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Summary: The internal friction Q�1 and the sound velocity Æv=v of vit-
reous silica were measured at temperatures between 6 mK and 40 K using

mechanical double paddle resonators. This experimental technique allows
measurements to be performed at di�erent frequencies (0.33 to 14 kHz) and
with very small background loss. Above � 50 mK the elastic properties can
be described by the tunneling model with overall good agreement, provided
that at temperatures above 5 K allowance is made for thermally activated
relaxation processes. In contrast, at very low temperatures both internal

friction and sound velocity deviate substantially from the predictions of the
tunneling model. The results clearly indicate the relevance of mutual inter-
action between tunneling states in the Millikelvin temperature range but a
satisfactory quantitative understanding of the observed phenomena is still
lacking.

1 Introduction

When a perfect crystal is cooled to low temperatures its elastic constants will

not change noticeably below 1 K as the number of elementary excitations is very

small. In contrast, glasses or, more generally, disordered solids exhibit signi�cant

changes of their elastic properties even at temperatures in the Millikelvin range.

The remarkable temperature dependence is caused by tunneling states | local-

ized low-energy excitations present in virtually all disordered solids [1, 2]. Their

microscopic nature is still only vaguely known; in a simplifying picture they can

be thought of as particles | atoms or small clusters of atoms | being able to

move between two neighboring equilibrium positions in the disordered environ-

ment. At suÆciently high temperatures the barrier between the potential minima

can be overcome by thermally activated jumps; at low temperatures this is no

longer possible but the particle can still tunnel through the barrier of the double

well potential.

The theoretical baseline for the description of the elastic and also of the thermal

and dielectric properties of glasses was marked by the phenomenological tunneling

model [3]. In this model the existence of double well potentials with a broad

distribution of their characteristic parameters | resulting from the large variety

� This paper is dedicated to Prof. F. Wegner on occasion of his 60th birthday.
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of local con�gurations in a glass | is assumed. Moreover, it is supposed that

tunneling states can interact with phonons via resonant and relaxation processes

whereas a mutual interaction between tunneling states is neglected.

While early measurements of the low frequency elastic properties of vitreous sil-

ica indicated good overall agreement with the predictions of the tunneling model [4]

more recent vibrating reed studies showed signi�cant deviations, e.g., below 100 mK

an unexpected temperature dependence [5], the occurrence of nonlinear behavior

of the sound velocity [5, 6], and at temperatures below � 2 mK a leveling-o�

or \saturation" of Æv=v [6]. Moreover, the internal friction of glasses at very low

temperatures did not obey the predicted [4] T 3-behavior but exhibited a weaker

temperature dependence [5, 6]. However, vibrating reeds usually have fairly large

background losses of the order of 10�5 or even higher [6]. Since at low temper-

atures the internal friction of glasses becomes very small, the measured value of

Q�1 may be strongly in
uenced or even dominated by the clamping losses, and

its temperature dependence may be signi�cantly distorted.

In this paper we present new data of Æv=v and Q�1 of vitreous silica which

were obtained using mechanical double paddle oscillators [7]. Major advantages of

this experimental technique are the signi�cantly lower background of Q�1 and the
possibility to perform measurements at di�erent eigenmodes, i.e., di�erent frequen-

cies. Results of the measurements below 1 K have been published recently [8, 9].

The measurements presented here cover the extended temperature range 6 mK{

40 K and the frequency range 0.33{14.0 kHz. The data taken above helium tem-

perature clearly con�rm the assumption that the dynamics of double well defect

states changes from tunneling to thermally activated relaxation [10, 11]. Another

change of the dynamics of the tunneling states can be observed at temperatures

below � 30 mK: The internal friction exhibits a surprising temperature and fre-

quency dependence and clearly exceeds the values expected from the tunneling

model. The most likely origin of this behavior appears to be the mutual interac-

tion between tunneling states which is omitted in the standard tunneling model

but whose relevance has been emerged with increasing clarity during the past

years [12, 13, 14, 15, 16, 17, 18].

2 Theory

2.1 Standard tunneling model

In this section we brie
y summarize the assumptions and predictions of the tun-

neling model that are relevant to low-frequency acoustic experiments. For more

detailed discussions see, e.g., Refs. [4, 5]. The basic assumptions of the tunneling

model are:

i) In amorphous solids some atoms or small groups of atoms can move between

two almost degenerate con�gurations in double well potentials with asymmetry �

and tunnel splitting �0 ' E0 exp (��). Here E0 is the ground state energy in

a single well and � ' d
p
2mV =2�h the tunneling parameter which is determined

by the distance d in con�gurational space between the two potential minima, the

mass m of the \particle", and the barrier height V between the wells. The total
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energy splitting between the two lowest levels is given by E =
p

�2 +�2
0.

ii) The parameters � and � are independent of each other and they are widely

distributed because of the randomness of the local environment. Usually, a distri-

bution function

P (�;�) d� d� = P d� d� (1)

is assumed where P is a constant. Equation 1 may be rewritten as

P (�;�0) d� d�0 = (P=�0) d� d�0 : (2)

To avoid a divergence of the total number of tunneling states, a low-energy cut-

o� �0;min is introduced which is usually assumed to be much smaller than 1 mK.

iii) At temperatures below 1 K the dominant relaxation mechanism for tunneling

systems in insulators is the so-called one-phonon or direct process. The rate of this

process is given by [19]

��1
d

=
1

2�%�h4

�

2l
v5
l

+
2
2t
v5t

�
�
2
0E coth

E

2kBT
= A�

2
0E coth

E

2kBT
(3)

where % is the mass density, v the sound velocity, and 
 = (1=2) d�=de the de-

formation potential, i.e., the derivative of the asymmetry energy with respect to

strain e. Indices l and t in Eq. 3 denote longitudinal and transversal polarization,

respectively. For a given energy splitting, there is a wide distribution of relaxation

times, and amongst this distribution symmetric tunneling systems (E = �0) have

the shortest relaxation times, denoted by �min.

Using these assumptions the following predictions for the temperature depen-

dence of the internal friction Q�1 and for the relative change of sound velocity Æv=v
of an insulating glass below 1 K are obtained:

At low temperatures, when !�min � 1, the internal friction increases as the third

power of temperature, and the sound velocity is expected to vary logarithmically

with temperature as

Æv

v
= C ln

�
T

T0

�
(4)

where T0 is an arbitrary reference temperature, and the parameter C is given by

C = P
2
i
=%v2

i
; the index i stands for longitudinal or transversal polarization.

At higher temperatures, when !�min � 1, the internal friction approaches the

value

Q�1 =
�

2
C (5)

independent of temperature and frequency. The sound velocity passes a maximum

and then decreases logarithmically with increasing temperature as

Æv

v
= �

C

2
ln

�
T

T0

�
: (6)



4 J. Classen et al.

2.2 Extensions of the standard tunneling model

At temperatures above a few Kelvin the number of phonons becomes so large that

relaxation does no longer occur predominantly via the one-phonon process; the

probability of more complicated relaxation processes increases. Here we refrain

from the discussion of Raman processes [20] and incoherent tunneling [21, 22] and

focus on thermally activated processes [10, 11] which may be described as classical

Arrhenius type hopping over the barrier of the double well potentials [23] with a

rate

��1
th

= �0 exp

�
�

V

kBT

�
(7)

that has to be added to the one-phonon rate (3) to obtain the total relaxation

rate. The prefactor �0 denotes an attempt frequency which is proportional to the

ground state energy E0. The exact relationship between �0 and E0 will depend on

the exact shape of the potential barriers and on the entropy associated with the

double well defect states [11].

The distribution of barrier heights cannot extend to arbitrarily large values of V .
Tielb�urger et al. [11] proposed a gaussian distribution function of width V0 for the
barrier heights

P (�;V ) =
P

E0

exp

�
�
V 2

2V 2
0

�
(8)

which in combination with the additionally assumed correlation � / V replaces

Eq. 1. For low temperatures (T < 1 K) when only systems with small barriers

(or tunneling parameters) are relevant the use of Eq. 8 leads to the same pre-

dictions (Eqs. 4{6) as the simple distribution function Eq. 1. At temperatures

T > E0=2kB thermal relaxation sets in and causes an increase of the internal fric-

tion with increasing temperature and a decrease of the sound velocity which are

both linear in temperature. When the temperature is raised systems with higher

barriers contribute to the internal friction. However, since the width V0 of the

barrier distribution (Eq. 8) is �nite the internal friction does not further increase

but passes a maximum and decreases afterwards with increasing temperature. The

position and the height of the maximum of Q�1 are approximately proportional

to V0. These predictions are in fair although not perfect quantitative agreement

with experimental observations made on several glasses [5, 11, 22] and will be

compared to our new experimental results further below.

A distribution function P (V ) di�erent from Eq. 8 is used in the so-called \soft

potential model" [24] which is based on a more general approach for the poten-

tials of the defect systems and also includes contributions from quasiharmonic

low-energy excitations. The soft potential model gives qualitatively similar but

quantitatively slightly di�erent predictions for the thermally activated regime. As

the di�erences concerning the internal friction are only rather subtle, we don't

want to discuss the soft potential model here in more detail.

At very low temperatures, usually well below 100 mK, interaction e�ects be-

tween neighboring tunneling states may become important as several experiments

indicate [12, 13, 14, 15, 16, 17, 18]. Various theories have been suggested to take

into account the mutual interaction of tunneling states in glasses [25, 26]. Burin and
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Kagan [27, 28] proposed the occurrence of pair excitations due to strain-mediated

interaction between tunneling states. The interaction between pairs with similar

tunnel splitting leads to an additional relaxation contribution with a rate [28]

��1p '
10 kBC

3

�h

�
�0

E

�2
T : (9)

Below the temperature T ? ' (10 kB C
3=�hA)1=2 [28] this rate will become larger

than the one-phonon rate Eq. 3, and a cross-over from the one-phonon dominated

relaxation to a linear temperature dependence of the relaxation rate | and hence

of the internal friction | is expected. However, inserting typical values of the

parameters C and A leads to a transition temperature T ? < 1 mK which is clearly

smaller than the temperatures achieved in our experiments (and also much smaller

than the overestimate T ? � 10� 100 mK given in [28]).

A somewhat di�erent approach to explain deviations from the tunneling model

at very low temperatures is based on the idea that interaction between tunneling

states may lead to an incoherence of the tunneling motion at very low tempera-

tures [16]. As a result, the resonant contribution to Æv=v is reduced but additional

relaxation e�ects occur and modify the temperature dependence of Æv=v and Q�1.
However, a complete theory for incoherent tunneling in glasses at very low temper-

atures has not been worked out yet, and therefore reliable quantitative predictions

cannot be made at present.

3 Experimental

The double paddle oscillators used for the experiments were laser cut from a

0.4 mm thick plate of vitreous silica [29]. The geometry, very similar to that of

silicon oscillators successfully applied by the Pohl group [7], is shown in the upper

left corner of Fig. 1. Oscillators of two di�erent sizes were used, with lateral dimen-

sions of 28�20 mm2 and 16:8�12 mm2, respectively. These mechanical resonators

can be operated in di�erent torsional (T) and bending (B) modes, i.e., at di�er-

ent frequencies and elastic polarizations. The eigenmode spectrum of the small

oscillator was shifted by about a factor of three to higher frequencies compared

to the large oscillator. The latter was operated at 0.33 (T), 1.26 (B), 2.52 (B),

and 5.03 kHz (T) while the small oscillator was investigated at 0.63 (B), 1.03 (T),

3.88 (B), and 14.0 kHz (T).

A major advantage of the double paddle is that only very small strain amplitudes

occur at the clamping position. Finite-Element calculations show that for all modes

investigated the strain amplitudes at the clamp are reduced by more than one

order of magnitude compared to the maximum strain amplitudes occurring in the

sample. This is in marked contrast to vibrating reed or vibrating wire experiments

where the maximum strain occurs right at the clamp. Measurements in our group

with almost identically shaped silicon oscillators have revealed quality factors Q
larger than 106 for at least �ve di�erent modes. Hence we may expect a similarly

small background loss for the glass paddles.
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Excitation and detection of the oscillator motion was done capacitively [5]. All

measurements were performed at excitation levels small enough to avoid nonlinear

behavior as was proven by the symmetric Lorentzian line shape of resonance curves.

The maximum strain amplitudes in the samples were e � 1� 10�7 or smaller; at

signi�cantly higher strain levels a strongly nonlinear behavior was observed, with

resonance curves shifting and bending towards lower frequencies as was observed

before in vibrating reed experiments on glasses [5, 6]. Strain amplitudes on the

order of 10�7 appear to be a sensible crossover value between nonlinear and linear

behavior at temperatures around 10 mK: For a deformation potential 
 � 1 eV the

modulation of the asymmetry energy Æ� = 2
e is approximately 2 mK, i.e. still

smaller than thermal energy kBT . Hence the thermal occupation and the dynamics
of the tunneling states are not drastically changed by the strain �elds [30].

The large sample was covered with a 1.4 �m and the small paddle with a 1.1 �m
thick silver �lm. A large �lm thickness was required to ensure thermalization even

at lowest temperatures. Some measurements were carried out with glass paddles

covered with only 30 nm gold or 130 nm silver. In these cases the lowest achievable

sample temperatures were � 60 and � 20 mK, respectively. Above these temper-

atures, no di�erence of the absolute value of Q�1 was observed compared to the

paddles covered with the thick silver �lms, i.e., the thick �lms appeared to have

no signi�cant in
uence on overall damping of the oscillator. This is also supported

by the following argument: Even if one assumes (as an upper limit) that the metal

�lm has a similar internal friction as the glass its in
uence on the total damping

of the oscillator will be not more than 1% as its thickness is smaller by more than

two orders of magnitude than the thickness of the glass plate.

4 Results

4.1 Internal friction

Figure 1 shows the temperature dependence of the internal friction at four fre-

quencies over a temperature range of almost four decades. The overall behavior is

the same as observed before [4, 5] and described in Sec. 2: The internal friction

strongly increases at very low temperatures, exhibits a plateau around 1 K and

increases again above � 5 K before a maximum at � 30 K occurs. In the following

paragraphs we want to discuss some features of the internal friction in greater

detail as they provide interesting information on the dynamics of tunneling states

and on the distribution functions of the double well parameters.

We start with the discussion of the plateau region which is shown in Fig. 2

on an expanded ordinate. The 2.52 kHz data from Fig. 1 have been omitted in

this graph for clarity; they lie just in between the 1.26 and the 5.03 kHz results.

Instead the 14 kHz measurements is shown where data were taken only up to

1 K. One can clearly see that the height of the plateau (slightly) depends on

frequency, in contrast to the prediction of Eq. 5. Apparently, the distribution

functions Eq. 1 and Eq. 8 are not strictly valid | even for small values of �
or V the distribution of tunneling parameters or barrier heights must decrease

with increasing � or V . However, we have made no e�ort yet to try to deduce a
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Figure 1 Temperature dependence
of the internal friction of vitreous sil-
ica at four frequencies. The geometry
of the oscillator is depicted in the up-
per left corner, with the thin dotted
line marking the clamping position.
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Figure 2 Temperature dependence
of the internal friction of vitreous silica
in the plateau region on an expanded
scale. The lines are only guides to the
eye.

more appropriate distribution function from our data by numerical calculations.

The results are in excellent agreement with measurements of the internal friction of

vitreous silica using a quartz composite oscillator at frequencies 66, 90, and 160 kHz

where values of the internal friction slightly higher than 5 � 10�4 were observed

in the plateau region [31, 32]. Other measurements [4, 6] indicate an increase

of internal friction with increasing frequency as well but the absolute values of

Q�1 determined in these experiments are about 10� 30% smaller than in Fig. 2.

Another observation worth noting is that the plateau value does not depend on the

elastic polarization: Torsional and bending modes show no systematic di�erence

in internal friction, i.e., for vitreous silica 
t=vt = 
l=vl. For most other glasses
this relation is not valid.

Above helium temperatures the internal friction strongly increases and ap-

proaches a maximum around 30 K. The region around the maximum is shown

in detail in Fig. 3. Both height and position of the peak shift with increasing fre-

quency to larger values as shown in Fig. 4. This behavior is in good agreement with

the extended tunneling model described in Sec. 2.2 where thermally activated pro-

cesses are supposed to dominate the relaxation dynamics of the double well defect

states at temperatures above 10 K. The solid lines in Fig. 4 represent the results

of numerical calculations using the parameters C = 2:8 � 10�4, E0 = 14:3 K,

V0 = 610 K, and �0 = 4:8� 1012 s, E0 and V0 being slightly larger than the values

estimated by Tielbuerger et al. [11]. As predicted by the model the peak height

and the peak position are proportional to each other [11].

The most remarkable observations of our experiments were made at very low

temperatures. Figure 5 shows the internal friction below 1 K at �ve frequencies

on a double-logarithmic scale. Well below the plateau region, in the temperature

range 6� 30 mK, the internal friction of all modes varies in good approximation

as Q�1 / T�, with the exponent � increasing monotonically with increasing fre-
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Figure 3 Internal friction of vitreous
silica in the maximum region. The lines
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Figure 4 Position (full circles, left
scale) and height (open circles, right
scale) of the maximum of internal fric-
tion as a function of frequency. The
solid lines are numerical calculations
according to the extended tunneling
model.

quency from values smaller than unity below 1 kHz to values larger than 2 at

14 kHz [9]. This is in clear disagreement with numerical calculations according

to the tunneling model which are shown in Fig. 5 as solid lines for frequencies

0.33 and 14.0 kHz, respectively. Two parameters enter these calculations, namely

C = 2:8� 10�4 and the prefactor of the one-phonon rate A = 8� 107 K�3s�1=k3B.
An interesting result is obtained in Fig. 6 by plotting the experimental data of

Fig. 5 divided by the tunneling model prediction. The same parameters C and A
were used for all frequencies. Quite remarkably, all curves show below � 30 mK

even quantitatively a very similar strong increase towards low temperatures, i.e.,

the ratio Q�1=Q�1STM appears not to depend systematically on frequency [33]. It

seems very unlikely that the results of Figs. 5 and 6 can be explained solely by a

sophisticated modi�cation of the distribution functions (1) or (8). The data rather

suggest that the relaxation dynamics of the tunneling states changes substantially

below 30 mK. This temperature is of the same order of magnitude as the elastic

interaction energy U ' 
2=%v2r3 between neighboring tunneling states at an aver-

age distance r � 10 nm. Therefore it seems plausible that the mutual interaction

plays a distinct role in our experiments.

We have tried to describe our data using the rate Eq. 9 for the relaxation of

interacting resonant pairs of tunneling states [28]. However, as discussed in Sec. 2.2

this rate is negligibly small in the temperature range of our measurements. It is

nevertheless worth noting that an additional relaxation contribution of the form

��1 / (�0=E)
2T does in principle describe the data fairly well | but only if the

prefactor of the rate (9) is arbitrarily increased by 3� 4 orders of magnitude. At

present, there is no theoretical justi�cation for such an enormous enhancement of

the relaxation rate nor appears there to be any other theory that would quantita-

tively account for the observed excess internal friction.
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Figure 5 Internal friction of vitreous
silica below 1 K at �ve frequencies. The
solid lines are numerical calculations
according to the tunneling model for
frequencies 0.33 and 14.0 kHz, respec-
tively.
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Figure 6 Experimental data of Fig. 5
divided by numerical �ts according to
the standard tunneling model. The pa-
rameters used for the numerical calcu-
lations are discussed in the text.

4.2 Sound velocity

Figure 7 shows the temperature dependence of the sound velocity Æv=v at four fre-
quencies below 1 K. For all modes the sound velocity increases at low temperatures,

passes a maximum and decreases at higher temperatures where one-phonon relax-

ation contributes signi�cantly. As in previous experiments on glasses [5, 22, 31] the

increase of the sound velocity below the maximum has a similar slope as the de-

crease above the maximum, in contrast to the expectation of the tunneling model

where a slope ratio of 2 : (�1) is predicted (see Eqs. 4 and 6). A new observation
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Figure 7 Temperature dependence
of the sound velocity of vitreous silica
at four frequencies.
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is that the low-temperature slope of the sound velocity appears to slightly vary

with experimental frequency. The low-temperature part of Æv=v is usually almost

entirely determined by the resonant interaction between phonons and tunneling

states; hence the observed frequency dependence either indicates a frequency de-

pendence of the resonant interaction, or, more plausible, the presence of an ad-

ditional relaxation contribution. Additional measurements over a wider range of

frequencies and temperatures are clearly desirable to establish this observation.

The deviation of the ratio of slopes of Æv=v below and above the maximum

from the prediction of the tunneling model has been tentatively explained by the

incoherence of the tunneling motion [16] which may be evoked at suÆciently low

temperatures by interaction e�ects between tunneling states. Here we would like to

discuss another possible scenario that may be closely, though less directly, related

to mutual interaction of tunneling systems as well.

Recently, it has been suggested [18, 26, 34] that the interaction between tunnel-

ing states might lead to a low-energy cuto� �0;min in the distribution of tunnel

splittings on the order of several mK. The cuto� was introduced to explain the

\saturation" of the dielectric constant at very low temperatures. In fact, such a

cuto� would in
uence the temperature dependence of the dielectric constant and

of the sound velocity (apart from the sign both quantities should have the same

qualitative temperature dependence, see, e.g. [5]) even at temperatures well above

�0;min and would modify the ratio of slopes rather closely towards the experimen-

tally observed value of 1 : �1. This can be seen in the lower part of Fig. 8 where

the dotted line represents a numerical calculation with �0;min = 6 mK that may

be compared to a �t according to the standard tunneling model (solid line). It be-

comes clear from both panels of Fig. 8, however, that the assumption of a minimum

tunnel splitting of several Millikelvin, if naively applied, leads to obvious incon-
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Figure 8 Comparison of di�erent
models to describe the temperature de-
pendence of the sound velocity and
internal friction. Solid line: Standard
tunneling model, no cut-o� in � and
�0. Dotted line: No cut-o� in �, cut-
o� 6 mK in �0. Dashed line: Cut-o�
3 mK in �, no cut-o� in �0. In the up-
per panel the dashed line falls on top of
the solid line, i.e., the cut-o� in � has
almost no in
uence on the internal fric-
tion. Parameters common to all curves:
C = 2:8 � 10�4, A = 8 � 107 K�3s�1,
f = 1 kHz.
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sistencies with the experimental results of Figs. 1, 2, and 7: At temperatures of

several 100 mK the relaxation contribution to Æv=v and Q�1 would be signi�cantly
suppressed due to the reduced number of tunneling systems with large tunneling

parameters � or barrier heights V . The mere existence of the plateau and of the

damping peak (Fig. 3) clearly show that there must exist double well defect states

with fairly large values of � and V , i.e: values of �0 much smaller than 1 mK.

The inconsistency can be avoided by postulating a temperature dependent e�ec-

tive density of states or distribution function P (�;�0;T ). One might argue that
at very low temperatures the dynamics of thermal tunneling states (�0 � kBT )
change drastically as coupled excitations emerge when the elastic or dielectric in-

teraction energy U between tunneling states exceeds kBT . In contrast, at high

temperatures (kBT � U) the tunneling states can move entirely independently so

that no renormalization of the distribution function P (�;�0) is required.

A simpler way towards a satisfactory description of the experimental data might

be a modi�cation of the distribution function of asymmetry energies �. Included

in Fig. 8 as dashed lines are numerical calculations where a minimum asymmetry

energy �min = 3 mK was assumed while �0;min was set to a value smaller than

1 �K, denoted in Fig. 8 for simplicity as \0 mK". The temperature dependence

of the sound velocity below the maximum is very similar for both cuto� models.

The advantage of the cuto� in � is that both the sound velocity and the internal

friction at higher temperatures can be described much better than by a cuto�

in�0. The prediction forQ
�1 is not even noticeably a�ected by introducing a�min

of several Millikelvin; the dashed line lies on top of the solid line which represents

the standard tunneling model. However, even though the numerical calculations

using a low-energy cuto� in � seem to be quite promising, in particular with

respect to the sound velocity data, at present there appears to be no convincing

theoretical argument why in glasses a strong suppression of tunneling systems with

small asymmetry energies should indeed occur.

5 Concluding remarks

We have presented results of new measurements of the elastic properties of vitreous

silica over a wide range of temperatures and frequencies. The study was motivated

both by progress made in experimental technique and by increasing evidence |

derived from a large variety of experiments | of the relevance of interaction e�ects

of tunneling states in glasses at very low temperatures. The data at temperatures

above 100 mK overall con�rm previous �ndings but the ability to perform elastic

measurements at di�erent frequencies with the same sample has o�ered new pos-

sibilities to study subtle e�ects like a slight frequency dependence of the internal

friction even in the damping \plateau" or details of the maximum region of Q�1

around 30 K. At very low temperatures, both sound velocity and internal friction

showed signi�cant and systematic deviations from the tunneling model. Several

ideas have been discussed to provide a �rst approach to an understanding of the

experimental data. Although a truly satisfactory explanation of the low temper-

ature results is still lacking most of these suggestions have in common that the

mutual interaction appears to play a decisive role for the dynamics and/or the
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density of states of tunneling states. The interaction of tunneling states in glasses

remains an exciting subject for further experimental and theoretical studies.
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