors [Seg09] provide a basis of comparison for the
signal size observed here. In micro-fabricated MMCs, an additional heat capacity
is typically observed which is related to structural defects in the Au:Er and Au
layers from the sputtering process. This heat capacity seems to vary with the given
sputtering conditions between 2 JK−1m−3 and 10 JK−1m−3, where the highest values
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Figure 6.5: First 60µs of the averaged sig-
nal for I = 40mA and T = 42mK shown as
black solid line. The secondary slow decay is
shown by the dashed red line.

are found for Au:Er and the lowest for sputtered high purity Au [Gas13]. As all
other parameters are known in these conditions, the heat capacity of the implanted
holmium can be extracted from the analysis of the measured pulse height.

An average over several 100 events corresponding to 55Fe Kα-x-rays with an energy
of 5.899 keV was taken at various temperatures between TFAA = 40mK and TFAA =

100mK and for three different persistent currents. A time-window of 120µs was used,
where the signal height drops to about 70 % of the maximum height. Figure 6.4 shows
the averaged and normalised pulses are for a persistent current of I0 = 40mA in the
meander shaped pick-up coil.

In the simplified thermodynamic description of a magnetic calorimeter in chapter
3.2.1, the pulse shape is described by a fast rise time τ0 ≈ 100 ns resulting from
the electron-spin coupling given by the Korringa relation, and a decay time given
by the ratio between the total heat capacity and the thermal conductivity to the
bath, τ1 ≈ Ctot/Geb. For real devices, additional features in the pulse shape can
be observed, e.g. due to the nuclear electric quadrupole moments of gold. These
can introduce an additional heat capacity which causes an additional decay time of
200µs to 2ms clearly visible at temperature below 40mK, but should be negligible
in the temperature range of the experiment discussed here.

The signal amplitude and the associated heat capacity of the detector can be obtained
by fitting exponential rise and decay functions to the signal shape (see chapter 3.2.1).
The rise-time for the measured signals was found to be τ < 200 ns, which is about
a factor of 2 slower than the intrinsic rise time and limited here by the bandwidth
of the read-out scheme. The maximum amplitude after the exponential rise can be
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compared with one the expected from [Seg09], where an additional heat capacity
of 0.5 pJ/K from the sputtering process was determined for this type of detector.
Figure 6.6 shows the measured maximal signal height as a function of temperature
in comparison to simulated values for the detector which are in accordance with
[Seg09]. There is no evidence for a significant additional heat capacity due to the
implanted holmium.

The decay of the signals does not show a simple exponential behaviour, suggesting
that the detector consists of more than the thermodynamic systems of absorber
(conduction electrons) and temperature sensor (magnetic erbium ions). Instead, the
decay of the pulse can be divided into a part with a fast decay time τ1 ≈ 10µs and
a second part with a decay time, which is significantly larger than the measured
time-window of ∆t = 120µs and can therefore not be determined precisely from the
recorded data.

This signal shape suggests that energy deposited by the absorbed x-ray thermalises
within the conduction electrons, phonons and the magnetic moments of the erbium
ions and then leaks into an additional thermodynamic system on a time scale of a
few µs, before finally flowing through the thermal link to the thermal bath formed
by the chip holder and the experimental platform. This additional system could
be related to the implanted holmium ions. If the heat capacity of the detector is
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calculated using the amplitude of the slow decay, an additional heat capacity of

Cadd ≈ 2.0 pJ/K (6.13)

is found almost independent of temperature. By assuming this to be the summed
contribution from all implanted holmium ions, a heat capacity per ion of

Cadd
ion = 1.6× 10−3kB (6.14)

can be calculated.

Au absorber

Dilute AuHo alloy
Pure holmium 

AuEr sensor

Pick-up coil

Thermal bath

Figure 6.8: Schematic of the MMC with high concentrations of implanted holmium in
the gold absorber. A region of pure holmium is located on top of a dilute AuHo alloy.

As discussed in chapter 5.3, depending on the implantation dose, the implanted ions
can not be considered to form a dilute Au:Ho alloy in the gold absorber. For the
highest doses discussed here, the implantation area can be described by several tens
of nano-meters of pure holmium on top of a region where gold and holmium are
mixed with a holmium concentration that decreases with increasing depth in the
gold absorber. To simplify the following discussion these two regions will be referred
to as bulk holmium and dilute alloy respectively, as sketched in figure 6.8y. The heat
capacity per ion calculated under the assumption of an equal contribution from all
ions is about two orders of magnitude smaller than expected for the different models
describing both the limit of the dilute alloy (see figure 6.7) and the bulk holmium
(see figure 6.9). For these cases an additional temperature dependent heat capacity
is expected with values for T = 80mK around

Cdilute
th ≈ 430 pJ/K (6.15)

for the limit of the dilute alloy and

Cbulk
th ≈ 530 pJ/K (6.16)

for the case of bulk holmium, which is dominated by the nuclear magnetic moments
of the ions. A possible explanation for the discrepancy to these expected values can
be derived for the given multi layer model.
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Using the theory derived for the dilute alloy under the assumption of A = 812Mhz,
an effective number of holmium ions in the dilute alloy region can be estimated from
the measured heat capacity to be

Ndilute
Ho ≈ 3× 1011 . (6.17)

This accounts for only 0.3 % of total holmium ions.
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Figure 6.9: Molar heat capacity for bulk
165Ho as function of temperature, after
[Van64].

At T < 19K bulk holmium shows ferromagnetic ordering, which represents an ex-
tremely stable ground state for the electronic spins at T < 100mK. In this stable
ground state, excitations of the magnetic moments of the 4f -electrons, i.e. magnons,
would cause a negligible contribution to the specific heat.On the other hand, the con-
tribution caused by the hyperfine splitting of the holmium nuclei is very large, as
shown in figure 6.9, and should dominate the total heat capacity of the detector by
two orders of magnitude. The fact that this heat capacity is not observed in the
pulse shape we can only explain by assuming that the relaxation time of the nuclei
is much longer than the time scale of the pulses, such that only a small fraction of
heat is flowing there during a pulse.

On the one hand, such long relaxation times for nuclei at T ≈ 100mK sound plausible
and are well known for non-magnetic high purity noble metals. On the other hand,
our group’s experience with the isotope 167Er, which has a similarly large hyperfine
splitting, being diluted in gold in the paramagnetic temperature sensor, is such, that
excitations of the nuclear spin in this system occur on the same time scale as the
excitations of the electronic magnetic moments. In addition, relaxing gold nuclei,
which also have a significant hyperfine splitting, in the vicinity of the erbium ions can
be observed in these experiments. This might not be in conflict with the assumptions
made here for the ferromagnetically ordered holmium. One detail that we observed
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for the relaxation time of the gold nuclei in the vicinity of the erbium ions is a
dependence on the magnetic field, leading to longer relaxation times for an increased
magnetic field, being about 1ms in a 10mT field. Extrapolating this, it might be
realistic that the relaxation time of the holmium nuclei in ferromagnetically ordered
holmium is in the order of seconds.

For the case of a negligible contribution from the spin system, the heat capacity of
the system of the conduction electrons Cbulk

e would be the dominant contribution
in bulk holmium. Using equation 3.6 with γHo = 10mJ/mol [Van64] gives a heat
capacity below T = 100mK of

Cbulk
e (T < 100mK) < 0.15 pJ/K (6.18)

which is within the uncertainty of the experimental results.

To test this theory, measurements with longer time windows, being in in the order
of 10ms and longer, are necessary to fully understand the pulse shape and identify a
possible additional long decay time with possibly very small amplitude. Similar ex-
periments on the remaining chips with lower holmium concentration can also provide
information to further understand the thermodynamic properties, as the relative size
of the bulk holmium layer will be significantly reduced.

The results demonstrate, that the planned neutrino mass experiment ECHo will
benefit greatly from further detailed studies of the heat capacity and relaxations
times of holmium and alloys of holmium at milli-Kelvin temperatures, in order to
find a well balanced compromise between activity per detector pixel, heat capacity,
energy resolution and complexity of signal shape. Understanding the relaxation
time-scale of the nuclei in the ferromagnetically ordered holmium is not only highly
important to remove any possible systematic effects in the spectral measurement,
but could also make use of pure holmium in the absorber a viable consideration for
the final detector design, if no significant parasitic effects are found.



7. Summary and outlook

In the present work, theoretical and experimental investigations of the thermody-
namic properties of holmium in gold were carried out, to determine the effect of im-
planted holmium ions on the performance of metallic magnetic calorimeters (MMCs).
This work was carried out within the ECHo experiment, which aims to measure the
electron neutrino mass by a high statistics and high precision calorimetric measure-
ment of the electron-capture spectrum of 163Ho implanted in MMCs.

The theory for the thermodynamic properties of the implanted holmium ions was
developed by describing the system as non-interacting magnetic moments and includ-
ing the effects of the crystal field, the hyperfine interaction and external magnetic
fields. The eigenvalue problem of the system’s Hamiltonian was then solved numer-
ically and used to calculate the heat capacity and magnetisation per ion for given
sets of crystal field parameters W and x, and hyperfine coupling strength A. Exper-
iments on an AuHo alloy with 1 % Ho-concentration, measuring the magnetisation
at temperatures between 2K and 300K, were used to determine the crystal field
parameters of Au:Ho to W = −0.112 and x = −0.357. The numerical calculations
for these crystal field parameters showed a Schottky anomaly in the heat capacity in
a temperature range below 200mK, with the peak position depending on the value
of the hyperfine coupling strength A. A measurement of the specific heat per ion
in this temperature range can therefore be used to probe the value of the hyperfine
coupling strength. This can be obtained by analysing the height of thermal pulses
for a known energy input for detectors containing a well defined number of holmium
ions. Using the well established model for the signal shape of MMCs, it is possible to
deduce the effect due to the implanted holmium ions by comparing the experimental
pulse height with the expected value in the case of no holmium implantation.

The implantation of natural holmium in the gold absorbers of MMCs was performed
at RISIKO in the Mainz University. Natural 165Ho has the same nuclear spin as
the radioactive isotope 163Ho and can therefore be used as a substitute material in
experiments on its thermodynamic properties. The detectors were implanted with
9 × 1011, 9 × 1012 and 9 × 1013 165Ho ions, corresponding to respective activities of
163Ho of 4Bq, 40Bq and 400Bq. Different numbers of holmium ions were implanted
in three different detectors in order to perform calorimetric measurements of the
detector’s heat capacity as a function of ion concentration. Simulations for the
implantation depth showed that for activities > 10Bq the implanted holmium ions
do not form a simple dilute Au:Ho alloy, but must instead be characterised by a
region of pure holmium on top of multiple layers of Au:Ho with decreasing holmium
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concentration with increasing depth in the absorber.

A complete characterisation was carried out for one detector with 9×1013 implanted
165Ho ions, corresponding to a 163Ho activity of A = 400Bq. The analysis of pulse
height measurements, performed out in the temperature range between 60mK and
100mK, showed no evidence for any significant additional heat capacity. However,
the analysis of the pulse shape showed an initial fast time constant in the order of
10µs for T ≈ 70mK, which has never been observed with regular MMC consisting
of a Au:Er sensor, stems and gold absorber. This could be interpreted as a heat
flow to a system formed by holmium ions diluted in gold. From the analysis of
the pulse shape, a corresponding additional heat capacity of Cadd = 2 pJ/K was
observed. Considering this to be related to a system of non-interacting holmium
spins and under the assumption of A = 812MHz for the hyperfine coupling strength,
we find the corresponding number of holmium ions in this system to be 3 × 1011.
This represents only 0.3 % of the implanted holmium ions. The remaining part of
the ions then forms layers with increased holmium concentrations up to 100 %. The
ions in this almost pure holmium region order ferromagnetically at T < 19K. The
nuclear moments of the holmium ions could in principal show a very long relaxation
time, due to the stable ground state of the ferromagnetically ordered electronic spins,
which would prevent heat loss to this system on the time scale of the measured pulse.

With the measurements performed in this thesis, it was not possible to investigate
the effect on the pulse shape which could arise from the heat flowing to the pure
holmium system. For that investigation, on the hand pulses need to be acquired over
a larger time window to probe longer thermalisation tails, and on the other hand
it will be important to measure at detector temperatures of about 20mK or lower.
In the case of a negligible impact on the pulse shape, the method of intentionally
depositing the 163Ho source in pure layers could be investigated as a viable method
for the ECHo experiment.

In this thesis, a numerical solution for the thermodynamic properties of dilute Au:Ho
alloys under the assumption of non-interacting spins was developed. This theory can
be extended by including the interactions between spins. The experimental approach
to investigate the heat capacity of a Au:Ho system was defined and it is based on the
analysis of thermal pulses due to the interaction of x-rays with known energy in low
temperature MMCs with implanted holmium ions in different concentrations. Based
on the theoretical calculations and experimental approaches developed in this thesis,
it will be possible to investigate the properties of Au:Ho systems with high precision.
This will be used at first to determine the maximum activity per pixel for the ECHo
experiment. The precise understanding of the physics of holmium ions in gold will
in future be the basis of investigations of higher order effects in the de-excitation of
the daughter atom of the electron capture in 163Ho .



A. Physical properties of the sensor material Au:Er

This summarization of the physical properties of the sensor material Au:Er is primar-
ily based upon and partly reproduced from the explanations in [Sch00, Fle03, Fle05]
and is added for the convenience of the reader. Other sources are cited throughout
the text.

A.1 Properties of Erbium in Gold

Erbium in low concentrations forms a solid solution with gold [Rid65]. Erbium in the
3+ state substitutes for Au at regular fcc lattice sites giving three of its electrons to
the conduction band. The Er3+ ion has the electron configuration [Kr]4d104f 115s25p6.
The paramagnetic behavior results from the partially filled 4f shell, having a radius of
only about 0.3Å and located deep inside the outer 5s and 5p shells. For comparison,
the ionic radius of Er3+ is about 1Å, as is depicted in figure A.1. Because of this
the influence of the crystal field is greatly reduced and the magnetic moment can
be calculated from the orbital angular momentum L the spin angular momentum S

and the total angular momentum J , which are derived according to Hund’s rules.
To a good approximation the admixture of exited electronic states can be neglected
and the magnetic moment µ can be written as

µ = gJJ (A.1)

with the Landé factor

gJ = 1 +
J(J + 1) + S(S + 1)− L(L+ 1)

2J(J + 1)
. (A.2)

For Er3+, L = 6, S = 3/2, J = 15/2 and gJ = 6/5. In dilute Au:Er samples the
magnetization can indeed be characterized by (A.1) at temperatures above about
100K [Wil69]. At lower temperatures it is necessary to include crystal field effects in
the description. The crystal field with fcc symmetry lifts the sixteen-fold degeneracy
of the Er3+ ground state, splitting it into a series of multiplets (one Γ6 and one Γ7

doublet and three Γ8 quartets). The lowest lying multiplet is a Γ7 Kramers doublet.
At sufficiently low temperatures and low magnetic fields the behavior of erbium in
gold can be approximated as a two level system with effective spin S̃ = 1/2 with an
isotropic g factor of g̃ = 34/5. This theoretical value has been confirmed by several
ESR experiments (see, for example [Tao71]). The magnitude of energy splitting
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60 A. Physical properties of the sensor material Au:Er

Figure A.1: Schematic of a lattice section of
the Au:Er-alloy. The Er3+-ions take regular
sites within the Au-lattice. The only partially
filled Er 4f -shell lies deep within the ion.

between the ground state doublet and the first excited multiplet (Γ8 quartet) has
been reported in different experiments [Sjø75, Dav73, Wil69, Hah92] to be between
11K and 19K.

Figure A.2 shows the magnetic susceptibility of Au doped with 600 ppm Er in the
temperature range between 100µK and 300K. The data have been obtained in
three different experiments [Her00, Fle03]. While the data at high temperatures
(T > 100K) are in good agreement with the Curie law for J = 15/2 and gJ = 6/5

there is an increasing deviation from the high temperature approximation below
100K. This is a result of the depopulation of the multiplets with higher energies. At
temperatures below about 1.5K the data follow a Curie law once again, but with a
reduced Curie constant in agreement with the effective spin S̃ = 1/2 and g factor
g̃ = 6.8 for the ground state doublet. At temperatures below 50mK and in low mag-
netic fields such that saturation is unimportant (g̃µBB < kBT ), the susceptibility
becomes much less temperature dependent. This is a result of the influence of the
exchange interaction between the magnetic moments. Finally, at a temperature of
about 0.9mK a maximum in the magnetic susceptibility of the 600 ppm sample is
observed, which is the result of a transition to a spin glass state.

A.2 Thermodynamic characterization of non-interacting mag-
netic moments

The magnetization of the Au:Er alloy, due to the properties of the Er3+-ions, can be
used as a temperature information. And since the magnetization is a thermodynamic
equilibrium property it can be accurately described theoretically. Starting from a
suitable thermodynamic potential, like the free energy with its’s full differential

dF = −S dT − VMdB − p dV︸︷︷︸
=0

, (A.3)
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with the volume change dV being negligibly small. The free energy F in statistical
physics can be found to be

F = −NkBT ln z , (A.4)

being a function of the number of magnetic moments N , the Boltzmann constant
kB = 1.381 · 10−23 J/K and the canonical partition function:

z =
∑
i

e
− Ei
kBT , (A.5)

with Ei being the energy eigenstates available to one magnetic moment. This
preparatory work (eq. A.3-A.5) can now be used to calculate the properties nec-
essary to estimate the performance as a thermometer from our system, namely the
heat capacity C, the magnetization M and it’s change with temperature ∂M/∂T :
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C =
N

kBT 2

{〈
E2
〉
−
〈
E
〉2
}
, (A.6)

M = −N
V

〈
∂E

∂B

〉
, (A.7)

∂M

∂T
=

N

V kBT 2

{〈
E
∂E

∂B

〉
−
〈
E
〉〈∂E

∂B

〉}
. (A.8)

This general theory on magnetic moments will now be applied to the case of 3+Er

ions in gold. In the previous section A.1 it was shown that at low temperatures only
two alignments are possible for the magnetic moments of the ions in an external
magnetic field B. The matching energy eigenvalues are

EmS̃
= mS̃g̃µBB , (A.9)

with mS̃ = ± 1/2 being the z-component of the quasi spin, g̃ = 6.8 the effective
isotropic Landé factor of the Γ7 Kramers doublet, µB = 9.274 · 10−24 Am2 the Bohr
magneton and B the absolute value of the magnetic field. Now the properties from
eq. A.6–A.8 can be calculated, leading to the well established Schottky anomaly

CZ = NkB

(
E

kBT

)2
eE/kBT

(eE/kBT + 1)2
(A.10)

for the heat capacity that is depicted in fig. A.3 and shows a characteristic maximum
if the thermal energy kBT is about half the energy splitting ∆E = gS̃µBB.

Calculating the magnetization of the Au:Er alloy in a similar fashion results in

M =
N

V
S̃g̃µBBS̃(h) (A.11)

with the Billouin function

BS̃ =
2S̃ + 1

2S̃
coth

[
(2S̃ + 1)h

2S̃

]
− 1

2S̃
coth

[
h

2S̃

]
(A.12)

and it’s argument

h =
S̃g̃µBB

kBT
. (A.13)
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Figure A.4: Brillouin function B1/2(h) with
the Curie approximation for h� 1. It shows
the qualitative progression of the magnetiza-
tion in a S̃ = 1/2 system in the approximation
of non-interacting magnetic moments.

Fig. A.4 depicts the Billouin function in the appropriate case of S̃ = 1/2 that shows
the qualitative shape of the magnetization. The maximum value is defined by the
density of magnetic ions N/V and the maximum z component of the magnetic moment
S̃g̃µB. The field and temperature dependence enters through the argument of the
Brillouin function in the ratio B/T . At low temperatures respectively high fields
(h� 1) the magnetization saturates because all magnetic moments are aligned with
the external field, while in the opposite case (h � 1) the magnetization enters a
quasi linear regime known as Curie’s law.
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A.3 Thermodynamic characterization of interacting magnetic
moments

While the assumption of non-interacting spins is sufficient for a qualitative descrip-
tion of the magnetic behavior of Au:Er, it is inadequate for a quantitative analysis.
To calculate the magnetic response of Au:Er both the magnetic dipole-dipole inter-
action and the indirect exchange interacting between the spins must be taken into
account.

A.3.1 Dipole-dipole interaction

The interaction of two paramagnetic ions at the positions ri and rj through their
respective magnetic moment µi/j enters the system’s Hamiltonian through the fol-
lowing additional term:

Hdipole
ij =

µ0

4π

1

r3
ij

{
µi · µj − 3(µi · r̂ij)(µj · r̂ij)

}
. (A.14)

The quantity r̂ij represents the unit vector in the direction ri−rj and rij the distance
between the magnetic moments.

Because of the isotropy of the Γ7 ground state doublet, the dipole-dipole interaction
can be expressed in terms of the effective spins S̃i and S̃j

Hdipole
ij = Γdipole

1

(2kFrij)3

{
S̃i · S̃j − 3

(
S̃i · r̂ij

)(
S̃j · r̂ij

)}
(A.15)

with prefactor Γdipole = (µ0/4π) (g̃µB)2 (2kF)3 and kF = 1.2 · 1010 m−1 being the Fermi
wave vector of the gold conduction electrons.1

A.3.2 RKKY interaction

The exchange interaction of the localized 4f electrons of the erbium ions with the
gold conduction electrons gives rise to an additional interaction between the erbium
ions, the indirect exchange or Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction.
Expressed in terms of the effective spin, the RKKY interaction between two erbium

1The Fermi wave vector has been introduced artificially here to simplify the quantitative com-
parison with the indirect exchange interaction discussed later.
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spins can be written as

HRKKY
ij = ΓRKKY (S̃i · S̃j)F (2kFrij) (A.16)

with the function F (2kFrij) being

F (2kFrij) =
1

(2kFrij)3

[
cos(2kFrij)−

1

2kFrij
sin(2kFrij)

]
(A.17)

and prefactor ΓRKKY given by

ΓRKKY = J 2 4V 2
0 m

∗
ek

4
F

~2(2π)3

g̃2(gJ − 1)2

g2
J

. (A.18)

Here J denotes the coupling energy between the localized spins and the conduction
electrons, V0 is the volume of the elementary cell and m∗e is the effective mass of
the conduction electrons. The expression for the RKKY interaction given above is
derived under the assumption that the mean free path of the electrons is larger than
the mean distance between the localized erbium ions. In principle, it is possible
that the RKKY interaction is reduced due to a finite coherence length λ of the
spin polarization of the conduction electrons. In this case an additional factor e−r/λ

would appear in (A.16). However, for Au:Er with suitable erbium concentrations
for its main application in low temperature metallic magnetic calorimeters (MMCs),
the mean free path of the conduction electrons is always much larger than the mean
separation of the erbium ions.2

The fact that both the dipole-dipole interaction and the RKKY interaction are pro-
portional to 1/r3ij allows us to compare their relative strength by a dimensionless
parameter which is defined as the ratio of the two pre-factors

α =
ΓRKKY

Γdipole

. (A.19)

Using this parameter α the coupling energy J can be expressed as3

J '
√
α 0.145 eV . (A.20)

2In measurements of the residual resistivity of dilute Au1−xErx alloys % = x 6.7× 10−6 Ω m was
found [Ara66, Edw68], and one can conclude that the mean free path of the conduction electrons
is about 4000Å for an erbium concentration of x = 300 ppm.

3The value of J given by (A.20) refers to the definition of the exchange energy between a
localized spin S and a free electron s being H = J s ·S. The definition H = 2J s ·S is often found
in literature, leading to values of the parameter J being smaller by a factor of two.
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A.4 Numerical calculation of the thermodynamical proper-
ties

A determination of the heat capacity and magnetization of a system of randomly
distributed, interacting erbium spins requires a numerical calculation. There is a
number of ways to perform this kind of calculation in the framework of a mean-field
approximation. The method that requires the least amount of CPU time assumes
the specific form of the mean field distribution that has been derived by Walker and
Walstedt [Wal77, Wal80] for magnetic moments randomly distributed in a continuous
medium. These authors showed that this analytic representation of the mean field
distribution agrees well with numerically calculated mean field distributions.

An alternative approach is to write down the Hamiltonian for a cluster of interacting,
randomly distributed spins on the Au lattice and obtain the eigenvalues of the cluster.
This process is repeated for a large number of configurations of randomly positioned
spins with the heat capacity and magnetization obtained by averaging. Since this
process delivers the more accurate results and is currently used to determine the
Au:Er behavior theoretically it will be explained in more detail in the following.

The basis for this approach is a cubic lattice segment of the gold fcc-lattice, typically
with an edge length of ten to twenty lattice constants, depending on the simulated
spin concentration. Additionally quasi-periodic boundary conditions are assumed,
repeating the cube four times in every direction in space. On this lattice segment
n = const. spins are randomly distributed. For each configuration the Hamiltonian
matrix is constructed. It includes the interaction of the magnetic moments with
the external magnetic field (Zeeman interaction) and the dipole-dipole and RKKY
interaction in between spin pairs.

In the basis | S1, S2, . . . , Snmax

〉
with the spin eigenvalues Si ∈ {|↑

〉
, |↓
〉
} andB = (0, 0, Bz)

the Hamiltonian of two spins S1 und S2 at positions r1 und r2 takes the following
form:
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H = HZeeman +Hdipole +HRKKY, with (A.21)

HZeeman = −g̃µB(Sz 1 + Sz 2)Bz , (A.22)

Hdipole =
µ0

4π

(g̃µB)2

r3

(
−(3 cos2 θ − 1) ( Sz 1Sz 2 )
+1/4 (3 cos2 θ − 1) ( S+ 1S− 2 + S− 1S+ 2 )
−3/2 sin θ cos θ ( Sz 1S+ 2 + Sz 2S+ 1 )
−3/2 sin θ cos θ ( Sz 1S− 2 + Sz 2S− 1 )
−3/4 sin2 θ ( S+ 1S+ 2 )
−3/4 sin2 θ ( S− 1S− 2 )

)
,

(A.23)

HRKKY = α
µ0

4π
(g̃µB)2 (2kF )3

(
Sz 1Sz 2 +

1

2
(S+ 1S− 2 + S− 1S+ 2)

)
F (ρ) (A.24)

and
F (ρ) = ρ−3

(
cos(ρ)− sin(ρ)

ρ

)
, ρ = 2kFr . (A.25)

In this context θ is the angle between B and r̂ = r2−r1
|r2−r1| . S+ and S− are the usual

raising and lowering operators. The Hamiltonian matrix has the rank 2n and there-
fore 22n elements. For reasons of clarity and comprehension the shown Hamiltonian
is limited to two interacting magnetic moments:

H =


|↑↑
〉

|↑↓
〉

|↓↑
〉

|↓↓
〉

−D2 + 1
4
R + 2Z −D1 −D1 −D3

−D1 +D2 − 1
4
R +D2 + 1

2
R +D1

−D1 +D2 + 1
2
R +D2 − 1

4
R +D1

−D3 +D1 +D1 −D2 + 1
4
R− 2Z

, (A.26)

with the variables Z = −1

2
g̃µBBz︸ ︷︷ ︸

Zeeman

, R = α
µ0

4π
(g̃µB)2(2kF)3 F(ρ)︸ ︷︷ ︸
RKKY

and

D1 =
3

4

µ0

4π

g̃µB

r3
cos θ sin θ , D2 =

1

4

µ0

4π

g̃µB

r3
(3 cos2 θ − 1) , D3 =

3

4

µ0

4π

g̃µB

r3
sin2 θ︸ ︷︷ ︸

dipole− dipole

.

The parameters of the Monte-Carlo style simulation are chosen in the following way:
n = 6 was chosen based on the minor improvement in accuracy for n > 6 and the
available computation time. The lattice size was adjusted between 10 and 40 lattice
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Figure A.5: Specific heat of Au:Er with
300 ppm enriched 166Er as a function of tem-
perature at different applied magnetic fields.
The solid lines are calculated numerically
with a interaction parameter α = 5 [Ens00]

constants to cover the usually used concentrations below 5000 ppm. These n spins are
then randomly distributed across the lattice. Since the sensor material is normally
available in a polycrystalline form also the orientation of the magnetic field is not
previously defined and is chosen randomly and the angle θ is calculated accordingly
for each pair of spins.

Based on this randomly chosen configuration the Hamiltonian matrix is constructed
for different values of the external magnetic field and the energy eigenvalues are
calculated by numerically diagonalizing the matrix. With the energy eigenvalues
the thermodynamic properties C, M , and ∂M/∂T can be calculated at any given
temperature according to eq. A.6–A.8.

These calculation is repeated a large number of times and the results then averaged
to get the final predictions for the thermodynamic properties. For the extreme cases,
namely temperatures below 20 mK and concentrations above 1000 ppm the number
of repetitions needs to be at least 104 to get stable results.

As an example we show in Fig. A.5 the specific heat of an Au:Er sample having a
concentration of 300 ppm of 97.8% enriched 166Er. The temperature of the maximum
in the specific heat depends on the magnitude of the external magnetic field as
expected for a Schottky anomaly. However, the maximum is about twice as wide
as for a non-interacting spin system. Calculations based on averaging over spin
clusters provide a quantitative agreement assuming an interaction parameter α of 5.
Although the calculated curves depend rather strongly on the choice of α, the value
of α = 5 should be viewed as an upper bound for the following two reasons. Firstly,
the presence of 167Er in the enriched sample leads to a slight additional broadening of
the curve because of the hyperfine contribution of this isotope. Secondly, additional
broadening results from a variation of the applied magnetic field, of about 10 to 15%,
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over the sample due to the geometry of the field coil.

The magnetization is plotted as a function of 1/T in Fig. A.6 at several different
magnetic fields for the 300 ppm sample. As in the case of the specific heat, the
magnetization deviates for the behavior of isolated spins. The deviation is primarily
due to the interaction between the magnetic moments, but a small contribution is
also present due to the two reasons discussed above for the heat capacity. Again the
data can be described satisfactorily by assuming an interaction parameter of α = 5.

The magnetic properties of a weakly interacting spin system is perhaps most easily
characterized in terms of the temperature dependence of the susceptibility given
by the Curie-Weiss law, χ = λ/(T+θ). The Curie constant λ is proportional to the
concentration of the spins, as is the Weiss constant θ, which is a measure of strength
of the interactions. For the Au:Er system, λ = x 5.3K and θ = αx 1.1K, where x is
the concentration of erbium ions.

A.5 Response Time

Au:Er can be used as temperature sensor in several ways, one of which is the use in
low temperature detectors as proposed by Bandler et al. [Ban93]. For this application
not only the resolving power in temperature is important, but also the response time
since it directly influences the count rate of the detector.

The rise time is influenced by two factors. Firstly the heat needs to get to the
temperature sensor and secondly the heat needs to influence the spins and create the
magnetic signal.

In a usual setup for soft X-ray detection the temperature sensor is connected to
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a particle absorber made of electroplated pure gold with dimensions of 250µm ×
250µm×5µm with a residual resistivity ratio of R300K/R4K

≈ 15. In such an absorber
the thermalization process is governed by the thermal diffusion within the absorber
since the down conversion to thermal energies is completed on the order of ∼ 0.5 ns

within a volume of a few cubic micrometers [Ens00, Koz12]. The time scale for
the diffusion process is mainly determined by the geometry of the absorber and the
presence of defects such as grain boundaries and dislocations. If we assume the before
mentioned geometry, the thermalization time, using the Wiedemann–Franz law, can
be estimated to be on the order of 10 ns.

The time for the heat to flow from the absorber into the sensor is more difficult
to estimate since this depends very much on the nature of the thermal connection
between the two components. For sputter deposited or electroplated gold absorbers,
as used in micro-fabricated detectors, the thermal contact is sufficiently strong that
no degradation of the response time of the magnetic calorimeters due to the presence
of the interface is observable.

Finally, the energy is shared with the magnetic moments in the sensor material giving
rise of the signal. The response time of the spins is determined by the electron-spin
relaxation time τ , which is described by the Korringa relation τ = κ/T , where κ
denotes the Korringa constant. For Au:Er the Korringa constant has been deter-
mined in ESR measurements at 1K to be κ = 7 × 10−9 Ks [Sjø75]. This value of κ
yields a spin-electron relaxation time of the order of 100 ns at the usual operation
temperatures below 100 mK.

Therefore the electron-spin relaxation is the dominating factor in the response time
of metallic magnetic calorimeters based on the sensor material Au:Er. This has
successfully been shown in [Fle09] where rise times as low as τ = 90 ns have been
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observed and is shown in fig. A.7 reproduced from the same source.

While this balance between heat diffusion and electron-spin relaxation works out
well for small detectors for soft X-ray spectroscopy this balance is off in case of
larger detectors for hard X-ray or γ-ray spectroscopy. For detectors like maXs-200,
described in [Pie12b, Pie12a], with absorber dimensions of 2000µm × 500µm ×
200µm the heat diffusion within the absorber is the governing factor in the response
time. Depending on the interaction site in the absorber the heat can reach the
sensor with different time patterns and create different detector responses [Pie12a].
These different pulse shapes will complicate the analysis and degrade the detector
resolution. Therefore it is helpful to weaken the link between absorber and Au:Er
sensor to allow the absorber to thermalize internally before allowing the heat to flow
to the sensor creating consistent pulse shapes independent of the interaction site
within the absorber.

Influence of Nuclear Spins

In the design of a magnetic calorimeter the possible influence of nuclear spins has to
be considered. In the case of Au:Er there are two ways in which nuclei can affect the
performance of the calorimeter. Firstly, the isotope 167Er with nuclear spin I = 7/2

influences the magnetization and the heat capacity due to its hyperfine interaction
with the 4f electrons. Secondly, and more subtle, the 100% abundant 198Au nuclei
with small magnetic moment but large quadrupole moment may contribute to the
specific heat if the nuclei reside at positions where the electric field gradient is of
non-cubic symmetry.

The hyperfine contribution of the erbium isotope 167Er, if used in its natural abun-
dance of 23%, significantly reduces the magnetization signal and increases the specific
heat of the sensor material. But since presently all metallic magnetic calorimeters
use Au:Er that is depleted in 167Er, it has no visible effect on the thermodynamic
properties of the sensor material. The influence of 167Er has nonetheless been investi-
gated in [Sjø75] and its effect on metallic magnetic calorimeters has been summarized
in e.g. [Fle05].

Nuclei of the host metal can also influence the performance of an MMC. The 198Au
nuclei have spin I = 3/2, a quadrupole moment of 0.547 barn and a magnetic moment
sufficiently small to be neglected. In pure gold no contribution of the nuclear spins
to the specific heat is expected at low fields, since the electric field of cubic symme-
try does not lift the degeneracy of the nuclear levels. However, for Au nuclei in the
vicinity of an Er3+ ion the electric field gradient can be substantial and can split the
nuclear levels. This results in an additional heat capacity. Fig. A.8 shows the mea-
sured heat capacity of the Au nuclei as a function of temperatures for samples with
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different erbium concentrations. The data below 10mK for the sample with 600 ppm
is the total specific heat since at such low temperatures the contribution of the Au
nuclei is substantially larger than that of all other degrees of freedom. The figure
also shows a theoretical curve calculated assuming a quadrupole splitting of 70MHz
for Au nuclei in the immediate vicinity of erbium ions, the splitting decreasing for
nuclei at larger distances in a manner similar to that measured in other dilute alloys
such as Cu:Pt [Kon96], Cu:Pd [Min80], and Gd:Au [Per76].
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Figure A.8: Contribution of the Au nuclei to the specific heat of Au:Er samples with
different concentrations. The solid line represents a theoretical curve assuming a quadrupole
splitting of 70MHz for Au nuclei, which are nearest neighbors of Er. Here ctot denotes the
total specific heat and cn the contribution of just the Au nuclei to the specific heat. After
[Ens00]

This unwanted contribution to the specific heat can only be eliminated by using a host
material which has a nuclear spin I ≤ 1/2. At first glance it would appear desirable
to use silver as a host material rather than gold since the two isotopes of silver
(107Ag and 109Ag) both have nuclear spin I = 1/2. However, the exchange energy J
is 1.6 larger in silver than in gold as determined by ESR measurements[Tao71]. Since
the interaction parameter α is quadratic in the exchange energy α ∝ J 2, as shown
in [Bur08] where α = 15 was found, silver is not as attractive as a host material for a
magnetic sensor. Just recently the interest in Ag:Er as sensor material has increased
regardless, since MMCs have been used at even lower temperatures on the order of
T = 10 mK where the additional specific heat in Au:Er might outweigh the stronger
RKKY-interaction in Ag:Er.
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A.5.1 Excess 1/f -noise and AC-susceptibility

While investigating the noise behavior of metallic magnetic calorimeters with Au:Er
as sensor material an excess noise contribution has been observed. The contribu-
tion was empirically found to be independent of temperature between 4.2 K and
20 mK and its noise power is proportional to the concentration of erbium ions in the
sensor. It can be described by attributing a fluctuating magnetic moment with a
spectral noise density of Sm ' 0.1 µ2B/fη to each erbium ion, where µB is the Bohr
magneton, f is the frequency and the exponent η takes values between 0.8 and
1 [Dan05, Fle09]. The same behavior was also found in detectors based on the sensor
material Ag:Er [Bur08].

Similar behavior was found in several spin glasses (e.g. [Rei86, Sve89]) and agreed
with the fluctuation-dissipation theorem [Joh28, Nyq28] by comparing ac-susceptibility
measurements with equilibrium magnetic noise of the same sample. But the am-
plitude of the 1/f -noise decreased quickly for T > Tc, where Tc is the transition
temperature to the spin glass state, until not distinguishable from the background
noise.

Au:Er also undergoes a transition to a spin glass but up to two orders of magnitude
below the temperatures metallic magnetic calorimeters are usually operated at (see
sec. A.1). Therefore the 1/f -noise should not be observable if explained by the same
underlying cause. Recent investigations [Hof12, Wiß13] nonetheless found that the
1/f -noise found in metallic magnetic calorimeters is in fact caused by the fluctuation-
dissipation theorem, also by comparing the ac-susceptibility with equilibrium mag-
netic noise in a temperature range between 20 mK and 1 K for two Au:Er255 ppm and
Au:Er845 ppm samples.
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